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ON THE MAXIMUM AND THE MINIMUM
OF QUASI-CONTINUOUS FUNCTIONS

TOMASZ NATKANIEC

ABSTRACT. Some results concerning the maximum and the minimum of quasi-
continuous functions are presented.

I. Let us establish some of the terminology to be used. R denotes the real
line. Let (X,7) be a topological space. A real function f defined on X is said
to be quasi-continuous at a point zo € X iff for every ¢ > 0 and for any
neighbourhood U € 7 of the point z¢ there exists an open set V' such that
0 #V CU and |f(z) — f(zo)| < € for each z € V [1]. By C(f) and Q(f)
we will denote the set of all continuity points of a function f and the set of all
quasi-continuity points of f, respectively. Furthermore, let A(f) = X \ Q(f).
A real function f: X — R is quasi-continuous on X iff f is quasi-continuous
at every point of X . The symbols C, Q stand for the families of all continuous
and quasi-continuous functions, respectively.

A family A of real functions f: X — R is a lattice iff min(f,g9) € A and
max(f,g9) € A for f,g € A. If B is a family of real functions, then the symbol
L(B) stands for the lattice generated by B, i.e. the smallest lattice of functions
containing B. Evidently, we have £(A) C £(B) if A C B and L(L(A)) = L(A).

The presented paper contains three theorems. In the first we generalize some
result of Z. Grande and L. Soltysik from [6]. They proved that if a
function f: X — R is not upper (lower) semi-continuous, then there exists a
quasi-continuous function g: X — R such that max(f,g) (min(f,g)) is not
quasi-continuous. Now we shall prove that for every non-continuous function
f: X — R there exist two quasi-continuous functions g,h: X — R for which
max(f,g) and min(f,h) are not quasi-continuous. In the second part we describe
the lattice generated by the family of all quasi-continuous functions f: X — R
(for some class of topological spaces X ). This generalizes one result from [4] (for
X = R). Notice that in the proof in [4] the completeness of R plays the key
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role. Now this assumption is not necessary. The last proposition characterizes
max(go, g1) for quasi-continuous functions gg, ¢1: R — R. This is a complement
of results from [3] and [7], where functions which can be expressed as a sum and
as a product of a finite number of quasi-continuous functions were characterized.

II. Let

Mpin={f: X >R: Vge @ min(f,g) € Q}
and Mpax = {f: X > R: Vg€ Q max(f,g)€ Q}.

The equality Mpax N Mmpin = C is shown in [6]. Now we shall prove that
Mmax = Mmin =C.

PROPOSITION 1. We have the equalities Mmpax =C = Mupin -

Proof. Mpax CC. Notice that Mp.x C Q. Indeed, if f ¢ Q, then there
exists a point 7o € A(f). Let usput g: X = R, g(z) = f(z9)—1. Then g € Q
and the function max(f,g) is not quasi-continuous at z .

Let f € Muax. We shall prove that f(zo) = lim f(z) = lim f(z) for any

I—ZIg
zo € X' (where X' denotes the set of all accumulation points of X ). We shall
consider two cases.

(a) Suppose that f(zo) < ¢ < lim f(z). Then for every neighbourhood U

of zo there exists an open set Vi such that Viy C U and f(z) > ¢ for z € V.
Let By be a basis of (X,7) at the point xo. We define the function ¢g: X — R
as follows:

f(zg) forze |J W,
9(33) = UeB,

c otherwise.

Observe that g is a quasi-continuous function and the set {z € X : max(f,g)(z)
< ¢} is nowhere-dense. Thus the function max(f,g) is not quasi-continuous at
the point z¢.

(b) Now we suppose that lim f(z) < ¢ < f(x¢). Then for every neighbour-

r—ZIo

hood U € By there exists an open set Vi such that Vy C U and f(z) < ¢ for
z € Vy. We put

c forze U Wy,
h(:l,') = UEBO

f(zo)+1 otherwise.

Notice that the function h is quasi-continuous, max(f,h)(z¢) = f(zo) and
max(f,h)(z) € {c} U(f(z¢) +1,00) for = ¢ Fr( U VU) . Hence max(f,h) is
UeBy
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not quasi-continuous at the point xg.
The cases (a) and (b) imply the continuity of the function f.

