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1. INTRODUCTION

This paper is concerned with one-dimensional nonlinear thermoelastic motion,
which is described by the deformation function X = X(t,z) € R and the absolute
temperature T = T'(t,z) > 0, where t € R denotes a time and z € R a point in
the unit interval Q = (0,1) which is identified with the reference body having the
natural temperature 7o > 0. The equation of motion and the balance of energy are
given by the following formulae:

(11) QXtt_S:z =f7
(1:2) (6+2x7) (X0 =g+ [Xitg,
2 t

for x € Q and t > 0, where subscripts indicate partial differentiations, S denotes
the stress, € denotes the internal energy, ¢ stands for the heat flux, o = o(z) is a
positive smooth function defined on 2 = [0, 1] describing the mass density of Q, f is
an external force and g is an external heat supply. One of the essential assumptions
of this paper is that f = f(z), that is, f depends only on z. Here and hereafter, all
the functions are assumed to be real valued. As a boundary condition, we consider
the following Neumann type condition:

(1.3) S=q=0

for x € 092 and t > 0, which describes the traction free and thermally insulated
condition. Note that the boundary 92 of 2 consists of only two points 0 and 1. And
also, the following initial condition is considered:

(1.4) X(0,2) = Xo(z), X(0,2) = X1(z), T(0,z) = Tp(z)
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for z € Q1.

Now, we shall discuss the constitutive relations of S and &. Let ¢ and 7 be the
Helmholtz free energy function and the specific entropy function, respectively, and
let F' be a variable corresponding to X;. Assume that 1/3, 1, € and S are functions
with respect to X; and T only, that is,

(1.5) Y=9(X.,T), 1= 0(Xs,T), € =e(X;,T), S =5(Xe,T),
and that ¢(F,T), n(F,T), e(F,T) and S(F,T) are in C*(G(4)), where
GO ={(FT) e R’ ||(F,T) - (1,70)| < 6}

and ¢ is a positive constant. Then, the 2nd Law of Thermodynamics implies that
the following two formulae are equivalent:

de =SdF +Tdn <= dy =SdF —ndT,

from which it follows that

9y oy oy
(16) 5= 9F’ == TBT - aT
And then, we have the equation:
(1.7) Tie=q: +g

for z € Q and ¢ > 0, which is equivalent to (1.2) under (1.1). In fact, using the
constitutive relation (1.6) and the assumption (1.5), we have

& =e(X,, T):
) ) o )
aTT‘ 8FX T‘aT_T(aT)t
=TT)¢+SX;I

On the other hand, multiplication of (1.1) with X, implies that
(Qxf) = 5. X; + fX:.
2 t

Combining these two formulae, we have (1.7) from (1.2).
For the simplicity, we assume that

(1.8) g=0,
(1'9) q= Q(X:ch)T:c»
(1.10) Q(F.T) € C*(G(5)), Q(F,T) >0 for all (F,T) € G(6).
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Moreover, let us assume that

9% 0%y %Y .
— G(4
(1.11) 3F2 > 0, 3F9T #0, 772 <0 in G(9),
(1.12) S(1,79) =0.

The assumption (1.12) means that (1,7) is an equilibrium state with f = g = 0.

The purpose of this paper is to show a unique existence theorem globally in time of
smooth solutions X and T to the problem (1.1)—(1.4). Moreover, we investigate that
(Xt, Xz, T) converges to (0, X.,,Ts) exponentially as t — oo, where (X[ ,T) is
another equilibrium state which is different from (1, 7) in general. When f depends
on t essentially, it seems to be difficult to prove a global in time existence of smooth
solutions even if f is bounded in t. This is different from the case of the constant
temperature boundary condition: T = 1o (cf. [14], [12]). Such difference comes about
in applying Poincaré’s inequality.

In concluding this section, let us state recent results concerning global in time
existence theorems of smooth solutions to one-dimensional nonlinear thermoelasticity
for small and smooth initial data. From now to the end of this section, we consider
the case of Q being unbounded (a half line) as well as the case of  being bounded (a
unit interval). And, as boundary conditions, one of the following is also considered:

(D.D) X=z and T=m forz € 0 and t > 0,
(D.N) X=z and ¢=0 for z € 0 and t > 0,
(N.D) S=0 and T=m for x € 9N and t > 0.

Here, (D.D), (D.N) and (N.D) mean the rigidly clamped and constant temperature
condition, the rigidly clamped and thermally insulated condition and the traction
free and constant temperature condition, respectively.

M.Slemrod [14] solved the problem (1.1), (1.2) and (1.4) in cases of (N.D) and
(D.N), where Q was assumed to be bounded. When 2 is unbounded, the same
problem as in [14] was solved by Jiang Song [5]. These authors used the usual
L?-energy method and thanks to the special form of the boundary condition, the
essential difficulty was not created by the boundary term. The Cauchy problem to
(1.1) and (1.2) was solved by Kawashima [8], Kawashima and Okada [9], Zheng and
Shen [15], and Hrusa and Tarabek [4], using also the L?-energy method. In cases
of (D.D) and (1.3), in using the L2-energy method, the essential difficulty arose
from the boundary. Racke and Shibata [11] overcame this difficulty by showing the
polynomial decay rate of solutions to the corresponding linear problem, which was
obtained by use of a spectral analysis, where the boundary condition was (D.D)
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and Q was bounded. Subsequently, Shibata [13] also solved the problem in the case
that the boundary condition was (1.3) and Q2 was bounded, by reducing the problem
to the (D.D) case and by modifying the method developed in [11]. Afterwards,
Muiioz Rivera [10] obtained an exponential decay result for one-dimensional linear
thermoelasticity with (D.D) boundary condition, where € was bounded, by using the
L2-energy method and by choosing some multipliers wisely to control the boundary
terms. Extending Rivera’s method to the nonlinear case, Jiang Song [6] solved the
problem in case of (D.D), where he treated the case of Q being unbounded as well as
the case of 2 being bounded. And also, Racke, Shibata and Zheng [12] proved the
exponential stability and the existence of periodic solutions in case of (D.D), where
0 was bounded. Being inspired by Rivera’s work [10], Jiang Song [7] solved the
problem (1.1)—(1.4) in the case that f = g = 0, where he treated the case of Q2 being
unbounded as well as the case of 2 being bounded. But, the asymptotic behaviour
of solutions was obtained in the linear case only, so that one knows the asymptotic
behaviour of solutions to the problem (1.1)-(1.4) from the present paper. Anyhow,
our proof will proceed in the spirit of the Jiang Song and Munoz Rivera method.
Finally, we note that a globally in time defined smooth solutions should not be
expected for large data in general. Indeed, Dafermos and Hsiao [1] and Hrusa and
Messaoudi [3] showed that for specialized constitutive equations, the smooth solu-
tions to the Cauchy problem blow up in finite time provided that the initial data are
large. To the authors, it seems that one-dimensional nonlinear thermoelasticity was
almost settled, except for the existence of periodic solutions to the problem (1.1)-
(1.3) and the global in time existence of smooth solutions to the problem (1.1)—(1.4)
with external force f depending on t essentially. These problems seem to be open.

