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1. FORMULATION OF RESULTS

In the present paper, studying the classical Hardy-Littlewood thcorem on the
distribution of zeros of the function ¢ (% + it) we obtain new results concerning the
distribution of multiplicities of zeros of the function {(s), s = o+it in some rectangles
of the critical strip.

In 1918 Hardy and Littlewood proved a theorem (see [2], pp. 177-184) improving
a theorem of Hardy from 1914 (see [1]), which can be formulated in the following
way: for every sufficiently large T > 0 the interval

(T, T +TT+2)

(0 < w an arbitrarily small number) contains a zero t = ¥ of the function ¢ (% + it)
for which

2{n(¥)

where n(%) is the multiplicity of the zero t = 7.

This form of the Hardy-Littlewood theorem makes it possible to extend the theo-
rem from the critical straight line to the critical strip in the following way.

Let n(p) denote the multiplicity of a nontrivial zero ¢ = 3 + iy of the function
¢(s). Then the following theorem holds.

Theorem. If

(1) ((s) = O(t"7?),

! Supported by Grant GA-SAV 363
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then for all sufficiently large T > 0 the rectangle

(2) Qx(a,w) = {s: 0 € (0,1),t € (T,T + Hi(a,w)) },

H, (a_, w) — T(:}+u+2w)%

contains a zero ¢ satisfying

) 2k tn(a),
where
InT
k=qq+1,... ko, ko = |———=],
09+ 020 [w(T) lnluT]
(4) 3 + [8a], if 8a is noninteger,
9=q(a) = o
2 + 8a, if 8a is integer

(g is obtained from the condition (1 +a)¢ < §) and 0 < (t) is a function growing
arbitrarily slowly to oo for T — co.

Since we have (see [7], pp. 97, 109)

5) Cs) = 002y Ly

[

i.e. a =1/6 (sce (1)) independently of any hypothesis, Theorem yields

Corollary 1. For every sufficiently large T > 0 the rectangle

(6) Qk((l—;,w) ={s:a€(0,1),t€ (T,T+Hk(%,w))},

2w

Hk(l,UJ) = Tl—;).l:+'k_
6
contains a zero g satisfying 2k 1 n(g), where

(7) k=4,5,... ko.

Remark 1. Until now, the existing values of a in (1) represent no essential
improvement of the value 1/6 which we have used in (5).
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Consequently, Corollary 1 implies:
the rectangle

Q4(é,w) ={s:0€(0,1),te (T,T+TT5§+%)}

contains a zcro g satisfying 8 { n(g),
the rectangle

2w

Qs(%,w) ={s:0€(0,1),te (T,T+T=+%)}

contains a zero ¢ satisfying 10 n(g), etc.
Taking into account Lindellof’s conjecture (see [7], p. 323)

() = 0(t*"), L<o,

[\

i.,e. a =0 (sce (1)), Theorem implies

Corollary 2. By Lindell6f’s conjecture, for every sufficiently large T > 0 the
rectangle

2

8) Qr(0,w) = {s: 0 € (0,1),t € (T, T + T&+¥))
contains a zero p satisfying 2k { n(g), where
9) k=2.3,...,ko.

Consequently, using Corollary 2 we have:
the rectangle

Q'Z(O,LA)) = {5: o€ (0, 1),t (S (T’T+T§-+u)}

contains a zero g satisfying 4 t n(g), etc.

Remark 2. Let us explicitly point out the influence of Lindell6f’s conjecture
on the initial values k (cf. (7), (9)).

Further (see (2), (7)), we have
Hi(a,w) € ((InT){5+et2otoMIN(T) pistsy
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Remark 3. Consequently, Theorem is valid even for rectangles Q(a,w) of

“very small” height Hy(a,w) (in the context of the results on the critical line), say
(using Hj from (6))

InT

s
H: ~ (InT)nnnT k~|—+4+2 T 111
i~ (nT) : (53 +2) o7 mmT

It seems probable that the method of trigonometric sums does not extend to intervals
of length (In 7')¥(T). It would be interesting to compare this result with a remark by
I. M. Vinogradov (see [4], p. 13, lines 4-8 from below) concerning the possibilities
of the method of trigonometric sums for an estimate of the remainder in the law of
distribution of prime numbers.

Let us further recall that for the distribution of multiplicities of zeros of the func-
tion ((s) we have the estimate (see 7], p. 209)

(10) 1< n(p) < AlnT.

