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1. INTRODUCTION

Ostrowski’s Inequality, Ostrowski [4] is
r— “_‘Lb)"
(b—a)?

This is a best possible inequality since the term in () cannot be replaced by a smaller

(1) 1) - = / ) an < (5+° )6 = @l leo-

function. On geometrical grounds Mahajani [2] proved that if f: f(z)dz = 0, then
on [a, b]

(2) o u] <

If further f(a) = f(b) = 0 then % may be replaced by 11—6 We argue that the last two
are also best possible by embedding these inequalities into a family of (best possible)
inequalities. In this family f’ is replaced by f(*) and || || is replaced by any of the

usual p-norms || ||,. Moreover we also consider bounds on the quantity

3)

@+
[ e 21

b—a

Inequalities of this type come from Iyengar [3].

Gieneralizations of the above three classes of inequalities appear in Milovanovié [4],
[5] and Milovanovi¢ and Pec¢arié [6], [7]: They use Taylor’s formula with the Lagrange
form of the remainder to derive formuli that express the quantity to be bounded in
terins of f")(€). It is easy to lose the cases of equality this way. It is more appropriate

to use Taylor’s formula with integral remainder. We get best possible results because
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we know two things. We know the cases of equality in Holder’s inequality and we
know the characterization of best approximations of functions by polynomials. These
two facts combine in nice ways to get our best possible inequalities.

2. ON OSTROWSKI'S INEQUALITY

We embed Ostrowski’s inequality (1) into a family of inequalities by consideration
of inequalities

1 = 1 . .
W U T AE) - [ ] <Ko

where

n =k f*=D(a)(z - o) — fED(b)(z - b)*
k! b—a

(5) Fi(z) =

so that we are estimating a “two point expansion of f”. For n = 1 we take the
sum to be zero. We reserve the notation K(n,p,z) for the best possible constant.

. 1 .
As is usual, we take — + — = 1 with p’ = 1 when p = o0, p’ = co when p = 1,
p P

n b . H M n n
and [}y = (21O with [/l = ess sup /(). Let Bz, y) =
1

J¢==1(1 — t)¥~1d¢ be the beta function.
0

Theorem A. Let f("~1)(t) be absolutely continuous on [a, b] with f*) € L?(a,b).
Then the inequality (4) holds with
L[z =)™ + (b — 2]

(6) K(n,p,z)=— B((n = 1)p' + Lp/ + 1)/,
n! b—a

if 1 < p< oo, and

(n— 1"~ max{(x — a)", (b - x)”}.

n" n! b—a

(7) K(n, l,z)=

Moreover, for p > 1 the inequality (4) is best possible in the strong sense that for
any z € [a,b] there is an f for which equality holds at x.
(JI—(I)2+(’)—$)2 1

: = |-+
2(b - a) 4

Before we offer a proof, we note that K(l,00,z) =
(o= 242?
(b—a)?

(b — a) so that inequality (1) is best possible.
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Proof of Theorem A. We start with Taylor’s formula

1 T
(71-— l)l/ (l‘_t)n—lf(n)(t)dt
) Jy

and integrate with respect to y. To integrate the last term we may write f: dy f; dt =

f: dy f: dt + f: dy f; dt = f: dt fat dy — fj dy fIy dt = far dt fat dy — f: dt ftb dy. In

this way

(8) )(b—a) /f (ly+z It g

“(y)(m -yt

)—f(y)+2

/ FO W) (z — )" k(¢ £) dt

where b k) .
fO )~y
(o) = We-v*
a k!
and
t—a, a<<tLz<<b
(9) k(t,z) =
t—b, a<gz<tghb.

The form of I} suggests an integration by parts (see [6]). Then
Iy = Ly — (b— a)Fi(n —Ic)_l, I1<k<n-1

Write this as (n—k)(Jx —Ix-1) = —(b—a)F; and sum from 1 to (n—1). Simplification
leadsto Y I, = —(b—a) Y. Fr+(n—1)I. Insert this identity into (8) and rearrange
k=1 k=1

to get
(10>
n—1

= (1) )+ X Fule) ——/ fWdy =~ /(x—t)" (e, 2) S (1) de.