2. STATEMENT OF MAIN RESULTS

Throughout the paper, we use the following notation. For differentiation, we put

ov kv
vs_asv——a—;, st—a? (s =t and z, v =v(t, z)),
d*w
k) _ — (1 — (2 — (3 —
wk) = e w =w®, v =w?®, W =w® (w = w(z)),

*v = (v,0,v,...,0%v), D¥v={8i0lv|i+j=k}, D*v={6;0iv|i+j <k}

We denote the usual L? space on 2, its norm and its innerproduct by L2, || - || and
(), respectively. Put

. ; ;
w={uwerr | ul= (L Iw®P) <ol
k=0
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H =12 |- lo="I, llwlleo = sup Jw(@),

z€(0,1)

(u,0) = u(1)o(1) — u(0)v(0), (u) = {u(1)? +u(0)?}? .

For a Banach space X and an interval I C R, C7(I,X) denotes the set of all X-
valued continuous functions which are j-times continuously differentiable on I and
L?(I,X) denotes the set of all X-valued strongly measurable functions on I which
are square integrable on I. As a class of solutions to the problem (1.1)-(1.4), let us
introduce the following functional space:

Z¥(to) = {(X(t,2), T(t,2)) |

N
(2.1) X(t,z) € () ¢?((0,to], HN ),
= N-2
(2.2) T(t,x) € CN71([0,20), L*) N ﬂ Ci([o, to], HN ),
3=0
(2.3) Y11 (t,z) € L*((0,t0), HY),
(2.4) (X, (t,2),T(t,z)) € G() and T(t,z) >0 for (t,z) € [0, t0] X rz}

Let us begin with stating a local in time unique existence theorem, which was ob-
tained by W. Dan [2]. The problem treated in [2] is more general than the problem
(1.1)—(1.4) of the present paper. Before stating the theorem, let us discuss the con-
ditions on the initial data and the right members. Of course, it is not necessary
to assume that f = f(z) to obtain a local in time existence theorem, so that for a
moment we shall consider the case where f = f(t,z) and g = g(t,z). Let (X,T) be
a solution in ZN (¢y) to the problem (1.1)-(1.4). Put

(2.5) X;(z) = 8] X(0,2), Tj(z) = 8T (0,x),

and then X;(z) and Tj(z) are successively determined through the equations (1.1)
and (1.7). For example, for f = f(z) and g = 0, we get

Xa(z) = S(Xo(z), To(2))' + £(2),

Ti(z) = (Tofa) g (Xb(a), To(a))

x {(QUX (@), To(@) Ty(a)) ~ To(a) S (Xa(a), To(x)) X{ (@)},
and so on. The conditions (2.1) and (2.2) imply that

(2.6) X;(z) € HN77 (0 )

<j < N),
(2.7) Tj(z) € HN™7 (0<j <N =-2), Tn_i(z)€ L2

43



Assuming that N > 3, we see that
N-2
T.(t,x), S(Xz(t,2), T(t,x)) € () C7([0,t0], HN~'77),

=0

for (X,T) € ZN(to). Since (1.3) is satisfied for all ¢t € [0, o], we meet the following
requirement from (1.3):

(2.8) IS (X (t,x), T(t,x))|e=0 = 0,

(2.9) T!(z) =0

for z € 002 and for 0 < j < N — 2. Moreover, the condition (2.8) is written in terms
of X; and T; and their derivatives (0 < j < N — 2). Indeed, for N = 3, we have

(2.10) S(X4(@), To(x) = 0
C1) PN HE)XE) + g (@), TETi@) =0
(2.12) T)(z) = T}(z) = 0

for £ € Q. And then, we know the following local in time existence theorem
(cf. W. Dan [2]).

Theorem 2.1. Suppose that (1.5), (1.6), (1.9), (1.10) and (1.11) hold and that
N is an integer > 3. Suppose that (2.6), (2.7), (2.8) and (2.9) hold and that

N-2
(213)  f.g€ () CU([0,t), HN7279) and 87" £,0)"g € L*((0, ), L?).

=0

Let B > 0 be a number such that

(2.14) an lls— ]+Z||T ||3_J+||T2||+2 sup (87 £,879) (s, )l1—;

J=0 =0 \S\O
o 2 2 2 i
+{ [Cie@raaera) <p
0
Suppose that
(2.15) (X)(2), To()) € G(6/2) and To(z) >0 forz € L.
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Then, there exists a time t; € (0,ty) depending on B and ¢ essentially such that
the problem (1.1)—(1.4) admits a unique solution (X,T) € ZN(t;) satisfying the
condition:

(2.16) (X:(t,z),T(t,x)) € G(26/3) and T(t,z)>0

for (t,x) € [0,t1] x €.

Remark 2.2. The essential point in Theorem 2.1 is that the existence time t;
depends only on B, so that it is enough to get an a priori bound for ||D3X (t,)||,
|ID'T(t,-)||2 and ||6?T'(t,-)|| to prove the global in time existence theorem, in view
of (2.14).