The inclusion C C Mpax follows easily from the results of [6] but for the
sake of completeness we give here the following proof.

Assume that f €C, g € Q and z9 € X . Fix € > 0 and an open set U with
zo € U. We shall consider two cases.

(a) f(zo) # g(z0). Let d = |f(z0) — g(z0)|- We can choose a neighbourhood
V of z¢ such that V C U and |f(z) — f(z0)| < min(d/2,e) and an open
set W C V such that |g(z) — g(z0)] < min(d/2,e). Then |max(f,g)(z) —
max(f,g)(zo)] <€ for z € W.

(b) f(zo) = g(zo). Let V be a neighbourhood of o such that V C U and
|f(z) — f(zo)| < €/2 for z € V, and le¢ W C V be an open set such that
lg(z) — g(z0)| < €/2 for x € W. Then |max(f,g)(z) — max(f,g)(zo0)| < € for
zeW.

Thus Mpax =C.

Since —f € Muax iff f € Mpin, we obtain the equality Mmin =C.

III. The lattices generated by quasi-continuous functions defined on R with
the Euclidean topology and the density topology are studied in [4], [5]. Now we
improve these results.

LEMMA 1. Let (X,7) be a regular, dense-in-itself space with a countable basis
(notice that such spaces must be metrizable). If A is a nowhere dense subset of
X, then there ezists a sequence (K"’m)nEN, m<n of open sets such that:

(1) f KpgmNK;;#0, then n=1 and m=j,

(2) Vee€A YUET (z€U = VYm 3In>m KpmCU),

(3) if £ ¢ A, then there ezists U € 7 such that = € U and the set
{(n,m), U NKnm # 0} has at most one element.

Remarks. The condition (2) impliesthat A C |J Ky m foreach m € N.

n>m

From (3) it follows that the set AU |J Kp,m is closed.

n.m

Proof. Let B = (Ba)n be a countable basis of (X,7) and let (Wy)a

be a sequence of open sets such that A = (| W, and W; D W2 D .... Such
n€eN

sequence exists because every closed set in a regular space with a countable basis

isa G5 set. Let (Gn)n be a sequence of all sets from B such that G, N A # 0

for each n € N. For every number n € N we chose (inductively) a non-empty,

open set K, such that K, C G, "W, \ (AU |J K;). It is possible because
i<n
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the set G, N W, \ (AU U K,) is non-empty, open and X i regular. Chosen
i<n

in this way the sets K, have the following properties:
(i) KnNA=0for neNand K,NKp, =0 for n #m,
(i1) for every z € A and for every neighbourhood U of z the set
{n: Kn C U} is infinite,
(iii) if z ¢ A, then there exists a neighbourhood U of z for which the set
{n: Ko NU # 0} has at most one element.

Evidently, (i) and (ii) hold. We shall verify (iii). Let = ¢ A. There exists ng € N
and a neighbourhood V of z such that VN W,, = 0. Thusif VNI, # 0,
then n < ng.If r € K,, for some m <ng,then U=V\ |y K,.Ifzr ¢ K,

n<ng
n#m

for every n <ng,then U=V \ |J K,.Fix n€N.

n<ng
We choose (inductively) a sequence (Kn,m)

of X such that

m<n of nonempty, open subsets

(iv) fn,m C I, for me N and I_\'n‘m ﬂT\:nyt =0 for m#£t.
The construction of (K,,,m)m<n is the following. Fix a point z¢9 € K, . Let

(D")n be a basis of (X,7) at zo. We choose a sequence (Tm,Um,Knm) €
K, x7x7 (m<n) such that

(v) z1 € K,\{z0}, 20 €Uy C Uy C K,ND\{z1}, 21 € K,y C K, C
I‘:n \Ul >

(vi) ZTmt1 € Um \ {z0}, 20 € Unt1 C Umt1 C Um N D1 \ {21},
Tm41 € I\’n,m+l C Rn,m—{-l CUn \Um+1 .

Chosen in this way the sequence (K":m)m<n nEN has the desired properties.

LEMMA 2. The family N of all functions f: X — R for which the set A(f) =
X\ Q(f) is nowhere dense forms a lattice.