The condition (10) has been, until now, the only information concerning the distri-
bution of multiplicities n(p) in rectangles Qi (a,w) (see (2), (6), (8)). Nonetheless,
the condition (10) offers a great number of possibilities for the distribution of mul-
tiplicities. In connection with this fact we make

Remark 4. The above theorem (see also Corollaries 1,2) excludes a great
number of types of the distribution of multiplicities of zeros of the function ((s),
s € Qr(a,w) which are permitted by the condition (10).

Finally, let us note that the crucial moment of the proof of Theorem is the ap-
plication of the properties of univalent analytic branches of multivalued functions

(cf. 5], [6])
V((s),  VG(s)

where (sce [7], pp. 81, 94)

2s—lns

(1) G(s) = X6} ), v6) = 75

s
COos D)

Here the zeros of the function ((s) are the branching points of the multivalued
functions.
The subsequent sections of the paper contain the proof of Theorem.
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2. LEMMA ON TRIGONOMETRIC INTEGRALS

Lemma 1. Let
t t hid

V1(t) _tyt ot
T—tlnn, 191(t)—21n2Tt 57§

(12) p(tik,n) =
Then for an arbitrary sufficiently large T > 0 we have

T+ Hy.
(13) / R 4t = o(1), n=1,

1 1/k T
< = = —
0( ), 2¢n<[P']=71, P 5

1
O( ), n>t+1=1,

In %
where k =2, 3, ..., ko, Hr = Hi(a,w) (see (2), (4)).

Proof. (A) Since

1 ¢t _ 1. T 1 1
k1) = — Il > —ln— = —InP, - >0
it k1) = gpinse 2 opinon =g b e =55 >

for t € (T, T + Hy), we obtain (see [7], p. 73, Lemma 1) an estimate

T+ Hy.
+ Leiﬁp(“k’l)dt _ O(ﬁ{fj_)) = O(lf;.P) =0(1)
T

(see (4)), which is the first estimate in (13).
(B) If 2 < n < [PY*] =7, then

1 1/k

(14) ey (t;k,n) > r InP—Inn=In > 1111:1 >0, ¢ >0,

and in the same way as in the case (A) we obtain an estimate

T+ Hy,

aoes s ~ (L)
n

T

i.e. the second estimate in (13).
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(C) If n > 7+ 1 =7 then, since

In i >luT+2=1n(1,+ ! )~(£>_1/2k,

T+17 141 T+1 2n
e = Ot ) = o1 ),
we obtain (cf. (14))
—@,(t;kyn) =Ilnn — 2Lk1n % >Inn-— iln T-;TH’C
=Inn-— ﬁln —2 - 2—11;11 (1 + %) =In P?/’” + O(%)
>lnm+0<kT) =In—— T+1 +O(f;,) > 1lx T_:—l > 0,
-2 < 0.
Consequently, the estimate
T+ Hy. .
J eleltikm) g = O(ln %)

holds, which is the last estimate in (13).

3. INFINITE SUM OF TRIGONOMETRIC INTEGRALS

For o > 1 let us put (cf. [3], p. 11, [5], [6])

[e e}

(15) {Cs)}t =

where we fix the branch of the multivalued function for which {¢(c)}/* > 0.
Using the Euler product we obtain

ot =Tla-r =TI >- 1( %)p_ms

P p m=0

(where p ranges over prime numbers). Since

_1
0< (—1)'"( k) <1,
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we conclude that

an(k) = (=1)m™rt+m; ('%> (_%>, n=23,....

my m;

for n = p"* - py2.

..p; . Consequently,
(16) O0<an(k)<1l, n=1.2,....

Lemma 2.

0o K T+ Hy,
(17) Z %E:r) . / el?tkm) 4t = 0(1), k=2,3,..., k.
n=1 T

Proof. First of all, by virtue of (13), (15) we have

T+ H,.
(18) ay (k) - / el?(thl) d¢ = o(1).
T

Further (see (13), the second estimate),
_ an(k) _
L= ) srenz= 2 t 2 =hth
2¢n<r n 2¢n<y  F<n<lT

Evidently (see (16)),

For 73 we have

T l
(19) = =ln _—1n(1--)>A—, I=1,...,L, L

N
NS

T -1

and, consequently (see (16)),

s =o(r- S THIW .l> =o(‘;§i) = O(T~#% . InT).