Now, we are going to state our global in time existence theorem and the estimation
of solutions. From now on, we assume that

(2.17) f=f(z)e HV"2 (N >3) and g=0.
Without loss of generality, we may assume that
1 1 1
(2.18) / f(z)dz :/ o(z)Xo(z) dz =/ o(z)X;(z)dz = 0.
0 0 0

In fact, let us define a compensating function r(t) by the formula:

r(t) = {/01 o(z)Xo(z) dz + t/o1 o(z) X (z)dz + g/ol f(x)dz} (/0l g(m)dx)

Put X(t,x) = X(t,z) — r(t) and put X;(z) = 8 X(0,z). Then, from the definition
of r(t) it follows immediately that

-1

1 - 1 ~
/ o(z) Xo(z)dz = / o(z)X1(z)dz = 0.
0 0

Moreover, what X (z) € HVN=% 0 < k < N, is equivalent to what X (z) € HNV*,
0 < k < N. Since X (z) = X (z) for all k > 0, the following two conditions for our
local in time existence theorem also hold:

d1S(X.(t,z), T(t,z))|imo =0 forz € dNand 0<j < N —2,

(X4 (z), To(z)) € G(5/2) for z € 0.
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And also, we see that

Q(CE)Xu - S(szT)x
= 0(z) Xet — S(Xz,T)e — o(x)r"(t)
1

= 10 - olo) [ () de (f 1 0(o)d -

-1

f(@) - ola) /0 f@)de ( /0 ' o(a) dz) e N2,

/01 [f(x) - o(z) /01 f(:z:)daxc(/o1 Q(x)dz)—l] dz = 0.

From this observation, we see that the assumption (2.18) gives us no restriction.

Now, let us define an equilibrium state (X’ (z), o) € HY ! x R which is different
from (1,7p) in general and to which the solution converges exponentially as ¢ — oo.
Put

and that

(2.19) Fa = [ fway
and then (2.18) implies that
(2.20) F(0) = F(1) = 0.

Integrating (1.2) over Q and using (1.3), we see that

d 1 B 0 ) 1 d 1
(2.21) EZ/O (e+§X,)dm_/0 thdm—-ﬁz/o X, Fdz,

where we have used (2.19) and (2.20) in the second equality. Integrating (2.21) over
(0,t) and using (1.5), we have the following conservative quantity:

(2.22) /01 {e(Xz(t,:c),T(t,x)) + @Xt(t,z)z + X,(t,z)F(x)} dz = eo,
where

1 T
(2.23) €0 = /0 {E(X(’)(a:),To(z)) n %Xl(zﬁ + X(’)(a:)F(z)} dz.

Another equilibrium state (Xoo(z),Tw) is given in the following lemma which will
be proved in the Appendix below.
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Lemma 2.3. Suppose that (1.6), (1.11) and (1.12) hold and that Xo(z) € H?,
To(z) € H', X;(z) € L? and f(z) € HN=2, where N is an integer > 3. Then, for
any o > 0 there exists a & > 0 such that if
(2.24) (X0, To) = (1,70)lleo + I X1l + I flls < &
then there exist a Xo(z) € HY and a constant Too > 0 such that
(2.25) (X! (2),Too) € G(6/2) forallz € Q, || X — 12+ |Too —T0| <0

and the following two equalities hold:

(2.26) S(X! (z),Te) = —F(z) forz € Q,

(2.27) /01 {e(X(2), Two) + X0 (z)F(z)} dz = eo.

Remark 2.4. By (2.26) and (2.20), we see that
(2.28) S(X.,(z),Ts) =0 for = € 89.

To state our main result exactly, we introduce an additional notation. Put

(2.29) u(t,z) = X(t,z) — Xoo(z), 0(t,z) =T(t,7) — Too,
(2.30) N(t) = sup ||D*(uz,us,0)(s,")|,
0<s<t

3
(2.31)  Eo=1Xg— Xill2 + ITo — Toolls + > _ 1 X5lls—; + I Tall2 + I T2.

i=1

Moreover, for a > 0 let us put

(232)  No(t) = Oiligte“ {I1D? (uz, ue,0)(s, )l + [l (Gz2t, 6222) (5, )1}

=

t
(2.33) M,(t) = { / e2°S||(D2u,D3u,D10,D29,0w,9m,0m)(s,-)||2ds}
0

Note that

3
(2.34) Eo = [luz(0,)ll2 + > _ 187w (0,)lls—; + ID*6(0, -)ll2 + 1826(0, -)||.

i=1
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Under these preparations, we can state our main result in the following way.

Theorem 2.5. Suppose that (1.5), (1.6), (1.8), (1.9), (1.10), (1.11) and (1.12)
hold, that N is an integer > 3, that (2.6), (2.7), (2.8), (2.9) and (2.15) hold and
that f = f(x) € HN~2. In addition, suppose that (2.18) holds. Then, there exists a
o > 0 such that if

(2.35) (X5, To) = (1, 70)lloo + Eo + || flls < o

then the problem (1.1)—(1.4) admits a unique solution (X (t,z),T(t,z)) € ZN (c0)
which satisfy the following estimate:

(2.36) Na(t)? + M, (1) < CE?

for suitable positive constants a and C.

Remark 2.6. (1) In view of Lemma 2.3, (2.35) guarantees the existence of X,
and T, as well as the existence of global in time solutions. Moreover, ||(X.,,Teo) —
(1,70) loo> I X2 ]loo and || X, |l1 become smaller according to the choice of o. Put

3
By = 1Xg = U2 + 1 To = molls + D 1Xslls—j + I Tullz + I T2l + 1| £llx-
i=1

Then, by Lemma 2.3 we see that (2.35) can be replaced by the condition: E; < o.
(2) In particular, (2.36) implies the following asymptotic behaviour:

(2.37) ID?(Xe, Xz — X0, T — Too) (8, -)|| < Ce™**EZ,

that is, (X, X;,T) converges to (0, X.,,T) exponentially as t & oo. In general,
(X!, ,Te) may be different from (1, 7).

3. A PROOF OF THEOREM 2.5

Let (X,T) € ZN(to), to > 0, be a solution to the problem (1.1)—(1.4) and we shall
use the notation defined by the formulae (2.29)-(2.33), below. In a manner like that
of §5 of the reference [11], we can establish Theorem 2.5 if we show the following
assertion: There exist positive constants C, a and o such that the following estimate
holds:

(3.1) No(t)? + M4 (t)2 < CE2
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provided that

(3.2) N(t)<o for 0 < t < to,
(3.3) (X5, Too) — (1,70)lloo + [ Xeolloo + 1 XSt + IfI < 0

Therefore, we shall derive (3.1) under the assumptions (3.2) and (3.3). Below, we
assume that 0 < 0, < 1 and the derivation will be divided into ten steps. In view of
(1.10), (1.11) and the fact that o(x) > 0 for = € 2, we can choose positive constants
Bo and B in such a way that