Proof. (For X = R see [4].) Let f,g € N and h = max(f,g). It is
enough to prove that the set C = A(h) \ A(f) U A(g) is nowhere dense. Let
U be an open set such that U N A(f)UA(g) = ® and zo € U N C. Then
there exists ¢ > 0 and a neighbourhood U; of zy such that for every open
set § # V C U; there exists a point z € V such that |h(r) — h(I3)| > ec.
Assume that h(zo) — f(zo) > g(z0). Let § # V C U, be an open set such

that ‘f(z) — f(:co)l < % for each z € V and let z; € V be a p int for which
Ih(:vl) — f(.’L'(])I > €. Then h(z1) — g(z1) > f(z1) and there exi t an op n set

106



ON THE MAXIMUM AND THE MINIMUM OF QUASI-CONTINUOUS FUNCTIONS

0 # W C V such that |g(z) — g(z1)| < -;— for z € W. Thus g(z) > f(z) for
z €W and h |y =g | is quasi-continuous at each point z € W.

PROPOSITION 2. Let Xy be a set of all 1solated points of X . If the subspace
X' =X\ Xo satisfies the assumptions of Lemma 1, then L(Q) =N .

Proof. Of course, @ C N and by Lemma 2 we have £(Q) C N. We
shall prove that A" C £(Q). Let f € N, A = A(f) and let (Knm), ., bea
sequence of open sets which satisfies the conditions (1)-(4) from Lemma 1. Let

(wn)n be a sequence of all rationals. We define functions g¢; (: = 0,1,2,3) as
follows:

f(z) forz € AU X,,
gi(z) = { Wm forz € J Knamti, m €N,
neN
f(z) otherwise.

Then g¢;, : = 1,2,3,0 are quasi-continuous. It is enough to verify that g; is
quasi-continuous at every point zo € A. Fix i = 0, 2o € A, a neighbourhood U
of zo and € > 0. There exists m € N such that wm € (f(z0)—¢, f(z0)+¢) and
there exists n € N such that 4m < n and -I_(—,.Am C U. Then lgo(z)—go(:ro)l <e
for £ € K, .4m - Thus gg is quasi-continuous. Similarly we verify quasi-continuity
of gi for i =1,2,3. Since f = min(max(go,91), max(g2,93)), f € £(Q).

Remark 1. Observe that we have also f = max(h;,h2), where hy =
min(ma.x(go,gl), gg) and hy = min(max(go,gg), gl) but there exists a function
f € N such that f # max(g,h) and f # min(g,h) for each g,h € Q (e.g.
f(z) =z for € {-1,1} and f(z) =0 otherwise).

IV.

LEMMA 3. Let (X,7) satisfy all assumptions of Proposition 2. If go,g1:
X — R are quasi-continuous and f = max(go,g1), then the set A(f) of all
points at which f 1is not quasi-continuous i3 nowhere dense and zliglo f(z) >

=€)
f(zo) for each zo € A(f).

Remark. Notice that if (X, 7) is the real line with the Euclidean topology,
then Im f(a) = Im f(z) 4]

z€Q(S) z€C(S)

Proof. By Proposition 2 the set A(f) is nowhere dense. Let us suppose

that o € A(f), f(zo) = go(xo) and 1@] f(z) < f(zo). Then there exist
z€Q(S)
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a neighbourhood U of zy and a constant ¢ € R such that f(z¢) > f(zo) —

c> :E—q{o f(z) and therefore f(zo) — f(z) > ¢ for each z € UN Q(f). Since
z€Q(f)

f(z) > go(z), we obtain go(zo) — go(z) > ¢ for each z € U N Q(f). Since the

set Q(f) is dense in U, g¢p is not quasi-continuous.

PROPOSITION 3. For every function f: R — R the following conditions are
equivalent:

(1) f =max(go,g1) for some functions go,g1 € Q,
(2) the set A(f) is nowhere dense and ji—_rg—lo f(z) = f(zo) for each

z€C(f)
zo € A(f).

