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Summary. Following Ozawa [4] we introduce the concept of a modular base in a Hilbert
A-module and prove that the cardinalities of any two such bases are the same.
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INTRODUCTION

Throughout this paper A denotes a proper H*-algebra with an inner product and
norm (-, -) and || ||, respectively ([1]). A nonzero selfadjoint idempotent in A is called
a projection. If a projection cannot be expressed as a sum of two pairwise orthogonal
projections, then it is said to be primitive. A maximal family of pairwise orthogonal
primitive projections is called a projection base. Denote by 7(A) the trace class of
A, ie. let 7(A) = {zy: z,y € A} and let tr be the trace functional on 7(A). tr has
the following properties: trzy = (y,z*) = (z,y*) = tryz (z,y € A). Foreacha € A
there exists a unique positive element [a] € A (i.e. such that {[a]z,z) > 0 (z € A))
such that [a)? = a®a, moreover a € 7(A) if and only if [a] € 7(A). Then a norm
can be defined on 7(A) by setting 7(a) = tr[a] (a € 7(A)), for which the following
relations hold: |tr(.)] < 7(.), || - || € 7(.) and 7(zy) < |z||llsll (z,y € A) ([6]). It
was shown in [7] that 7(A) is a Banach *-algebra. In [8] Smith proved that every
nonzero positive element a € A has a unique spectral representation a = ) Anen,

n
where the A,-s are positive real numbers with A; > A; if i < j, and the e,-s are
mutually orthogonal projections.
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Now let H be a (right) A-module on which there is a generalized inner product
[,],i.e. [-,-]: H x H— 7(A) such that
(1) [f, f1 = 0 and [f, f] = 0 if and only if f = 0;
(2) Uf,g+hl=1[f9] +[f, ;
(3) [f, 9a] = [£, glo;
(4) [f,q]" = [9, /]

holds for every f,g9,h € H and a € A. [-,] satisfies the so called strong Schwartz
inequality, i.e.

(r[f, a)? < 7[f, flrlo. 9] (f.9 € H).

For a more general statement cf. [3].
In the rest of the paper let H be a Hilbert A-module, i.e. suppose that H is
complete in the metric d defined by

d(f)g):‘- VT[f—g,f_g] (frge H)

As Saworotnow showed in [5], on H a linear structure can be introduced such that
Mfa) = (AMf)a = f(Aa) (\€C,,a € 4,,f € H) and

(f,9) =trlg, f1 (f,9 € H)

defines an inner product on H. Denote by || - || the norm corresponding to this inner
product.

It is easy to see that A is a Hilbert A-module if we define the generalized inner
product by [z,y] = z*y (z,y € A). Similar considerations can be performed for
every eA, where e € A is a projection. The norms arising from these generalized
inner products are equal to the original one.

If H, and H; are Hilbert A-modules, then a mapping U: Hy — H, is called an
A-unitary operator if it is surjective and
(D) U(f+9)=Uf+Ug,

(2) U(fa) = (Uf)a,

(3) [Uf,Ugl=[f,4]

for every f,9 € Hy; and a € A. In this case U is a unitary operator between the
Hilbert spaces H; and H,. Finally, it was also proved in [4] that

f=%fea

holds for every f € H and projection base {€q}qca-
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RESULTS
We begin with the following basic lemma.

Lemma 1. Let f € H be such that [f, f] is a projection. Then the submodule
fA is isomorphic an isometric to [f, f]A, consequently fA is closed. Moreover, we

have f(f, f1=f.

Proof. Let f € H and consider the function T(fa) = [f, fa] = [f, fla (a € A).
Then T is a linear operator preserving the module operation with the range [f, f]A.
Since

[fa, fa] = a*[f, f)*[f, fla = [[f, fla, [f, fla] (a € A),

taking traces we get that T is an isometry. Since [f, f]A is closed so is fA. Now
let [f,f] = e1 + ...+ en be the decomposition of [f, f] into pairwise orthogonal
primitive projections (cf. [1, Theorem 3.2]). Extend the set {e1,...,en} by {€,}aen
to a projection base. Then

f=Ff 11+ 2 feo

Since [fel,, fel,] = eL[f, flel, = 0 (a € A), it follows that f[f, f] = f. a

Definition. The family {fa}aea C H is said to be modular orthonormal if

(1) [fa, fol =0 if a # B;
(2) [fa) fa) is primitive projection in A for every a € A.