For fixed z, we apply Holder’s inequality (1 < p < o0) and

1

b
1 1 7
<1 ([ =0 e ar)

a

b
(11) /(1:—t)"“lk(t,at)f('”(t)(ll

with equality when [f)(8)]P = Al(z — )"~ k(t, 2)[”". For p =1 or oo, the obvious
interpretation should be taken. The integral on the right hand side of (11) needs to

be calculated. Write it as

r b
/ (x — )= (¢ —a)? dt+/ (t—z)=Dri(p — ) dt.
a &
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In the first of these let t = sz + (1 — s)a and in the second let ¢ = ub + (1 — u)z.
Then

1

( / b o=ty k(t, )P de) ™ = [(z—a)"? H 4 (b—a)r )7 / l(l—s)“‘””'sp'dS)
a 0

4
P

and the equation (6) follows. Equality holds in (10) when
F(t) = [z = )" Dk(t, 2)" " sgn{(z - 0"kt 2))

so for a fixed  we have an extremal. This holds for 1 < p € co. For p =1, (11) is
replaced by

b
/ (2 — 0" k(t, 2) FP(t) de| < 1™ sup [z — 6" k(t, 2)].
a agtgh

1 /n—1yn-1
It is an elementary exercise to show that the supremum is —( ) max{(z —

n\ n
a)*, (b—z)"}. To argue that this is best possible one should take f(")(t) = 6(t — to)
. . . a+b 1 n—1
where #( is the point that gives the supremum. If z > ,to= —x+ a we
n n

(t —to)t™!

take fo(t) = = 1)

where z, = max(0,z). A calculation shows that the left
(n—=1)""1! (z—a)

nln b—a
function we approximate 6(t — tg) by

hand side of (4) is equal to

for fo. Since fp is not an admissible

E—l, t€(t0—-€,t0)

0, else

IRIOE {

and take fi(a) = 0,n=0,..,n—1. Ase |0, fs(j) converges to féj)(x) proving
that (7) gives the best possible constant. O

Milovani¢ and Pecari¢ [6] have obtained the above result for p = co but were not
able to establish the cases of equality.
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3. VARIANTS OF OSTROWSKI’S INEQUALITY

The inequality (1) when specialized to the functions for which f: f(z)dz =0, and
f(a) = f(b) = 0 yields the estimate

_ atby2
1) <[5+ 2|6 - e

This is far from being best possible since we will eventually show for example, that

—a

if 0<

<

o

F@)I< 3

—a

In a similar way, suppose we consider the class of functins f such that f(j)(a) =
fU)(b)=0,j=0,..,n~1. Then Theorem A gives

y) dy| < K(n,p, 2)[|(S™)]],.

This inequality is no longer best possible since the case of inequality in (1) does not
allow a primitive to satisfy the boundary conditions. It is instructive to consider the
simplest case as an example. Suppose f(a) = f(b) = 0 is required. For n = p = 1,
Theorem A gives

! _ _ 2
" 1= [ sty Ml om0 e
—a
with equality at z if
Frw=smkn= 0 ST
=sgnk(t,z) =
8 -1, t>z
Then
, fla) + (t = a), t<e,
(13) 1) =
fly+(@-—a)+(x—1t), t2z
. . a+b
If f is required to have a zero at a and b, then from (13) we must have z = 7

We can remedy this impasse in the following way. If g is a function with a primitive

that is zero at a and b then fabg = 0 1s necessary. It is as well sufficient for such a
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primitive. Indeed G(z) = [ g(t)dt is zero at a and b if and only if f: g(t)dt = 0.
The counterpart to equation (1) is

b b
f@e-a= [ i+ [ ok
If f(a) = f(b) = 0 then fdb f'(t)dt = 0 and we nay equally as well write
1 b
f(z) = b——/ @)k, z) = o] dt
—aJq
for any constant «. Select & so that

b
(14) / sgn[k(z,t) — a]dt = 0,

then

b b
/ f’(t)[k(t,z)—a]dtl = “f’”m/ |k(t, ) — &|dt,

if f/(t) = sgnfk(t,z) — a]. But this is also the criteria so that [ f/(t)dt satisfies
f(a) = f(b) = 0. If f(a) = f(b) =0 then