0% 9%y

68 Bo<o@, SEED, | ZLEn| - ZLEn, e <s
for all z € Q and (F,T) € G(4). Put
(3.5) My(F,T) = (F T) (F T) - (F T) (F T)

for ¢ = € and 1. Choosing B¢ and § small enough if necessary, we may also assume
that

(3.6) T > Bo, My(F,T) 2 8o (g=¢ and n)

for all (F,T) € G(d), because

Oe on 8%y S 8%y
ﬁ(l’TO) = —(1.7’0) = —-ToaTz(l TO) a—F(l,To) BFZ(I To)
Oe &%y S 0%y

— (1 _

6F( 7T0) aF(l TO) 3F3T(1’TO)’ aT(laT ) 8F8T(1 TO)

where we have used (1.6) and (1.12). Thus, (1.11) implies that

2 2 2
61 M) = { T (<55 0m)) + (i) | >0

for g = € and 1. Since o will be chosen very small later on, we may also assume that
(Xo(z), Too) + l(uz(t, z),0(t,z)) € G(8) for all £ € [0,1] and (¢,z) € [0, 0] x Q.
For K = S,¢e,nand Q and for L = F and T, we put

K. = Ki(t,z) = 31{ S XL + a6, 3), Teo + 6(1,2)),

KY = Kj(t,a) = | aK (Xt (2), To) + E(ua(t,),6(2,2))) de.
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Note that
(3.8) St =-nr and S} =-nf,

which follows from (1.6). Below, to denote various constants independent of a and
o, we shall use the same letter C. In each step of our derivation of (3.1), we shall
frequently use the following relations:

(3.9) 1D* (ut, ue, 0)(t, )loo < CN(t) < Co < C,
(3.10) IDM(Q, K1, K})(t,2)llo < C(N(t) + [ Xllw) < C
(3.11) ”at2 (Xoo + luz, Teo + €0) (2, )|l < ”(Uztt,ott,uxt,ot)(t )” <C
(3.12) 18:0: P(X%, + buz, Too + €0) (8, )|l < Cll(Uzat, Oze, use, 1) (¢, ) < CU
(3.13)

102 P(X & + buz, Too + €0)(t, )| < C {Il(tzss, Bzz, oz, B2) (8, )l + 1 XoGlI1 } <

where 0 < €< 1,Q = Q( X, +uz, T +6), K=S,e,nand Q, L = F and T
and P(F,T) € C*(G(4)). In fact, relations (3.9) and (3.10) follows from Sobolev’s
inequality and the fact that 0 < 1. Relations (3.11)—(3.13) can be obtained easily
by direct calculation and by use of (3.2), (3.3) and (3.9).

Step 1. We verify the relations

(3.14) [lue(t, )

< Cllues(t, ),
(3'15) “(uxaa)(tv ) <C

ll(we, uz, 0)2 (2, )l

provided that o is small enough.
Integrating (1.1) over Q x (0,¢) and using (1.3) and (2.18), we have

/1 o(z)us(t,z) dz = 0,
0

N nv'n}

for v € H!, where p(z) € L? such that fol p(r)dz # 0, implies (3.14). Put
Soo = S(X.,(z),Ts). Since S — Se =0 0n 0Q (cf. (2.28),) by another Poincaré’s
inequality:

which combined with Poincaré’s inequality:

(3.16) m<e{|[ ' p(z)u(a) d

(3.17) lloll < € {(v) +IIv'lI}
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for v € H!, we have
(3.18) IS = Sooll < CII(S — Soo)zl-

Since S — Soo = SPu, + S28 as follows from the Taylor expansion, it follows from
(3.18) and (3.10) that

(3.19) (Spus + S36) (¢, )l < C {ll(uz, 8)z(t, )| + ol (uz, ) (t, )1} -

Since £(X;,T) = e(X.,(z), Too) + €%z + 8 as follows from the Taylor expansion,
combining (2.22) and (2.27) implies that

1
(3.20) / {e‘};uI +e%6 + guf + uzF} dz =0,
0

where we have used the fact that X; = u; and X F = X__F + uzF. On the other
hand, by Poincaré’s inequality (3.16) with p(z) = 1, we know that

1
le%u, + 26| < C { / (e%uz +€70)dz
)

+ s+ 40)1 .
which combined with (3.20) implies that

(3:21)  [I(efus +20)(t, )l
< C’{”’U,g(t, ')"oo"ut(tv )“ + ”F””uz(t, )” + “(Uzyo)m (t7 )”

+ 1% €9z (8, ool (ua, 6) (2, ')ll}
<C {al](uz,a)(t, )" + ”(ur,ut:o)Z(t’ )”} ’

where we have used (3.9), (3.10) with K = ¢, (3.14) and the fact that ||F|| < ||fll < o
(cf. (3.3)). Let us define the matrix U by

S99
-(3 2)
Sy et
and then (SPus + S%6,e%u, + €38) = (uz,8)U. Since
0K
KO - 3ar XI yLoo , <
|K8 - 51 (X(@), Tw)| < Co
for K = S and € and L = F and T as follows from Taylor expansion and (3.9), by
(3.6) we have
det U= M (X ,(2),T) —Co > o —Co
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because (X! (z),Tw) € G(8) for all z € @ (cf. Lemma 2.3). Choose o so small that
Bo — Co > Bo/2 > 0 implies that (uz,0) = (S%u, + 526,e%u, +%0)U1, and then
combining (3.19) and (3.21) implies (3.15).

Step 2. We verify the relation
t
(3.22) || (ug,us,0)(t,-)||* + 01/ e2%)|6,.(s,)||?ds < C {Eg + (o + a)Ma(t)z}
0

for suitable ¢; > 0.

Multiplying (1.1) by u; and integrating the resulting formula over €2, we have

(fyue) = %(Quhut) + (S, uz).

[N

Since

(S,un) = (-F,’U,gz) + (S?;"U,z + S%O,ut,)

1d 1
= (fvut) + Ea(sg‘u11u.’t) - 5((S%)tu21uz) + (5(7)’97“4::)

where we have used (2.26), (2.20) and (2.19), finally we have

(3.23) {(oue, us) + (S%uz, 1a)} + (526, uss) - %((sﬂp)tu,,ux) —0.

N | —
&la

By (1.5) and Taylor expansion, we can write the equivalent equation (1.7) to (1.2)
in the following way:

(3.24) (Too + 0) (176 + 1puz)e = (Qbz)s

Since ||Too + 0(t,-) — Tolleo < & for t € [0,10] and Too + 6(t, ) > Bo as follows from
(2.4), (2.29) and (3.6), we have

(3.25) (6+70)7 < (Too +6(t,2))"t < B0 forall (t,x) € [0,t0] x Q.