A maximal modular orthonormal family is called a modular base.

Remark 1. If {fo}aea C H is a modular orthonormal family, aq € A (a € A)
and F C A is a finite set, then, using the above lemma, simple calculation shows

that [f — Y fada,f— Y fa@a] equals

a€F a€F

[f) f] + Z([fa’f] - [fmfa}aa)‘([fmf] - [fa;fa]aa) - Z[f) fa][fa,f]'

a€F a€F

As a consequence we have

(£, 12 D [, fallfar £).

a€F

Theorem 1. Let {fo}aea be a modular orthonormal family in H. Then the
following assertions are equivalent:

(1) {fa}aea Is a modular base.

(ii) If f € H is such that [fa, f] = 0 (@ € A), then f = 0.
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(i) The orthogonal sum (in the Hilbert space sense) of the closed subspaces
Ho=faA(x€A)isH.
(iv) f =3 falfa, f] for every f € H.

(v) [£,9) = YIS, fallfas 9] holds for any f,g € H, where the sum is unconditionally

convergent in the norm 7.

(vi) IF11” = 2 I[fa, AlI? for every f € H.

Proof. (i) = (ii). Suppose that f € H and [fa, f] =0 (e € A). If f #0, then
let [f, f1 = 3" Anen be the spectral representation of [f, f]. Now for f' = 75-\71'61 we

have [f’, f’]": e, and [fa, f'] =0 (a € A), which is a contradiction.
(ii) = (iii). By the previous lemma H,, is a closed submodule which is a subspace
as well (& € A). Now the implication follows from [5, Lemma 3].
(iii) = (iv). If f € H, then for every a € A there exists an a, € A such that
f =3 faaq. This implies that
a

o, 1= [far falaa  (a € A).

Since fo[fa, fo] = fo ( € A), we have (iv).
(iv) = (v). We have to prove only the unconditional convergence. By the proper-
ties of the norm 7 we have

([f, fallfa, 9]) < [fa, Ao 9]l (o € A).

But from the proof of Lemma 1 we know that

e AN = Nfalfa, A? and  ([[fa, g)l* = Ifalfa, gllI®  (« €A).

Now (v) follows.
(v) = (vi). Let f € H. Then

[f: .f] = ;[f’ fa][fmf]~

By the above remark, using the fact that 7 is additive on the positive elements of
7(A), we have

(U851 = U fallfon A1) = 7l£. A1 = 3 7S, fall e A = AP = 3 ML, S

a€F a€F a€F

for every F C A, which implies (vi).
The implications (vi) = (ii) = (i) are trivial. a
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Remark 2. In Corollary 1 below which can be called a generalized Bessel in-
equality we need the following simple statement.

If (ec)cee is a net of selfadjoint elements of 7(A) converging in the norm 7 to an
a € 7(A) such that there is an z € A for which z = z* and

a. <z (e€S),

then a < z.
To prove it we note that the convergence in 7 implies the convergence in || - ||.

Corollary 1. Let {fa}aea be a modular orthonormal family in H. Then

(£, 112 LIS, fallfa, £,

a

where the sum is unconditionally convergent in 1(A).

Proof. By Theorem 1 (vi) we have

S 1([f, fallfar f]) = Ea: [fa, I < .

o

Now the statement follows from Remarks 1 and 2. a

In the proof of our main theorem we use

Lemma 2. Let n,m € N be such that n # m. Suppose that e;, ..., en4m are
primitive projections in A. Then

er+...+enFenp1+ ...+ €npm-

Proof. Using the second structure theorem for H*-algebras ([1, Theorem 4.2
and 4.3]) A can be identified with the direct sum of Hilbert-Schmidt operator alge-

bras @ HS(J%,), where the J&,-s are suitably chosen Hilbert spaces and the inner
ver
product on HS(J5%, ) may differ from the standard one at most by a real constant

which is not less than 1. In this representation every e; can be considered as a vector
(P‘i)wel‘ such that there is exactly one 4 € T for which P,{ # 0 and for this y P;j is one
dimensional projection on J,. Now suppose that e;+...+ e, =€pp1+ ...+ €ngm-
It is easy to see that there is a 99 € T such that

card{k € {1,...,n}: Py #0} #card{l€ {n+1,...,n+m}: P} #0}.
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If we take the trace corresponding to the Hilbert space J, in the equation

n n4+m
Eo_ 1
Z P’Yo - 2 P‘VO’
k=1 I=n+1
we arrive at a contradiction. a

Theorem 2. If {fo}aea and {gi}ier are modular bases in H, then cardA =
card I.

