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Czechoslovak Mathemat ica l Journal , 42 (117) 1992, Praha 

CHORDS AND ARCLENGTH OF A CLOSED SPACE CURVE 

P A V E L P E C H , České Budějovice 

(Received December 28, 1990) 

The inequalities (1) and (2) established in [3] belong to the family of Wirtinger's 
inequalities. In the present paper some geometric inequalities derived from (1) and 
(2) are discussed. The results may be compared with those from [1], [2]. 

Let us recall two basic inequalities. 
1. Let &/ = J4O, J4I, ..., j4n_i be a closed space n-gon in R^, where >ln+jb = Ak 

for Jfc = 0, 1, 2, .... Then for all p = 0, 1, ..., n - 1, 

(1) £ K + P - A,\2 < C-^f £ \A„+i - Au\\ 
~ sin _ _ 

i/=0 n 4/=o 

For p = 2, 3, . . . , n — 2, equality is attained if and only if &/ is a plane affine-regular 

n-gon or, for N = 1, its 1-dimensional projection. (For p = 0, 1, n — 1 equality 

always occurs.) 

2. Let f(x) be a smooth function with period 2rc. Then for all real ty 

(2) J \f(x) - f(x + t))\\x ^ 4sin2 i J ^ f'(x)2dx. 

Equality is attained if and only if f(x) = A cos a: -f Bsinx + C\ where A, H, C are 

real constants (for t = 0 equality always holds). 

First we shall give a geometric interpretation of the inequality (2). 

Theorem 1. Let Y be a closed rectifiable curve in RN of length L. Assume T is 

parametrized by x = 2rcs/L, w/iere 5 is the arclength. Then for all t G R 

л2к 2 r 2 , 

|Г(*) - Г(x + <)|2d* íS — s i n 2 - , (3) / 
J0 

with equality only for a circle. 
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P r o o f . In view of | r ' ( x ) | = ~ , (3) follows immediately from (2). As to equality 

in (3), we have G(x) = A cosx + B s inx + C, where A, B, C are constant vectors in 

R ^ . Differentiating this relation we get 

I2 

yl sin x — 2^4Bsinx cosx + B cos x = —— 
4K 2 

for all x G ( 0 , 2 K ) . Substituting x = 0 and x = |TC into this equation we have 

| A | = \B\ = ^ and A • H = 0. Then T is a circle. D 

The next two theorems are related to the problem of Herda [2], By means of the 

inequalities stated in them, we shall give a new characterization of a regular n-gon 

and a circle. 

T h e o r e m 2 . Let szf = AQ, A\, ..., An-\ be a closed equilateral n-gon in RN of 

length L, where An+k = Ak, k = 0, 1, 2, . . . . Then for all p = 0, 1, . . . , n — 1 

sin ( p ^ ) 
(4 min \A„-A„+P\^L K"nJ 

i/=o,i, . . . n - i ^ n s i n -
n 

holds, with equality holding only if stf is a regular n-gon. 

n - l 
P r o o f . From (1) and JZ \AV - A„+\ |2 = L2/n we have 

t/ = 0 

Ei-w-^i'i^. 
~ n sin £ 
iv = 0 n 

The Cauchy-Schwarz inequality implies 

n - l 

(5) J]lVp-^ia-sЦpЦ 
s i n ^ 

i/ = 0 n 

and 
i n — ^ l * ^ 

min |A„+p - A.I ^ - Y, \A»+P -M^L • V-
i/=o,i, , n - i r 71 -1—' n s i n -

j/ = 0 n 

It is easily seen t h a t equality in (4) holds only if ,c/ is a regular n-gon. • 

R e m a r k . T h e requirement of equilaterality of an 7i-gon cannot be weakened as 

the example of a rectangle shows. 
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Now we will investigate the continuous case. 

T h e o r e m 3. Let r be a closed rectifiable curve in RN with length L, which is 

parametrized by x = 2ns/L, where s is the arclength. Then for allt£R 

(6) min | r ( x ) - r ( * +01 ^ 7 ^ 5 , 

•r€(0,2it) K I 

where equality holds only if T is a circle. 

P r o o f . The Cauchy-Schwarz inequality and (3) give 

r2K t 
(7) / \F(x) - T(x + 01 dx <£ 2Lsin -. 

Jo 2 
We get 

min | r ( x ) - r ( I + i ) l 4 / " l r W - r ( x + ' ) ' d x ^ 
*€(0,2ir) 27T Jo 

L . t 
— sin - . 
ҡ 2 

The case of equality follows immediately from (3). D 

From the previous theorems we easily get further properties of a circle and a 

regular n-gon. 

Theorem 4. Let T be a closed rectifiable curve in RN with length L. Let x = 

y = 2ns/L, where s is the arclength. Then 

(8) /7*|r(«)-r(y) |d«dy^8L, 
JO JO 

with equality attained only for a circle. 

P r o o f . Integrating (7) we get (8). D 

Theorem 5. Let &/ = Ao, A\, ..., An-\ be a closed equilateral n-gon in RN of 
length L. Then 

(9) "£Mt_^u_L_L, 
Jb,j=0 n 

with equality attained only for a regular n-gon. 

P r o o f . Summing the inequalities (5) for p = 0, 1, . . . , n — 1 and using the 
n - l 

relation j ^ s in(p^) = cotg ~ we get (9). D 
p=0 
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