Since T, = 6; = 0 on 99, multiplying (3.24) by (T + 0)~'6 implies that

d 1
(3.26) '&(”%0’9) + (% usz,0) + 5((n%)z0,9)

+ 5 (), ) + (Ton +6) T @62,6) = 0.

DN =
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Combining (3.23) and (3.26) and using (3.10), (3.8) and (3.25), we have

1d

(3:27) 5—{(our, ur) + (Spua, us) + (176,0) } < —collfz(t, )I* + Coll(uz, 0)(t, )|

2 dt

for a suitable positive constant cg. Since

(@ (1) = - () + 200 £(0),

multiplying (3.27) by e?** and using the relation:

(328) /80”(171 Q7r)|l2 S (Qpap) + (Sg‘q’ Q) + (ng‘rv 7') S ,Bl “(p1 q, T)"2

which follows from (3.4) and (1.6), we have
t
329 foe* ey e, (6 P+ co [ 20, )] ds
0
t
< Bull(ue, e, 8)(0, ) [I? + Co / (2, 0) (s, )12 ds
0

t
+ 28 / €2 |(ur, uz, 0) (s, || ds.
0

Inserting (3.14) and (3.15) of Step 1 into the right-hand side of (3.29) and using the

definitions of M,(t) and Ey (cf. (2.33) and (2.34)), we have (3.22).

Step 3. We verify the relation

t
(3.30) e2*||(ug,ut,0)¢(t, )||*+c1 / €2 |02¢(s, )| ds < C{EZ + (@ + o) M4 (t)*}
0

for suitable ¢; > 0.

Differentiating (1.1), (1.2) and (1.3) once in ¢ and using the relation (1.5) imply

that

(3.31) o(x)utr — (Spugs + S76t). =0 for z € Q,
(3.32) Srugt + St =0 for z € 09,
(3-33) (Too + 9)(77T0tt + UFUzct) = (Qozt)z — g1+ 92z for z € Q,
(3.34) 0, =6,:=0 for z € 0N,
where

(3.35) g1 = (Tx + 0)((n7):b: + (NF)tuzt) + O:(nT0: + NFuse) and go = Q.6,.
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Multiplying (3.31) and (3.33) by u: and (Ts + 6)~16,, respectively, integrating the
resulting formulae over Q and using (3.32) and (3.34), we have

1d

(3.36) S { (ouee, uge) + (S?ruzt, Ugt) + (S%Ot, 9:)} + ¢ |0z (2, )”2

< Col(uz, 0)c(t, )1 + llgr(t, ) 1l (Too +6) 7 6e(t, )
+ lg2(8, )N I(Too +6)7100) (2, ),

where we have used the fact that

(922, (Too +0)716:) = ~(g2, (Too +6)7"62)z).

Applying (3.9) and (3.10) to estimate g1, g2 and ||((Two + 0)716:)=(t,-)|| and multi-
plying (3.36) by €2, we have (3.30) immediately.

Step 4. We verify the relation
t
(3.37)  €**||(uz,us, 0)ue(t, )| +Cl/ e [|0z1:(s, ) II* ds
0
S C{E} + (a+0)Ma(t)® + oN4(t)*}.

Differentiating (3.31)—(3.34) once in ¢ implies that

(3.38)  o(x)usttr — (SFuzet + STt +93)c =0 for z € Q,
(3.39) Sruzie + ST0s + g3 =0 for z € 0N,
(3.40)  (Too + 0)(NT0tst + NFUzttt) = (QOztt)s — gs + gse  for z € Q,
(341) 01; = e:z:t = 0,“ =0 for z € 6Q,
where

93 = (SF)tuzt + (S1)0:,

91 = 2(Too + 0)((n7) 101t + (MF)tuate) + (Too + 0)((07)2:0: + (MF)ettize)
+20:(n704s + NFuser + (N7)10: + (NF)tuzt) + 0 (NTO: + NFULe),

95 = 2Q¢0z¢ + Q1:0:.

Multiplying (3.38) and (3.40) by wus and (T +6) 16y, respectively, and using (3.39)
and (3.41), we have

(3.42)
1d

2 dt {(Q(I)Uttt,uttt) + (Srugit, Ugee) + (NT041,000) + 2(93»“ztt)} + collfzee (2, )1

< Col(uaee, Bee) (b, ) + llgae(ts ) Mlluzee(t,
+ 119 (t, M ((Too +6) 7 02e) (8, )1 + llgs (8, M (Teo + 6) ™ 6ee)a (2, )1I-
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To estimate the terms: ||gs¢(t, )|, llga(¢, -)|| and ||gs (¢, -)||, we use (3.9), (3.10), (3.11)
and Sobolev’s inequality, and then

lgse(t, )l Nlga(t )l Ngs(t, )l < Coll(uzte, Uzats Uzt, Ort, Ot b1, ).

In fact, for example, we have

gse(ts M < N(SE» ST)ellooll (tiz, O)eell + 11(SEs ST)ecllll (w2, 0l oo
<

[
CU”(Uztt, Ugzgt, Uge, Ott, Ot 0!)”7

where we have used (3.10), (3.11) and Sobolev’s inequality in the second inequality.
Multiplying (3.42) by e?**, integrating the resulting inequality with respect to ¢ and
using the relation

(93, uzee)| < Coll(uase, uze, 6e) (8, )|

which follows also from (3.10), we have (3.37).
Combining Step 2, Step 3 and Step 4, we have

t
(3.43) e2%t||62 (ug, ug, 0)(t, )| + 1 / e2*%)|1926,.(s, -)||> ds < CR4(2)
)
where
Ro(t) = E5 + (0 + a)My(t)? + 0N, (t)?

The relation (3.43) was derived by the usual L?-energy estimate.

Step 5. For o small enough, we verify the relation

(3.44) N (t)? < CR4(2).

In view of (3.43) and the definition of N,(t) (cf. (2.32)), to get (3.44) we have to
estimate the terms: 0., 0+, Uzz, 022, Uzoz, Uzst, Ozzz and 0;5¢. From (1.7) it follows
that

(3.45) (QOF6.): = —k(Q:6:): + OF (T + 0)n:) for k=0 and 1.