1<I<E

Using (4) we obtain
(20) 7, =0(1) +O(T~% -InT) = O(1) + O(T "% -InT) = O(1).
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Now let us set (see (13), the last cstimate)

n (k)
I4=TIZ<71n—1(_):-w—(]E= Z + Z =T5 + Is.
2

For I5 we have (cf. (19))

n I+

l l T
ln;:ln :111(1+;I‘)>A;;, l=1,...,L1, nga‘
This implies (cf. Z3)
Ty =O(T % InT) = O(T % InT) = o(1).
Since evidently Zg = O(1), we have
(21) Iy = O(1).
For the other terms of the infinite sum we have
(k) T+H) I
Qn(F . ip(t;k,n) _ k
(22) > s / etk ar = 0( )
T<n<T+1 T
= O(Hy - T~ 3t) = O(T~(i—*~2)1)
= (T~ 127255 = o(1).
Finally, by virtue of (18), (20), (22) we arrive at the cstimate (17). O

4. THE CHOICE OF THE UNIVALENT BRANCH OF THE FUNCTION {((s)}!/*

Let us denote by II; the rectangle with vertices at the points

+i(T+ Hy), 1+w+i(T+H), 14+w+iT.

N =

+iT,

Without loss of generality we may assume that the horizontal segments joining the
points 1/2 +iT, 1 +w +iT and 1/2 + (T + Hi), 1 + w +i(T + Hy), respectively, do
not contain zeros of the function ((s).

Let or1 be zeros of the function ((s) lying in the rectangle I, i.c.

ory =PBr+igry, r=0,1,...,m, I=1,...,p,



(of course, p, = pr(a, k,w)), where

<Br<l, T<v,<T+H; (5023)-

N =

The zeros g, arc the branching points of the multivalued function {¢ (s)}1/k.
Let us define a contour Ci(g) C Il in the following way:

m

Ci(e) = Lk(e) u MM U { U (4@ u Mrbl)} ULk, UM,

r=1
where
(A) L§(e) is the scgment joining the points § +iT, § +i(T + Hi) modified by
semicircles lying in ITx; we circumvent the zero go, I =1, ..., po along a semicircle

with center at go,; and radius € (0 < € an arbitrarily small number),
(B) L*¥(e) = LMY (e)UL¥2(e), r = 1, ..., m where L¥1(¢) is the left “bank” of the
cut joining the points

ﬂ" + I(T + Hk)7 ,Bk + i’)’r,pr = Or,p,»

modified by small semicircles (we circumvent a point g, i, { = 1, ..., p, along the left
semicircle with center at this point and radius €) and L¥2(g) is the right “bank” of
the cut joining the points

Orp,, Br+i(T+ Hy)

(now the point g, 4, Il =1, ..., p, is circumvented along a small right semicircle),
(C) Lk, +1 is the segment joining the points

1+w+i(T+ Hy), 14+w+iT,
(D) Mé" ! is the segment joining the points
1. .
5t i(T + Hy), B +i(T+ Hy),
MF1 is the segment joining the points
Br +i(T + Hy), Brp1+i(T+H), r=1,....m-1,
MPE?! is the segment joining the points
Bm +1(T + Hy), 1+4+w+i(T+ Hy),
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(E) M, is the point joining the points
. 1 .
1+w+iT, 2 +iT

and closing the contour Ck(g).
Let us denote by Di(e) the domain bounded by the contour Cy(<). Since

(23) ¢(s) #0, s € Die),

the multivalued function {¢(s)}'/* splits in Dy (e) into k univalent analytic branches.
Now we fix the desired analytic branch—Ilet us denote it by {((s) (1)/ k—by the

condition (¢(§ +iT) # 0)
carg((3 +iT) }

o0 ) <G )] oY

doing so we have to observe continuous change of the argument of the function
{¢ (s)}(l)/ k along the contour Ci(g).
Finally, let us introduce a contour

1
k

(25) Cy = lin}) Ck(g).

5. INTEGRALS OF THE FUNCTION {((s)}¢/* ALONG THE SEGMENT

OF THE CONTOUR Cjy

Let n, q = n(or,q) be the multiplicity of the zero o, 4. Let us set

1
T
(26) A= T an,q, l=1,...,p,
q=1
AT = Agp, +2 Z Ayp,, T7=0,1,...,m
=1
(of course, E? =0).
Further, let (sce (25))
(27) L¥ = lim L¥E), »=0,1,...,m.

e—0
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Lemma 3.