Proof. The implication (1) = (2) follows from Lemma 3.
(2) = (1): Let (I")n be the sequence of all components of the set R\ A(f),
1
I, = (an,bn) and m, = min(supf - =, n) for each n € N. For every n € N
In n

we choose 3 sequences of pairwise disjoint, closed subintervals Jy im C In (2 =
0,1,2) with the following properties:

(i) the end-points of J, i m are continuity points of f,
(11) U Jn,i,k \ U Jn,i,k = {any bn} )
ik ik
(iii) if i=0 and k=1,2,...,n, then f(z) > m, for £ € JJn ok,
k

(iv) Jnak k\. an and Jn ok k/' b, (The symbol J, 1k k\, a, means
z<yifz€Jnik, YEJn1, and k> ¢,
and {an} = U Jn,l,k \ U Jn,l,k ),
k k

1
(v) if 1€{1,2} and k=1,2,..., then osc f < —

"n,i k k ’
(v) if T f(z) > f(an), then jnf f> f(an) — 3 and
ec(h et
it Tm f() > f(bs) then jnf f> f(b) ~ 1.
z—b, n,2 k

Let (wn)n be a sequence of all rationals. We define functions ¢,: R — R as
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follows.
( f(z) for z € A(f),

Wk ifx € Jno2k—i and wx <my, k= 1,2,...,E(g),

1 . . 1
gi(z) = f(an) % if z € Ju,1,26—i and Jn’llf’li_._ f+ % > f(an)v

1 . . 1

f(bn) - E ifze Jn,2,2lc—i and J,,_lzl,lzf;_,- f +- 2 f(bn)a

f(z) otherwise.

It is easy to see that f = max(go,gl) . We shall verify that go € Q. It is

enough to prove that gy is quasi-continuous at every point zo € A(f). Then
lim f(z) > f(z0) . Fix € > 0 and a neighbourhood U of z,. We shall consider

r—zxo

z€C(S)

two cases.
. _ . . . . = an o >
(a) zo is an end-point of some interval I, (e.g. zo =an) and lim f(z) >
z€C(S)
) 1 . 1
. 'R y Yn,l1, 7=
f(zo) Then there exists k € N such that Ic <e, Jp12k CU and Jmf f+k >
n,1,2k

1
f(zo) . We have go(z) = f(an)—z for € Ja,1,2k and hence |g0(x)—g0 (z0)|< €
for £ € Jn1,2k -
(b) There exists a subsequence (I,,_)n of the sequence (I")n such that

— o and lim m,, = h_m0 f(z) > f(z0) . Let wi be a rational number
nee =€c(f)

I

n

1
such that € > f(xo) —wg > —2-6. There exists ng such that t,, >k, L, CcU

€
and f(xo) —-my, < 3 Then Ji, 02k CU and wi < me,, and consequently,
go(z) = wi for z € Jtn,,0,2k - Thus lgo(a:) — go(xo)l <e¢ for z € Jtn,,0,2k - This

finishes the proof of quasi-continuity of go at the point z¢. Similarly we can
verify that ¢; is quasi-continuous.

Remark 2. Obviously, a function being the maximum of quasi-continuous
functions must be pointwise discontinuous.

If f is a function of the Baire class a (a > 1) or Lebesque measurable,
then the functions go and g¢; defined in the proof of Proposition 3 belong to
the adequate class.

We shall verify this fact in the case when f is a Baire 1 function. Let G C R
be an open set. Then g5 !(G) = f~}(G)N (A(f)U (]R\ (?Eﬁu U J,,,,-,k))) UB,
n,i,k
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where B is a sum of countably many closed intervals of a type J, ;s (thus B is

a F, set). Since the set A(f)U |J Jn,ix is closed, the set A(f)U (R\ (A(f) U

n,i,k

U Jn,,',k)) is F, and consequently, go_l(G) isa F, set.

n,i,k

Remark 3. Similarly as in Lemma 3 we can prove the following implica-
tion. If f = max(g,h) for some quasi-continuous functions with the Darboux
property ¢,h: R = R, then

(*) the set A(f) is nowhere dense and min( lim f(z), I@ f(z)) > f(zo)
zec(?) zec(h) '

T—z r—z

for each zo € R (See 2], Theorem 3).

We are not able to prove that the condition (*) implies that there exist quasi-
continuous functions with the Darboux property ¢g,h: R — R such that f =
max(g, h).
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