Multiplying (3.45) by 056 and integrating the resulting equation over 2, by integra-
tion by parts and by (3.9), (3.10) and (3.11) we have

|(Q0:cy0x)l + I(Qozlvext)l
< [(Teo + )1, 0)[ + |(Qbz, Oze)| + |((Too + 8)ne)e, 62)]
< Ca||(01,0u)(t, )”2 + C”(€7 9huzta Uztt, eit)(tv )"2
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Since @ > fo, choosing o so small that Co < f3/2 and using (3.43), we see that

(3.46) **||(62,0z¢)(¢,)|I* < CRal(t).
Since f = F; = —Sooz, (1.1) can be rewritten as follows:
(3.47) SQuzz = ousr — {S%0: + (S%)us + (S$).6}.

Applying (3.10), (3.43) and (3.46), we have

(3.48) e upa (¢, )2 < CRa(t)

Since (1.7) can be rewritten as follows:

(3.49) QOzz = —Q2b: + (Too + 6)(n70e + MFUat),

applying (3.46), (3.10) and (3.43) to estimate the terms: ||(Q0z)(t, )|, luze(t, )l
16:(t, )||, we have also

(3.50) e**||6z5(t,)||* < CRa(t).
Differentiating (3.47) once in £ (¢ =t and z), we have

(3.51) SPUzer = Qure — S30ze + Oeurt — g6 — g7,
where

gs = (S%)lu:cx + (S%)IU'IZ + (Sg’)lga: + (S’?‘)zab
97 = (S¥)zetz + (ST)zef.

Since ||(uz,0)|loc < C||(uz,us, )| as follows from Sobolev’s inequality and (3.15),
by (3.10), (3.12) and (3.13) we have

llgs|

g Ca”(ux:x:, ua:hgz,gl)”:
llgzll <

I
| < NI(S%, SP)zellll(uz,0)lloo < Coll(uz, ue, 0)c]l-
Therefore, by (3.43), (3.46) and (3.50), we have

(3.52) €| (tzzz, Uzze) (8, ) 1> < CRa(t).

For ¢ =t and z, differentiation of (3.49) once in ¢ implies that

(3.53) QOz2¢ — (Too + 0)n701s — (Too + 6)NFUee + g8 + go = 0
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where

gs = Qlozz + onzl - ((Too + o)nT)th - ((Too + 0)7’F)luxt7
g9 = thoz:-

Employing the same arguments as above, we have

ligsll < Coll(Baz,bze,0:,uze)ll and |igoll < Col|(6z,622)ll-

Therefore, applying (3.43), (3.46) and (3.52) implies that

|| (Bzoz, Bzet) (8, )II* < CRa(t),

which combined with (3.46), (3.48), (3.50), (3.52) and (3.43) implies (3.44).

Now, we are going to estimate M, (t). By (3.43), we know the estimation corre-
sponding to the terms: 826,, and then we shall estimate the terms: D%u, D3u, 6,,
ott, oxxy ozzt and oza:z'

Step 6. For o small enough, we verify the relations

t t
(3.54) / emuem(s,-)u?dsgc{ / e2°‘s|lu”t(s,-)||2ds+Ra(t)},
0 0
t t
(3.55) / €295 |0, Bn) (5, )2 ds < 6 / €22 lugne(s, )I[2 ds + C6~ R ()
0 0

for 6 € (0,1).

Since it follows from the formula (3.53) with £ = z that

(3.56)  [16z2z(t, M < C{llze(t, )I* + Netzae (2, )II)
+(7{”(uzzzaazzauzzaomotaUzt (t ” }

multiplying (3.56) by e2®!, integrating the resulting inequality, using (3.43) and re-
calling the definitions of R, (t) and M,(t)?, we have (3.54).

Multiplying (3.49) by 6., and integrating the resulting equation over Q implies
that

(Qemzaerz) = —(Qzax,ezz) - (((Too + 8)(77T9t + nFua:t))zzy 0::)

where we have used integration by parts and the fact that 8, = 0 for z € 9 to get
the second term of the right hand side. Since

|(Fuzet, 02)] < Olluzsell* + C67H 16217,
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as follows from Schwarz’s inequality, by (3.43), (3.9), (3.10) and (3.4) we have

t ¢
(3.57) / &2 10,2 (s, )|I? < 5/ €2 ||lugge (s, )||2 ds + C6 1 Ry (2).
0 0

To get the estimate of the term: 6.,:, we multiply (3.53) with £ = ¢t by 0., and
then we have

(358) (Qazxtaazxt) = _(98 + 99, azzt) - (((Too + 0)(77’['0“ + nFuxtt)):;Ozt),

where we have used integration by parts and the fact that 6;; = 0 for x € 9Q to
get the last term. Since we already know the estimates of the terms 6, and 6., to
treat the last term we may observe the following relation only:

d
(359) ((Too + 0)nFur:ctta o:ct) = a((Too + o)nFuza:t) ozt)
- (((Too + e)np)tu:zt» 0:t) - ((Too + 0)77Fuxztv o:tt)-

Combining (3.58) and (3.59), multiplying the resulting formula by e?*¢, integrating
the resulting formula over (0,t) and using (3.10) imply

t
/ % [0,e(s, )12 ds < C{Na(t)? + E2 + (0 + ) Ma(t)?}
0
t t
48 [ & lusan(s, NP ds + €71 [ e 0o, )P ds,
0 0
which combined with (3.43) implies that
t t
(3.60) / e2%||0,4¢ (s, -)||% ds < 5/ €2 ||ugze (s, -)||2 ds + C6 ' Ra(t).
0 0
Combining (3.57) and (3.60) implies (3.55).
Step 7. We verify the relation

(3.61) / t 25| D3u(s, )| ds < C { / t €29 ||ugze (s, )||? ds + Ra(t)} .
0 0

Since

St = SFU:ct + STat and at = ((Too + 0)777')—1 {(ng)x - (Too + 9)’717”::} )
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the second formula of which follows from (1.7) and (1.5), inserting the representation
of 6; into the right hand side of the first formula, we have

(3.62) St = Vg + (Too + 8)nr) ' ST(Q02)2

where
V =03  My(Xl, + ue, Too + ) (cf. (3.5)).