Y0.1
1 . . 1
(28) [t as =i [ 1 +imyta
Lk T
po—1 Yo.l+1 T+Hy
=1 Yo.1 Yoo
T+,
1 - . . 1
(29) /{C(s)}(’; ds =icd" - (B — 1) / {C(B, +it)} ¥ dt
Lk Yr.1
Y1
+ ie‘.(A"-1+A,._,) . (ei‘z(A,._,.,_—A,.,l) _ 1) . / +
T2
Yropy—1
+ iei(Ar—‘*‘Ar.pr—l) . (ei2(A"~l':-_A"nl'r—l) — 1) . R
YVepy
forr=1,...,m,
T+Hy
l H "
(30) / {¢C(s)}E ds = —ie'®" - / {1+ w +it)}% dt,
LY T
H
1 N 1
o [ tcondas =" [{clowitr+ H))g do
Mk 1/2
m By Itw
+ ZeiA" . / +eiA'“ . / ’
r=1 Br—1 Bon
where M*! = |J MF?, and finally
=0
14w
1 H "
(32) /{((s)}g ds = —ie'®" - /{((a +iT)}* do .
M, “1/2
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Proof. (A) First of all, we have

(3) o = {cG+i)l, temani-a,

where the value at the point % +iT is given by the condition (24).
In the neighborhood of the zero go; = % + iy0,1 of multiplicity ng; we have

C(S) = (S - 90,1)11()_1 'F(S)’ F(QO,I) # O!
where F'(s) is an analytic function. Consequently,
(34) arg((s) = no,1 - arg(s — po1) + arg F(s).

Since on the semicircle joining the points %+i(70,1 —£), %+i(7o,1 +¢) the increments
of the arguments standing on the right hand side of (34) satisfy

Aarg(s—p01) =7, AargF(s)=o0(l), €—=0

we have
Aarg((s) = nng,1 + o(1),

and hence . -
Aarg{¢(s)}§ = E”O’l +o(1).

Consequently (cf. (33)),

{C(s)}é = {C(% + it)}% - exp {i%no,l +o(1)},

t € (y01+&%z2—¢€),

which for ¢ — 0 yiclds (see also (26))

(=X T

(35) {¢(s)}o = {C(% +it)}% B0 € (0,1,70,2)-

Analogously we obtain

(30) €t = {c(E+ie)}E o2, te Goaroal.
o ={c(5+i)} e te (op T+ ).
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Remark 5. In (35), (36) as well as in all other analogous cases we explicitly
write the factor (constant in the corresponding interval) related to the increment of
the argument corresponding to one circumvention of the branching point.

Taking into account the above argument, in virtue of (26), (27), (33), (35), (36), ...
we obtain (28).
(B) By virtue of (A) we arrive at the point 3; +i(T + Hy) with the value

(37) (C)NE = {C(By +i(T + Hy)) Y E -2,

Further (see Sec. 4, point (B)), we obtain quite analogously to (A) the relations

69 [(cedas =t [ i as

Lha Ly (e)
T+Hy T
LA . 1 GAY i
= —ie'd . / {C(Br +it)}* dt —ie'® -e‘A‘~1~/—...

Y11 71.2
RENTE Yi.pp—-1
- ieiA“ celfrr-2. —ieiA” celBrm-t »

Yipp—1 RERVD

(39) / {C(S)}O}'— ds = 511_1}6 / {((b)}él ds
Lllc.Z

k.
L} 3(e)
Ty -1
— ici(AO'*'Al-l'l—l) . Ci%nl-l'l .
Yi.py
Yipy—2
. ( . .
+ie‘(A'+A1.,.1—1) ,e'zTT‘nl,Pl-H{fm,pl—l . / 4.,
Yipp-1

1.1
+ iei(A"“FAl.,.l—l) . ei(%“'n.p,+A1.,.1_1—AL1) . /

Y1.2
T+ H).
+ iei(A“+A1-1'1—l) . Oi(%’!nlqnl +A1«p1—1) .

