Czechoslovak Mathematical Journal

Vladimir Kordula

Contractions similar to isometries

Czechoslovak Mathematical Journal, Vol. 43 (1993), No. 3, 503-517

Persistent URL: http://dml.cz/dmlcz/128414

Terms of use:

© Institute of Mathematics AS CR, 1993

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/128414
http://dml.cz

Czechoslovak Mathematical Journal, 43 (118) 1993, Praha
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In the present paper we investigate properties of contractions on a Hilbert space
which are similar to isometries. A contraction is considered to be a compression
of an isometry V to a V*-invariant subspace M. A criterion for similarity of this
compression to an isometry is given in terms of the space H. As a consequence, we
obtain some known criteria for a contraction to be similar to an isometry as well as
some new results.

PRELIMINARY

Let M be a Hilbert space and A a closed subspace of H. As usual, we denote by
A’ the orthocomplement of A in X and by P(A) the orthogonal projection of X
onto A. The algebra of all bounded linear operators on H is denoted by B(H).

An operator T € B(H) is said to be similar to an isometry if there exists a
boundedly invertible operator C' € B(H) and an isometry Z € B(H) such that

T=C"'ZC.

It is easy to see that the fact that the isometry Z acts on the same space M as T
is not important. 3

Indeed, if T = D='Z'D with D: H — M’ invertible, Z’ an isometry on X', then
the operator ® = (D* D)'/2D-! € B(H') is a unitary operator, and consequently, T'
is similar to the isometry ®Z'®#~! € B(H).

Let T € B(H) be a contraction (i.e. |[T| < 1). Since the sequence of operators
{T*"T™} is nonincreasing, the limit "l_illgo T*"T" in the strong operator topology
exists and we can define a nonnegative operator

A(T) = (s - lim T*"T™)\/2,
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Since

|[A(T)z| = lim |T"z|,
n-—00

we have

|A(T)Tz| = |A(T)z|.

It follows that there exists an isometry W(T) on Ran A(T') such that
A(TT = W(T)A(T).

The just introduced concept allows us to give a simple generally known character-
ization of a contraction which is similar to an isometry.

Lemma 1. A contraction T € B(H) is similar to an isometry if and only if A(T)
is invertible.

Proof. If T is similar to an isometry, i.e. if CTC~! = Z is an isometry for
some invertible operator C' we have

[T"z| = |C~'2"Cz| > |C|™" - |2"Ce| = |C|7! - |Cz| 2 |CI7F - |C7H™! - Ja.

Hence
[A(T)z| 2 [CI7" - (M7 el
Since the operator A(T) is nonnegative and bounded from below, we deduce that
A(T) is invertible.
On the other hand, if A(T) is invertible then the isometry W(T') acts on the whole
of H and T is similar to W(T). O

CONTRACTIONS SIMILAR TO ISOMETRIES

Let us consider a contraction T' € B(H) which is similar to an isometry Z €
B(M); Z = CTC~'. Let H = Rz & Sz be the Wold decomposition of the isometry
Z, i.e. both spaces Rz,Sz are Z-reducing, Z|Rz is a unitary operator, Z|SZ is

00

a unilateral shift. The spaces Rz,Sz can be expressed as Rz = () Z"M,Sz =
n=1
{z; im Z*"z = 0}.
n-—o0o
Since the isometry Z is the direct sum of Zl'Rz and Z|Sz, we will be interested
in the structure of the two parts Z|Rz, ZISZ.
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A unilateral shift is up to unitary equivalence determined by its multiplicity which
is equal to the dimension of the kernel of its adjoint. The multiplicity of the unilateral

shift Z|SZ is equal to

dimker(ZlSZ)* = dimker Z*|Sz = dimker Z* = dimker T™.

That is why we will be interested above all in the structure of the operator Z|Rz.
Using the fact that C is invertible we can express the operator ZIRZ as

Z|Rz =CTC™| () 2"H =CTC | () 2"CH =CTC'|C (| T"H =

n=1 n=1 n=1

[oe] o0 [e o]
= (C| N T"H)(T| (" T*H)(C| () T H)™".
n=1 n=1 n=1
As a consequence we obtain
Lemma 2. Let a contraction T be similar to an isometry Z. Then Z|Rz is similar
[ee]
toT| N TMH.
ﬂ:l
We will use the notation
00
A= (T,
n=1
B = {z; lim T*"z = 0}.
n—oo
Lemma 3. Let T' be a contraction similar to an isometry Z = CTC~, then

H=A®B.