Note that there exists a co > 0 such that
(3.63) V 2,

which follows from (3.4) and (3.6). Differentiating (3.62) once with respect to ¢
implies that

(364) Stt - (V’U,zt)t + (((Too + 0)7’)T)_IST(Q03;)1)£ = 0
Multiplying (3.64) by uzt, we have

(3.65) 0 = (Set, uzte) — (Vuges, ugte) — (Vitgt, Ugtt)
+ (((Too + O)WT)—ISTngzt,u:tt) + ((((Too + e)nT)_ISTQ)tOxz,uztt)
+ ((Teo + O)WT)—ISTQsz)t, Usgtt).

Since S; = 0 for z € 90 which follows from the fact that S = 0 for z € 99, we see
that

(366)  (Sustaut) = 55 (Strthar) + (Suvytuae) = (St o) + (Sut, 07520
where we have used the relation:

(3.67) wer = @7 (Se + f)e = 07 San,

which follows from (1.1) and (1.5). Since

(3.68) |(Szt, 071 S2e)] < € {ll(aat, 6z0)I* + ol (uar, 6)1*}

as follows from a direct calculation and (3.10) and since

(369)  |(((Too +0)1r) ™ S7Qzzt, uste)] < Flluzeel® + C 02l
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combining (3.63), (3.65), (3.66), (3.67) and (3.68) implies that

c d
(370) ?2”113:&“2 - E(St, uztt) < C{”uzz:t“2 + ”(oxzhgzt)llz

+ Ull(uxtaet, Ugtt, 0.1:1:7 0It7 uzzt)”2}1

where we have used the following estimations:

1(((Teo + 6)7) ™ STQ) bz || < Corl|fzcll;
1((Teo + )07) ™' STQ202):l

< C{l1Qxlloo 1Bzl + 1 QetlllIBlloo + I1(((Too + 8)17) "2S7)elloo Qoo l16:11}
< Call(ox,ezl‘,al‘t)“v

which follows from (3.10), (3.12) and Sobolev’s inequality. Multiplying (3.70) by

e?*!| integrating the resulting inequality over (0,t) and using (3.55) with § = 1,

(3.43) and (3.44), we have

t t
(3.71) / €2 ||lugy (s, )||*ds < C {/ €2 ||lugge(s,-)||* ds + Ra(t)} ,
0 0
where we have also used the estimate:

'(Sty uztt)l < C”(umtt; Ugt, 0t)“2’

By (3.67), (3.68) and (3.43), we have

t t

(3.72) / 2 lugee(s, )2 ds < C { / 2 [uzze(s, | ds + R,,(t)} .
0 0

By (3.51) with £ = z and the estimations of ||ge|| and ||g7||, we have

(3.73) luzzsll < C {lluceell + llueell + 162zl + oll (wz, ue, 6)«(1} -

Since

/ o(x)ug(t,z)de =0
0

as follows from (1.1), (1.3) and (2.18), by Poincaré’s inequality (3.16) with p(z) =
o(z) we have

(3.74) lueell < Cllugeel|-
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Inserting (3.74) into (3.73), multiplying the resulting inequality by e*, integrating
the resulting inequality over (0,t) and using (3.71) and (3.55) with § = 1, we have

t t
/ e2%%||uzee (s, )||2ds < C {/ €28 ||lug e (s, -)||2 ds + Ra(t)} ,
0 0
which combined with (3.71) and (3.72) implies (3.61).

Step 8. For p > 0 small enough, we verify the following relation:

t
(375) / e2as”(D3u’ 6::, 0:127 ozzt)(sa )”2 ds
0

t
< u/ e2* < uggi(s,:) >2 ds + Cu™ 1R, (t).
0

To get (3.75), we shall consider the multiplication of (3.53) with £ = = by uza:.
To do this, we observe the following relation:

(376) (Qezxz:,uxz:t) = (ngx,uxz‘t) - (Qzezzyuzzt)
d
- E(ngxyuzzx) + (Qtozzauzz::) + (Qo:m:ta umzm)-

Multiplying (3.53) with £ = z by u..:e**!, integrating the resulting equation on
(0,t) x Q and using (3.76), (3.43) and the estimations of ||gs|| and ||go||, we have

t t
(3.77) /ezuslluz,t(s,-)llzdssf e2% | (QO,z, Usgse) | ds
0

0

t
+/ e2°‘3|(Q9ut,unx)|ds + CR4(1).
0

By Schwarz’s inequality, (3.55) and (3.61), we have

t t
(3.78) / e2%5|(Qbz0t, Uzzz)| ds < C {6% / e2*||ugqt (s, -)||2 ds + 6_%Ra(t)}
0

0

for any § > 0 small enough. To estimate the first term in the right-hand side of
(3.77), we use the following relation:

1
(Bz(5:)? < lBza(s,)?lleo < C / 1816, (s, )% da
<C {ng(s, )“2 + 1|0z (s, )02z (s, )”}
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where to get the second inequality we have used Sobolev’s inequality:

1
lollee < C / 18 0(a)] da,
0

in one dimensional case. And then, we have
(3.79)

t
/ e2as| (Qozzy uzxt) 'dS

0

< u/ot e (ugzi(s,))* ds + Cu™" /Ot 2 (0.4(s,))*
<o [ uenlo, D ds+ Cu 1) [ oun(s I ds
+Culgt /Ot ?*||0z22(s, -)||* ds,
using (3.54) and (3.55),
< ;L/()tta"""s (uzze(s, -))2 ds+C{u 1+ 5'%)5 + u‘léé} /ot €2 ||lugze (s, )||? ds
+C{u™ (1 +67%)57 + p~ 263} R, (2).
Combining (3.77), (3.78) and (3.79) implies that
/Ot €% |luzze(s, -)|I> ds < u/ot 2 (ugze(s, )’ ds
+0ut8} [ gl N ds + O 6 R0

for 0 < 8, u < 1. Therefore, choosing § > 0 in such a way that
1
culor =,

# 2

we have

t
[ et NP s < 20 [ s, ) d + Cu*Ra)
0
which combined with (3.61), (3.54) and (3.55) with é = 1 implies (3.75).