711
As, for example,

2n
AO + Al,pl—l + ?’”’l,m + Al,pl—l =A° + 2A1,P17
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we have by virtue of (38), (39)

w  [uenias= [+ [
it

k.1 k.2
Ll Ll

T+ H;
LA I
— ICIA . (ellAl,,.I _ 1) .
i1
1.1
+ iei(AO+A1.1) . (ei2(A1ml-—Au) —1)- +...
Y1.2
Yigpy -2
+ iei(AU+A1.,.1_z) . (ei'Z(ALpl—Al.,.l—z) _ 1) .
Yipp-—1
Yipy—1
+ iei(A“-}—AI.pl—l) . (ei2(A1_,,1—A1,,.1—1) — 1) .
b
Ty

which actually is (29), r = 1. Note that we start from the point 8, +i(T + H}) with
the value (cf. (37))

-

Al
-.elA.

(41) {CB+i(T + H) YL = {¢(B +1(T + Hy)}

Now it is already clear that the substitutions

A5 Al 5 A5
(AL],...,ALPI) — (Ag)l,...,Ag’pz) — (Agyl,...,A;;,pa) - ...,

(71,1,-- '7’\/1,1)1) — (72,17"‘ )72,p2) — (73,1""773,})3) - ...

in (40) successively yield all the other relations in (29), » = 2, ..., m. Here we start
from the point G, +i(T + Hy) with the value (cf. (41))

(42) {C(B: +iT + HO) }E = {C( +i(T + H)}E o7

(C) The relations (30)-(32) arc evident (sce Sec. 4, points (C)—(E) and also (37),
(42)).

398



6. THE FIRST FUNDAMENTAL LEMMA
Let us recall that (see 7], pp. 94, 383)
1 N V21 12
(43) Z(t)—{x(§+1t)} C(§ +1t), {,\(§+1t)} ="\,
1
=uvof}
(concerning 97 see (12)), where Z(t) is real for real ¢.

Lemma A. In the case (1) for T — oo we have

T+, m
(44) / 1Z(@®)|E dt > {1+ o(1)} Hi —|Z/{<(s)}g as|, k=23, k.
.T TZIL}I

Proof. By virtue of (1) we obtain the following estimates for the integrals along
the horizontal segments M*1, M, (sec (2), (31), (32):

(45) / {¢()}4 ds, / {¢(s)}E ds = 0T+ D k) = o(Hy).
Mk M
Further (see (15), (16), (30))

T+ H,
—jeld" . / {C(1 +w +it)} F dt

Il

(40) / (¢} as

L:‘;.+1 T
T+H), o
LA™ an(k) i
= —ie . 1+ Z —Tro " dt
n=2 n e
A =

oo
sam A an (k ) .

n=

= —ie'®" . H, + 0(1).

However, {¢ (s)}(l)/ * is a univalent analytic branch in the domain Dy (<) bounded
by the contour Ci(e). Consequently, the Cauchy theorem implies that

[ ndas =0
Ci(e)
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and thus (for € — 0, see (25))

(47) / ()} as =o.
Cy

By virtue of (45), (46) this implics

(48) /{C(s)}(ﬁl ds =ic'®" - Hy, + o(Hy,) — 2:/{((3)}(;r ds.
Lk r=1

Lk

1

Finally, passing to absolute values in (48) and using the identity [Z(¢)| = |¢(§ +iT)]
(sec (43)) we obtain (44). O

7. THE SECOND FUNDAMENTAL LEMMA

For x(s) (see (11)) we have for t = oo in an arbitrary fixed strip o1 < o < o2 (sce
(7], p- 81)

it—1
(49) v = ()T e f1po(H))
Let us consider a multivalued function {G(s)}'/* (see (11)). Since ((s) # O,
s € Dy(e) (see (23)) and, by (49), {x(s)}~1/2? # 0, s € Dy(e), we have G(s) # 0.
s € Di(e). Conscquently, {G(s)}/* splits in the domain Dj(e) into A univalent
analytic branches.
Further, let us recall that (see (11), (43))

1
(50) G(E + it) = Z(t).
In what follows we will study the case when Z(t) does not change sign in the interval
(Tv T + Hk)
(a) It
(51) Z(t)>0, te(T,T+H,), Z(T)>0,

then we fix the desired univalent branch of the function {G(s)}!/*—let us denote it
by {G(s)}é/k—by the condition (cf. (24))

(52) {C(% + 1T)}; = {Z(M)}t > 0.
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(b) If Z(t) <0,t € (T,T + Hy) then we deal with {—G(s)}(l)/k and fix the branch
{G(s)}(l)/k by the condition

{ —G(% + 1T)}; = {-Z(T)}t > 0.