Proof. Take an a € A. Let ¢, be such that a = T"¢,(n € N). For b € B we

have

[(a,8)] = [(T"¢cn, b)| = |(ca, T*"b)| < leal - [T*"b] < |C™'| - |Cen| - |T*"b] =
=|C7 - |Z"Cep| - |T*™b| < |C7Y - |C| - |C~1 2" Cep| - |T*"b| =
=|C~Y-|C] " |a] - |T""b].

Since T"" — 0 as n tends to infinity we obtain (a,b) = 0 and, consequently, the

spaces A and B are orthogonal.
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On the other hand, the orthocomplement A+ can be expressed as
oo
At = \/ ker T*" C B,
n=1

thus
A& B="H.

O

In order to obtain a criterion for a contraction to be similar to an isometry we will
apply some facts from the dilation theory (cf. [1]).
Let T € B(H) be a contraction. Then there exists a Hilbert space K D H and an
isometry V' € B(K) such that
T = P(H)V'H  (n20),

K= {7 ViH.

n=0

The isometry V is uniquely determined up to unitary equivalence and is called the
minimal isometric dilation of . The above conditions imply

V*H CH,

or equivalently,
TP(H) = P(H)V.
Our aim now is to obtain some relation between Tl.A and V. Let =R ® S be

the Wold decomposition of the minimal isometric dilation V of T'.

00
Lemma 4. Let T be a contraction similar to an isometry. Then Tl NN T'H is
n=1
similar to the unitary operator V|’R.

Proof. Let T be a contraction similar to an isometry Z = CTC~!. Since

TP(H) = P(H)V we have T* = V*|H and
T* P(A) = V* P(A).
According to Lemma 3 we have
P(B)T* P(A) = V* P(A) — P(A)T* P(A).
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Applying P(B*) we obtain
P(BY)(V™P(A) - (T]|A)* P(A)) = 0.
Since S = {z € K;V*"z — 0} we have B = S(\'H and R C B*. In particular,
P(R)(V*P(A) — (T|A)* P(A)) = 0.
Using the fact that the space R is V-reducing we obtain
(V" [R)(P(R)|A) = (P(R)|ANT|A)",

or equivalently,

(P(R)|A)*(V|R) = (T|A)(P(R)|A)".

It remains to prove that the operator Q = P(R)l.A is invertible.
Since V" is an isometry the projection onto the space VK is equal to V*V*".

Since R = () V"K we have, for h € H,

n=1
P(R)h = lim V*V**h = lim V"T*"h
n—00

n—o0

and

|Qa|* = lim |V"T""a| = lim |T""a|?
n—oo n—oo

for a € A. Further, let ¢, be such that a = T"¢, (n € N). Using the fact that
(T*»T™)'/22|? = |T"z|? and Lemma 1 we have

lT*na‘ - ITmnTncnl — I[(TtnTn)l/2]2c"| — ITn(TnnTn)l/chl >
> ]Cl—l . Ic-1|—-] . |(T:nTn)l/QCn| —
=|CI7H 1T T e = €177 - Jal.

Thus
IQal > |C|7! - |C™™! - al,

in other words, @ is bounded from below. It suffices to prove that
R © Ran Q = ker Q* = ker P(A)|R = {0}.
Let us consider r € R such that P(A)r = 0. Since R C B+ we have also
P(H)r = P(A)r+ P(B)r =0,
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or equivalently, r € HL.

Using the fact that V|R is a unitary operator and VH* C HL we obtain, for
neN,

0 = P(H)r = P(H)V"V*"r = P(H)V"(P(H) + P(H))V*"r =
= P(H)V"P(H)V*"r = T" P(H)V""r.

Since T™ is injective we have P(H)V*"r = 0 so that
Irl = [V*"r| = |P(HE)V*" | = |(VIHE) ™).