. 1t 1 Ml [* ,
(15) f(2) - F(y)dy| < Ik(t,2) - & dt
b—a J, b—a J,
is a best possible inequality in the strong sense that for each z, there is an f for

which equality holds at z. To compute the integral f: |k(t,z) — &| dt we normalize
by letting t = sb + (1 — s)a to get

b 1
/|k(1~,t)—d|dt:(b—a)2/ lg(s, s0) — a'|ds,
a 4]

where
S, B} $ So, r—a
9(s,50) = So = B
s—1, s0 < 8, b—a
and o! = . It is readily verified that o' = sg — 1 gives the minimum. The
— a d
extremal has
a+b
I, at<z—- onzx <t<b,
£ty =
@) a+b
-1, T — <tlt<uz,
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: +a o . b+a
ife > - A similar staternent if & < 5 Furthermore fol lg(s,s0) —a'|ds = 1

independent of so. We have the best possible inequality

(16) o) - [ Fwas] <

if f(a) = f(b) = 0. This is a vast improvement over (12). The condition (14) is
central to the above argument. This condition is a necessary and suflicient that

b )
rrbin/ ]k(t,:c)—ﬂldt:/ |k(t, z) — a] dt,

see Lorentz [8, page 112].
We recall the more general theorem that if 7, is the set of polynomials of degree

at most n then

,l)'lelvlrl'] llg(t) — p(Oll, = lg(t) — po(t)llp

if and only if |g(t) — po(t)]P~'sgn(g(¢) — po(t)) L m,. A function h(t) L =, if
fﬂb h(t)p(t)dt = 0 for all p € m,. This holds also for p = 1 in that the condition is
always sufficient but necessary only if ¢g(t) — po(t) = 0 on at most a set of measure
zero. This was one fact used in the proof of (16). The second fact is given in the
next lemma.

Lemma 1. Consider the boundary conditions:

(17) fD(a)=fO0)=0, j=0,....,n—1
and

(18) f L.

Then

(i) g is the nth derivative of a function that satisfies (17) if and only if g L 7, _;
(i1) g is the n'® derivative of a function that satisfies (17) and (18) if and only if
gL

Proof. Letg= f(") where f satisfies (17). Then

1 b
(19) 1) = g | =03 e
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since fU)(a)=0,;j=0,...,n—1. We derive

(20) f9b) = ])'/( — )7 " g(t)dt, j=0,...,n—1.
By (17), g L (b—1t)!, j =0, ..., n — 1. We conclude that g L m,_, where each
polynomial is written in its Taylor expansion about b. Conversely, if f L 7, _, define
f(t) by (19). We see that fU)(b) =0, j =0, ..., n—1 by (20). This completes the
proof of (i).

To prove (ii) we integrate (19) to arrive at

/fr)(la:__ 1)'/bg(t)dt/(l—t)+ld:l'———-/ )(b—t)"

This shows that f L 1 if and only if g L (b—t)" (given that (17) holds). Combining
this with (i) finishes the proof. . a

We are now ready to get a variant of our generalization of Ostrowski’s inequality.

Theorem B. Let f("~Y) be absolutely continuous and f*) € LP(a,b) with
f@(a) = fO(b)=0,j=0,...,n—1. Then

(21) . -—/ sy dy < LDy g,

Tl

where (see (9))

I = )"k (E, ) — (1)l
22 M(n,p,z) = .
(22) (n,p,z) = min ' a

If in addition [’ f(y)dy =0, then

C(n,

( l)' ||f(n)“1”

(23) 1F(@)] <

where

, i = )R ) — ()l
(24) C(n,p,z) = min — )

All of these inequalities are best possible if 1 < p < co. If p = oo (21) is always best
possible.
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Proof. If f satisfies the zero conditions at a and b then see (10)

@) e [ wa . / )z - " (e, 2)

In view of the Lemma the last integral may be replaced by

b
(26) / FO( — 1) k(t, z) — g(t)] dt

for any g € m,_,. In particular we select go to minimize [|(z — ¢)"~'k(t, z) — q(t)||,’
(for fixed z). This means that for 1 < p’ < oo.