Lemma B. If the estimate (1) is valid and Z(t) does not change its sign in the
interval (T, T + H},) then for T — oo we have

Yo.1 P0 Y0.141 T+ H),,
(53) / |Z(8)|% dt + D eldor. / 1Z(t)|% dt + 2" / |Z()|* dt
T =1 Y0, Yo.pg
= o(Hj) +iZ/{G(s)}§ ds, k=2,3,... k.
T:lL}:

Proof. By virtue of (a), (b) it is sufficient to prove the case (51), (52). First of
all we note that (see (47))

(54) / {(G(s)}E ds =0,
Cr
Since (see (42), (43), (49))
(55) o = (L) a0 [ o(H),

we have (see (1), (2), (11); 0 £ 1 +w)

(G(s)}E = O(TF(-DHits))
= O(T(i+e+)t) = o(H,), s € D.

Consequently, the integrals along the horizontal segments satisfy (cf. (45))
1 1
(56) [ ek, [16endas = o).
Mk M>

Further, since

(i)%+% _ (Z)%+% +O(M)7 te (T, T+ Hy),
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we have (sec (55))
(57) (x(Q+w+it)}~ %:(Z)#hﬁ:_cm {1+O<H)}
and (see (11), (15), (57))

: * _ A’ T :‘l":+2" an(]") l{m—tlnn}
(58) {Gl+w+it)}g =¢ (2_7t) ; ltw -

+O(T~ ettt . Hy)

(A" is connected with the choice of the branch). Consequently (see (17), (58)),

T+Hj
(59) /{G(s)}éds - - / (GO +w+it)}
e T
v (T N\axtg
= —jesd. (—2— -0(1)
+O(T~ '+t . H2) = o(Hy)

a

Remark 6. Evidently, {G(s)}(l)/ * satisfies an analogue of Lemma 3—Ilct us
denote it by Lemma 3'—which is obtained by the substitution {¢(s) é/k - {G(s)}(l)/k
since the sets of zeros and of multiplicities of the functions ((s) and G(s) in Il

coincide. We denote the analogues of the relations (28)-(32) by (28')-(32").
From (54), by virtue of (56), (59) we now obtain

m

(60) 160 s = ot - -3 / {G)) as,

Lk L
where (by (28))
"/():l ) po—1 Yo.l41 T+ H,
1 x A0
(61) /{G(s)}5 ds =i / {C( + 1t>}k dt +1i Z cidor / +ie”
L("; T Yo ‘)’U.Am,

However, if (52) holds then

arg{G(% +it)}j =0, I{G(% + it) }o.l = {Z(t)}%, t € (T',50,1),



i {G<%+it)}f = {Z(t)}%’ t € (T,v,1),

and analogously to the case (35), (36) we conclude that

{G(% +it)}j = {ZO}F B, tEe (o1,%002), -

Hence (sce (61))
Jo.1
1
(62) Jieentas =i [zapta
Lk T
Po Yo,141 T+,
£iY e / (ZO)}E dt +ic" - / (Z(O)}E at.

=1 Yo Yo.py

Finally, by virtue of (62), (60) implies (53). O

8. PROOF OF THEOREM—CONCLUSION

Since the zeros of the function {(s) are distributed symmetrically with respect to
the line 0 =  (see [7], p. 40), it suffices to consider rectangles (cf. (2))

Q, = {s: o€ <%,1),t € (T,T-}-Hk)};

evidently @, C I (see Scc. 4).
Let all zeros p € Q,, satisfy the relation (cf. (3))

(63) 2k | n(o).

On the one hand, using Lemma 3 (see (26), (29)) we obtain

/{C(s)}fds =0, r=1,....,m, k=2,3,...,ko
Lk

and consequently, by Lemma A (see (4), (44)),

T+ H,,

1 1
(64) /IZ(t)|th>§Hk, k=q,q+1,...,ko.
T
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On the other hand, by virtue of Lemma 3', relation (29') (see Remark 6), (63) implies

(65) /{G(s)}é— ds =0, r=0,1,....m, k=gq,q+1,..., ko.
Lk

It follows from (63) that Z(t) does not change sign in the interval (T, T + H).
Moreover,

(66) edor =1, & =1,

and, by virtue of (50), (65), (66), Lemma B (see (53)) yields

T+
|Z(t)|F dt = o(H}),

a contradiction (see (64)). O
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