The fact that V|’HL is a shift operator (i.e. (Vl’H"‘)‘" — 0) completes the proof.
O

Putting together Lemma 2 and Lemma 4 we conclude that operators ZIRZ and
V|R are similar. Since both operators are unitary they are even unitarily equivalent.
In particular, in view of Lemma 4 we obtain that two isometries are similar if and
only if they are unitarily equivalent. Further, since dimker 7" < dimker V* there
exists a V-invariant subspace M of K such that V|M is unitarily equivalent to Z
and hence VIM is similar to T. Let N be a V-invariant subspace of K. It follows
from P(H)V P(H) = P(H)V that

T(P(H)|N) = (P(H)|N)(VIN).

We know that there exists a V-invariant subspace M of K such that T is similar
to V|M. We will show now that there exists a V-invariant subspace A" of K such
that P(’H)|N is invertible. First, we will prove the following simple lemma.

Lemma 5. Let £, F be closed subspaces of a Hilbert space K. Then £ + F = K
(i.e. K is the direct sum of £ and F) if and only if P(£l)|f is an invertible operator
from F onto £*.

Proof. It is sufficient to observe that

ENF = {0} & P(EY)|F is injective,
E+F=K& P(SL)|.’F is surjective.
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Proposition 6. Let T be a contraction, let V be its minimal isometric dilation.
Then T is similar to an isometry if and only if there exists a V-invariant subspace
N of K such that

Ni+HE=K,
or equivalently, the operator P('H)lN is invertible.

Proof. If there exists a subspace A" such that VN C N and P(H)|N is
invertible then T is similar to an isometry as a consequence of the relation

T(P(H)|N) = (P(H)|N)(V|N).

Conversely, let a contraction T' € B(H) be similar to an isometry U € B(H),T =
C~'UC. Suppose that £ is a subspace of K such that VL C £ and H* + £ = K.
According to Lemma 5 the operator X = P('H)lﬁ: L — 'H is invertible and so

X 'T=vXx!.
Using the fact that
c-'v=rc!
we obtain
(xX-'teThu =v(x-'cTh,
so the operator X~1C~! intertwines U and the minimal isometric dilation V of T.
Let us observe that P(H)X~!C~! = C~! and £ = Ran X 1.

On the other hand, by virtue of the Lifting Theorem the relation C~'U = TC~!
implies that there exists an operator Y : H — K such that

YU = VY,
P(H)Y =C~1.

That is why we set
N =RanYC.

First, VYC = YUC = YCT, hence VN C N. Since
YCP(H)YCP(H) = YCC~'CP(H) = YCP(H)

the operator Y C'P(H) is an idempotent and A’ = RanYCP(H). It remains to show
that

ker YCP(H) = H*.

Indeed,
HL C ker YCP(H) C ker P(H)Y CP(H) = ker P(H) = H*.

The proof is complete. O
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The just proved condition for a contraction to be similar to an isometry has the
following equivalent form.

Lemma 7. The following conditions are equivalent.
19 There exists a subspace N of K such that

VN CN,
HEEN =K.

2% There exists an operator L: S — H* such that

LP(S)|H* = Iy,
L(V|S) = (VIH*)L.

Moreover, condition 1° impliesR C N.

Proof. Assume that 1° holds. We set

X = P(H)|N,
L=(1-X"'P(H))

and
L=1|S:S—H*

The operator Lis idempotent, equals the identity on H* and vanishes just on A,
hence RanL = M. Takeak € K and its decomposition with respect to K = HL+ N,

k=ht4n, (hteH neN).
It follows that
LVk=LVh* +LVn=Vht = VLh* + VIn = VLk.
In particular, we have also
L(V|S) = (V|H*)L.

Since VI’Hl is a shift operator we obtain

IR=1L ﬁ V'K C ﬁ VrIK C ﬁ VrH: = {0}.

n=1 n=1 n=1
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Thus we obtain R C M. Consequently, for ht € Ht we have
LP(S)h* = L(P(S) + P(R))h* = h*.
On the other hand, assume 2° and set
N = ker LP(S).
It is obvious that

VN CN.

Since LP(S)LP(S) = LP(S) the operator LP(S) is an idempotent and its range
is equal to H*. Thus

HE 4N =K.
a

Condition 2° as a criterion for similarity of a contraction to an isometry was proved
by Sz.-Nagy and Foiag [2]. From this criterion another criterion for similarity of a
contraction to an isometry in terms of the characteristic function was derived in [2].
We also derive this criterion from Proposition 6 and Lemma 7 but in a different way.

First, let us recall one of the definitions of the Hardy space H%(€) (cf. [1}).