@27) |z =" k(L 2) = qo()P " sgn{(x — )" k(t, £) — qo(t)} L Ta.

With this choice of ¢ we use Holder’s inequality on the integral in (26) to derive
(21)-(22). If fab f(y) dy = 0 then we replace m,_; by 7, in the above proof. Equality
will hold in Holder’s inequality when

F™ = Al(z = )" k(t, 2) — qo(t)[* ™ sgn{(z — )" k(t, 2) — qo(t)}
for 1 < p < 0.

For p = oo one caveat must be made. The inequality will be best possible only
if there is a polynomial ¢o for which (27) holds. This in turn is necessary if (z —
)"~ 1k(t,z)—qo(t) is zero only on a set of measure zero. If go € 7, this must be the
case, but if ¢ € 7, we cannot rule out the possibility that go(t) = (z —t)*~!(¢t — a),
for example.

We have given formuli for the best possible constants but it is unikely that many
of these can be computed explicitly. We can get upper bounds for the constants
C(n,p,z) and M(n,p,z) by judicious choices of q. We begin with the constants
C(n,p,z). a

Corollary 1. If f L m and fU)(a) = f9)(b) = 0,j =0, ..., n — 1 then for
I<p<oo,
IF™llp

(28) |f(2)] < — min{(z — a)"" % b—a)" 7).
) (n—=D(n-1p +1]7 { T )

a+b
Proof. Forz < — e tale ¢(t) = (z — )"~ 1(t = b) (= (z — )" k(t,z) on
t > z). Then

(f'le =ty [t —a) = (=)' d)”  (z—a)"">

(29)  C(n,p,2) < = _
b—a [(n—1)p' +1]7
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L+ b
Similarly, if z > (L:—— we take g(t) = (z — t)"~!(t — a) and we get the bound (29)

with (z — a) replaced by (b — z).

This result improves the estimate one would get from Theorem A especially since
this bound goes to zero as & approaches the end points. Moreover Corollary 1 can
be used to get a Mahajani type inequality (see (2)). a

Corollary 2. If 1 < p < oo, f L m and fU)(a) = fU)(b) =0, =0,...,n—1,
then

/t () dyl < “f(n)”Pmin{(z‘ - a)lﬁl,(b__ r)-"—;*ii'}.
’ (n = Dl(n— Dp' +1]7 (n + L)

a+b . .
Proof. Ifa <z < we integrate the estimate (28) from a to z. If
a+ b b tl bs h T _ b . .
3 < z < b then we observe that | 7 f| = | [ f| since f L 7o, so we integrate

(28) from z to b.

This is a particular neat result when p = oo for we get a bound

17 leo

T 1) min{(z — a)"~', (b — )"~ 1}

which reflects the minimum number of zeros at the end points.

Bounds for M (n, p, z) are not as easy to derive as no apparent choice of qg € m,_
yields a function that can be integrated. However one can use Corollary 1 since if f
satisfies the zero conditions then f' L 1 and satisfies the zero conditions for n — |

replacing n. 0
Corollary 3. If n > 2 and fU)(a) = fU)(b)=0,j=0,...,n— 1, then

1N, (b—a)"">
[(n—2)p' +1]7 2" 5 (n = 1)

@) - | FOE —

—1 b—a)""7
n(n = 1) ; ( T “) forn > 2.
[(n =2 + 117 2°75

1
r(n— ;)
Proof. If fsatisfies the hypothesis, then f' L mg and (f*)9)(a) = (f)U)(b) =0
7=0,..,n—-2s0

that is, M(n,p,z) <

()
177l —min{(t —a)""'"F (b—t)""'"F}.

(29)  If'(O)I <
(n=2)[(n=2)p + 1]¥
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By (8)
1 b 1 b )
f(z')— b—;—al f(y)d’l = -b—_—a/; L(t,.’l:)f (l)dt.