Step 9. We verify the relation
t
(3.80) / €% (ugge(s,-))? ds
0
t
<C {/ e2%%||(D3u, 02z, Ozzzs Bzt (5, ) |* ds + Ra(t)} .
0
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Differentiating (3.67) once with respect to = implies that

(381) Uzzzt = SEI {(Quttt)z — S70z2t — glO} )

where
gio = 2 ((SF)rux.z‘t + (ST)IOIt) + (SF):ca:uzt + (ST)xzat-

By (3.10), (3.13) and Sobolev’s inequality, we have

C{ll(Sr, S7)zllooll(uazt, Bat)l| + I(SF, ST)aallll(Uzt, 62)lloo }
CU"(uzzty Uzt, Hztv et)”

llg10ll

N IN

Put ¢(z) = z — }, and then we have

1 1
(3.82) (Uzzzts QUzzt) = 1 (Uz:t)z - 5”“:::”“2-
On the other hand, we have

(383) (SEI (Quttt)za quzzt)

—1 d, ._ _
= (SFIQ utttvquzxt) + ‘(’R(splguzttyquzzt) - ((SF) l)tQu:ctty qua:z:t)
1 _ 1 _ _
+ 5((55'19‘1)x“ztt’uztt) 3 {(Splguitt)(t, 1)+ (Splgugu)(t, 0)} .

Multiplying (3.81) by qu.: and using (3.10), (3.82) and (3.83), we have

1 _ 2
(3.84) 1 {(Umt)2 + <SFIQuztt> }
d, .-
<C {”9111”2 + ”D3u|]2 + "910“2} + a(splguztty quxzt)'
Multiplying (3.84) by e?*!, integrating the resulting equation over (0,t) and using
(3.44), we have (3.80).

Combining (3.75) and (3.80) and choosing © > 0 small enough, we arrive at the
relation:

t
(3.85) / e**||(D%u, 022, 8zzz, 022¢) (s, )1 ds < CRa(t).
0

In view of (3.43) and (3.85), our task is now to estimate the terms: D?u, 6; and 6.

Step 10. We verify the relation
t
(3.86) / &2*|[(D?u, 0, 612 (5, )12 ds < CRa(2).
0
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Since uzz = (S%) " {ouw — S0 — (S%)ous — (S$).0} as follows from (3.47), by
(3.47), (3.10), (3.15), (3.43) and (3.85) we have

t
(3.87) / 2% | (uee, Uz ) (5, -)]|? ds < CRq(t).
0
Since S; = 0 for z € 9N, by Poincaré’s inequality (3.17) with v = S; and (3.10), we

have
[15el1> < ClISezll® < C {(uzzt, 620) (t, ) I* + o ll(uar, 0:)(2, )11},

which combined with (3.62), (3.63), (3.43) and (3.85) implies that

t

(3.88) / €2 luz(s, )17 ds < CRa(t).
0

By (3.49) and (3.53) with £ = ¢, we have

”(Ota Btt)(tv )”2 < C {”(011, Ugt, Urtt, ozzt)(tv )”2 + a”(oxaozx,grta Ugt, gt)(t7 )”2} )

which combined with (3.85) and (3.88) implies that
t

(3.89) [ 160 0)s, )P ds < CRat),
0

Combining (3.87)-(3.89), we establish (3.86).
Therefore, combining (3.43), (3.44), (3.85) and (3.86) implies that

(3.90) Na(t)? + Mo (t)?> < C{EZ + (0 + o) M (t)* + oNL(t)*} .
Choosing ¢ and «a finally in such a way that

Clo+a) <~ and Co<=:

o+a)<7 an o<

we establish (3.1), which completes the proof of Theorem 2.5.
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APPENDIX. A PROOF OF LEMMA 2.3.

It is sufficient to prove the lemma in case that N = 3, because the higher regularity
of Xoo(z) follows from the relation:

O (XLa(@), To) XL (2) = ~F'(@) = ~f (@)

For (V(z),p) € H? x R, let us define its norm by the formula: |(V,p)| = ||V||2 + |p|
and also let us define the map ® from H? x R into itself by the formula:

(V,p) = (S(V(a),p /l{ew (2),p) + V(@) F(2)} da).

We shall show that the map ® is a local homeomorphism near the point (1,79) €
H? x R. To do this, it is sufficient to prove that the differentiation ¥ of ® at (1, 7o)
is bijective, where ¥ is given by the formula:

¥(V(2),p) = —2((1,70) +6(V(2), p))’ ¥1(V(z),p), ¥2(V(z),p))

dg

where
as as
¥ (V(z),p) = ﬁ(l,To)V(z) + _(1,7'0)1),
1 de e 1
(V@) = [ (FEQmVE + gamp) dot [ Ve
o \OF oT o
First of all, we shall show that ¥ is surjective, that is, we shall solve the equation:

(Ap.1) ¥, (V(z),p) = W(z) and ¥5(V(z),p) =¢

for given (W(z),q) € H? x R. The first equation of (Ap.1) becomes the following
formula:

_aS 1 oS
(Ap-2) V(@) = 57 (L,7) 7 {W ) - 51,08},
and then inserting (Ap.2) into the second equation of (Ap.1) implies that

(Ap.3) q= g—i(l,ro)_l{g; 1 -ro)/ W(x) d:v+/ W(z)F(x) dz+Lp}

where

as !
L= M.1,7) - ﬁ(lﬁo)/ F(z)dz
0
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and M,(1,7p) is defined by (3.5) with g = €. In view of (3.7) with ¢ = ¢, we have
L > iM.(1,70) provided that

(Ap4) 171 < | 21,0 M1, )2,

because |f01 F(x)dz| < ||F|| < ||f||. Therefore, ¥ is surjective if || f|| is small enough.

If (W(z),q) = (0,0), by (Ap.2) and (Ap.3) we see that (V(z),p) is also equal
to (0,0), which means that ¥ is injective, and then ¥ is bijective. Therefore, the
implicit function theorem yields that there exist neighborhoods U; of (1, 79) and U,
of ®(1, 7o) such that ® is homeomorphic from U; onto U,. Since

[(=F(z),e0) — &(1,70)]

<P + ' [ {05, 1o (1,70 + 242

X1(z)2 + (X} (2) - 1)F(z)} da

<1+ CNOKG To) = (1, mo)lleo + V02, 2 G — 1)1l £

where C is a constant such that

Oe
aF

FT)'

FT)' C for (F,T) € G(6),

there exists a k > 0 such that (—F(z),eo) € Uz provided that
(X0, To) = (1, 70)lloo + I X1l + [1.f 11 < &,

which implies the unique existence of (V(z),Tw) € Uy C H2 x R satisfying the
equation: ®(V,Tw) = (—F(z), o). If we put Xoo(z) = 5 V(y) dy, then Xoo(z) and
T satisfy the required properties, because the inverse of @ is also a continuous map
from U, onto U;.
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