Let &£ be a separable Hilbert space. We denote by H%(€) the space of all functions
with values in £ which are analytic in the unit disc and their Taylor coefficients are
square summable. The norm on H2(€) is defined as

|Z'\ka"| =’§: ak|2 (ar € E).

Let T € B(H) be a contraction, let V be its minimal isometric dilation. As usual,
we use the notation

D=(1-T"T)"? D =TRanD,
D. =(1-TT*)/?, D = RanD.,

L=(V-T)H,
L.=(I-VT*)N.
Let ¢: £ — D be an isometry defined on the space (V — T)H by the formula
e(V—-T)h =Dh (h€H).
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Clearly, ¢ is a unitary mapping of £ onto D. Since
Hr=CLopVLOVLD...,

there exists a unitary operator ®: H — H?(D) such that
o(S Vi) =Y etV (€ L).
0 0
Similarly, there exist a unitary mapping ¢.: L. — D. such that

eu(I=VT*)h=D.h (h €M)

and a unitary operator ®,: S — H?(D.) such that

a.( 5 Vi) = 3 (L),
0 0

Let us consider the operator P(S)|’HJ‘ which is one of the forms of the character-
istic function. The operator O, : H%(D) — H?(D.) defined as

04 = . (P(S)|H* ) ™!

is another form of the characteristic function. The bounded analytic function

©(0(A): D — D.) which is defined for || < 1 as
O(A\) =-T+ D.(A\"' =T")"'D,

is the third form of the characteristic function. The operator @4 can be expressed
as

(O4u)(A) = O(N)u(X) ue H¥(D).
Let Ty € B(H1), T2 € B(H2) be contractions. We use the notation
I(Th,T>) = {X: H; — H2 a bounded linear operator; To.X = XT; }.

Proposition 8. Let T' be a contraction, let V be its minimal isometric dilation,
let © be its characteristic function. Then T is similar to an isometry if and only if
there exists a bounded analytic function A(A)(JA| < 1) such that

ANBW) = Ip
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for all |A\| < 1.

Proof. Since & € Z(V|H*,S), . € I(V|S,5.) the operator P(S)|H* has a
left inverse operator L € I(VlS, Vl’H*) if and only if @4 has a left inverse operator
intertwining the shifts S and S. on H?(D) and H%(D.), respectively. If the operator
O, has a left inverse operator Ay € Z(S.,S) then, according to Proposition V.3.2
[1], there exists a bounded analytic function A such that

(Aru)(A) = AN)u(}) (v € H¥(D)).

It follows that
ANOWN) =Ip (A< D).
On the other hand, if there exists a bounded analytic function A(A) (JA] < 1) such
that
AN)O) =1Ip

then the operator A defined as
(Ayu)(N) = ANu(})  (u€ HY(D))

is a left inverse operator to the operator ©4 and A} € Z(S.,S). It suffices now to
apply Proposition 6 and Lemma 7. a

SIMILARITY OF COMPRESSIONS

Let V € B(K) be an isometry. The compression P(’H)Vl'H on a V*-invariant
subspace H is a contraction. On the other hand, it follows from the existence of the
minimal isometric dilation of a contraction that any contraction can be obtained in
this way.

It is natural to ask when such a compression is similar to an isometry (i.e. what
condition must the space H satisfy). In Proposition 6 and Lemma 7 two equivalent
conditions concerning the space H are given. We will reformulate condition 1° from
Lemma 7 in terms of an invertible operator commuting with V* and V-reducing
subspaces of X:

Let us consider condition 19, i.e. there exists a closed V-invariant subspace N of
K such that

HY+ N =K.
We will construct a Hilbert space
K=H'oN,
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an isometry V on K and use the relation between V and V. We obtain an interesting
representation of the space i with the required properties.

Theorem 9. Let T € B(H) be a contraction, V € B(K) its minimal isometric
dilation with the Wold decomposition K = R & S. Then the contraction T is similar
to an isometry if and only if there exists a closed subspace A(R C A C K) which is
V-reducing, and an invertible operator © € B(K') commuting with V* such that

H=0A.

Proof. Assume that the contraction T is similar to an isometry. According to
Proposition 6 there exists a V-invariant subspace A of K such that

N+HE =K.
Both spaces H* and AN are V-invariant. We now define the space
K={zdyzeN, yeH')}
and the operator V:K =K,
‘7(1: dy)=Vza Vy.