Proof. If A and I are infinite sets, then the proof is standard. In fact, for
every a € A consider the set

a ={i €I: [fa9:] # 0}.

By Theorem 1 (vi) S, is countable. (ii) of the same theorem implies that every i € I
belongs to at least one set S, (o € A). Then we have

card I < card A - By = card A.

Changing the role of A and I we get the other inequality.

Now we prove that if one of these bases is finite, then so is the other. To this end
suppose that A is finite and I is infinite. Since |tr(.)| < 7(.), thus, by Theorem 1
(v), we have

0o > trZ:[fa,fa] = trZZ[faagi][gisfa]
o a t

= E 2 t‘r[.fm gi][gi: fa]
a g

= E z: tr[gi) fa][faa gt]
1t a

= 3 tr[gi, gi] = oo,
13

where we have used the fact that the trace of a projection is not less than 1.
Finally, assume that A and I are finite. Then we have

;[fm fa] = ;[gi, gi]

and Lemma 2 implies that card A = card I. a
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As a consequence we can state

Corollary 2. All projection bases in A have the same cardinality.

Proof. Consider A as a Hilbert A-module. The only thing which has to be
proved is that every projection base {€4}aea is a modular base in A. By Theorem 1
(ii) we have to show that e,z = 0 (a € A) implies that £ = 0. But this follows from
the first structure theorem for H*-algebras ([1, Theorem 4.1]). a

Remark 3. By the second structure theorem for H*-algebras it is to see that
the relation between Dim A and dim A (the Hilbert space dimension of A) is quite
complicated. However, it is easy to see that Dim A < oo if and only if dim A < co.

Just as in [4], card A occuring in Theorem 2 is called the modular dimension of H
and denoted by Dim H.

Remark 4. It is natural to ask whether any two Hilbert A-modules H; and H,
are A-unitarily equivalent (i.e. there is an A-unitary operator between H; and Hj)
if and only if Dim H; = Dim H;. The “only if” part is obvious while the “if” part
does not hold in general. To show it let A = C® C & M3x2(C) (where M3x2(C) is
the algebra of 2 x 2-type complex matrices) with the natural operations and inner

product. Let
1 0
e = (1) , €2 = (0) )
0 I

where I € M3x2(C) is the identity matrix. Then H; = e;A and H, = e2A can be
considered Hilbert A-modules. It is trivial that Dim H; = Dim H, = 2, but, if H,
and H, were A-unitarily equivalent, then they would be unitarily equivalent Hilbert
spaces as well which is a contradiction.

As for our final result we need the following lemma which shows that the topo-
logical simplicity of A is a necessary and sufficient condition of the validity of the
statement formulated in the above remark.

Lemma 3. The minimal right ideals of A are A-unitarily equivalent if and only
if A is topologically simple.

Proof. In the proof we use [2, Proposition 7 and Theorem 8 on pp. 47-48].

To prove the necessity let I; = Aej A, I = Aes A be two different minimal closed
ideals of A, where e;,e2 € A are primitive projections. Then Ry = e;A C I; and
Ry = e2A C I, are minimal right ideals for which R{R; C I, R3R; C I, since I,
I, are selfadjoint. But I} # I, implies that I; L[5, consequently we get that there
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is no A-unitary operator between R; and R;. Now it follows that A is topologically
simple.

To prove the sufficiency we may assume that A = HS(J#), where 5 is a Hilbert
space and the inner product on HS(J¥) is the standard one. Let P, and P, be one
dimensional projections on J#. Suppose that ¢, and ¢, are vectors from J# of norm
1 generating the range of P, and P;, respectively. If S is the operator defined by
Sz = (z,p1) 2 (z € H), then let

U(P,T) = SPT (T € HS(JP)).

Simple calculation shows that U is an HS(J#)-unitary operator from PHS(5¢)
onto P,HS(J¢). a

From this lemma, by Lemma 1 and Theorem 1 (ii1) and (iv), we have

Theorem 3. Let A be topologically simple. If Hy and H, are Hilbert A-modules,
then H, and H, are A-unitarily equivalent if and only if Dim H, = Dim H,.
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