We set N = {z® 0;z € N'}. The subspace N of K is V-reducing and Nt =
{0 @ y;y € H1}. Further, we define an operator A: K — K as

Az®y)=z+y.

If follows from the relation N’ 4 H* = K that A is invertible. The spaces H*+, N
can be expressed as

H.L =A,V'L,
N = AN.
Since
teEH S (5, AN =0 A zeNoze AN
we have

H=A"N.

Since the operator A is invertible and AV = VA the isometries V and V are similar.
Consequently, the unitary parts V]T\’,, VIR as well as the shift parts V]S, VlS are

514



unitarily equivalent. In other words, there exists a unitary operator ®: X K such
that

PR =R,

¢S = g,
Ve =ov.

Consequently, we have also
V=V

o0 -~ o0 o ~ ~ ~
Since R = [) V"K,R = [) V"K the space R can be expressed as R =
B :o ~ n=loo
A"TAR = A™! ﬂ -1 ﬂ "K = A~!R. If we define

A=0"N,

O =A""19,

we obtain the required properties: A is a V-reducing subspace of K, R = R
®"ATIR C A" N

IN = ®*N = A and O is an invertible operator on K commuting
with V*. According to the definition of A and © we obtain

H=A"N=A""100"N = 0A.

We have proved one part of the theorem.

It is easy to see that A" = ©*~!A. Since H* + A" = K the operator P(H)|N is
invertible according to Lemma 5. It follows from the intertwining relation

(P(H)V|H)(P(H)|N) = (P(H)|N)(V|N)

that T is similar to V

o 'A

Suppose that there exists a closed subspace A of K which reduces V and an

invertible operator © on K which commutes with V* and such that H = ©A. Let
us define an operator X: ©*~! 4 — ©A as follows:

o A

The space ©*~! A is invariant for V since
ver-lA=e""vace* 4
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and, consequently,

V(0A)L C (0A4).
This inclusion can be rewritten as
P(OA)V(I - P(BA)) = 0.
Restricting this relation to the space ©*~1.4 we obtain

(P(BA)V|0A)(P(0A) 0" "1 A4).

071 A) = (P(BA)|0 1 A)(V

If we set X = P(©.A)|©*~'A then
TX = X(V|e*~'A).

According to Lemma 5 the operator X is invertible if and only if
(@A) +or A=K

Since (©.A)* = ©*~1 AL the above condition is clearly satisfied. So we have proved
that T is similar to the isometry V|©*~! A. O

The assumption of minimality of the isometric dilation V of T does not play an
important role.

Let V € B(K) be an isometry, let H be a V*-invariant subspace of K such that
the compression T = P(’H)V|’H is similar to an isometry. If we set

Ko=\/ V'™,

then Ky is the V-reducing subspace of K and VIKO is the minimal isometric dilation
of T. According to Theorem 9 there exists a closed subspace A of Ky C K which
reduces V|IC0, and an invertible operator ©¢ commuting with (V|IC0)' = V*|Ko such

that

H = @()A

If we define an operator ©: K — K by the formula
Ok = Qo P(Ko)k + P(K})k (keK)
then © is an invertible operator commuting with V* and
H=0A.
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So we have proved

Corollary 10. Let V € B(K) be an isometry and H a V*-invariant subspace of
K. Then an operator T = P(’H)VI'H is similar to an isometry if and only if there
exist a closed subspace A of K which reduces V and an invertible operator © € B(K)
which commutes with V* such that

H =0A.

In the preceding theorem subspaces reducing an isometry play an important role.
These subspaces can be described in the following way. If a subspace A reduces
an isometry V € B(K) then both operators V|.A, VI.A‘L are isometries. If A =
SA®DRA, AL =S40 ® R4 are the Wold decompositions of these isometries then

K=SOR=(SAPSAL)D(RADPRAL)

is the Wold decomposition of the isometry V. Since VIS_A is a shift operator the
space S4 can be expressed as

SA=MOVMO VM ...

where
M = ker(V|S4)* = ker V'ISA C ker V'|S =VeVs.

Thus any subspace A which reduces the isometry V has the form
A=MOVMoVM®..)dR4,

where M is a subspace of the generating subspace Vo VS and R 4 is a subspace of
R which reduces V.
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