(30)
, then we must estimate f: k(t,z)(t — a)"—l—%dt, (putting the

a+b

Ifa <z <
constant aside for the moment) this estimate is

z 1 232-—! 1 b 1
/(t—a)"“F(lt+/ (b—t)(t—a)" "% +/a+b(b—t)"‘th.

We can do this integral explicitly but it is simplest at its maximum. The derivative
with respect to z is (z — a)"'l'%[2z —a—b] < 0. We therefore take ¢ = a where

a)ﬂ+1—-";

this integral is —————
“Fa- )

Corollary 3 gives upper bounds for M(n,p,z) when n > 2. In next section we will
0

compute M(1,p, z) explicitly and obtain other bounds for M (n, p, z).

. We are done.

4. EXPLICIT CONSTANTS AND ESTIMATES FOR SPECIAL CASES

In this section, we compute some of the constants explicitly. We begin by looking
b—a)?
( ) (see (16)) as an introduction to

at M(1,p,z). We computed M(1,00,z) =
Theorem B. We may now generalize that computation

Theorem C. For 1 < p < oo and f(a) = f(b) = 0, we have the best possible

inequality
1o (b—a)?
1@ - = [ 1o a] < =—Liirl
—als 2L +p)7

a+b .
an extremal is

, (b—a)7 1
that is, M(l,p,2) = —, and M(1,1,z) = =. Forz >
2(1+p)¥ 2

given by (1 < p)

-5 50 eereett
p’f(t):<(z—“b)—(t—ub'")p, z—b;“\tsr,
R
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a+b . . .
A similar formula holds when z < 5 Any other extremal is a multiple of this

one.
Proof. We begin with the formula (22) and compute min f: lk(t, z) — | dt
and as in (15) we transfer to the interval [0, 1] by t = sb+ (1 — s)a. Then
b 1
[ —ap'at =@ =0 [ las0) - ol ds
a 0

where

s, s < So,
9(z,50) =
s—1, so < s.

For 1 < p < oo the condition for a! is that

1
/ l9(s, 50) = ' [P'~ sgn(g(s, 50) — a') ds = 0.
0

If sp > 1 thisis (o' > 0)

al So 1
/ (o —s)”l_’ds—/ (s —al)yr ‘lds—{-/ (@' +1—=5)P "1ds =0,
0 al s

0o
or (al +1 —s0)P = (50 —a')?" which makes a! = 5o — % Then fol lg(s, s0) — P’ =

————— and the theorem follows if p > 1. For p = 1 we must find the least infinity
(1 +7) 4
norm. This clearly is also at a! = 5o — % with the norm being % Extremals may be

computed from the recipe

7)) = |k(t,z) — a|"'-“ sgn(k(t, z) — @),

z—a 1} a+b
_—| =7 -
b—a 2 2

We next look at C(1,p,z). Corollary 1 gives the estimate

where & = (b — a)a! = (b - a)[

min{(z — a)Fx', (b— 1')?1’}

b—a

Here we get a different estimate that is better than this one. If f L mp and f(a) =
f(b) — 0 then since f' L m ’

T b b

f(l‘)/ fri)de =/ I, () f7(2) dt =/ ([fa,r)(t) = ot = BIf'() dt,

a a a
where I, ;1(t) is the indicator function of the interval [a, 2] and « and g are arbitrary
constants. Minimization of ||/jq (1) — ot — B||,+ over choices of a, 3 leads to a pair of
non-linear equations that are not solvable explicitly. We are content with an estimate

for general p and get explicit numbers for p = [ and co. a
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Theorem D. If f(a) = f(a) = f(b) and f L m then we have the best possible
inequalities

1 !
[f(z)] < 5||f lli, and

[f(z)] < (b—a)g(2)||f'lo, where

i:: a<z< 3a+1b;
9(z) = 4 (%+%_};T)z>%—% Sa+lbgzglat 3
\Z:Z la+3b<agh
For 1 < p < 0o we have
P Pl i el LT

(e~ ap=t + (b))
That is C(1,1,z) = 3, C(1,00,z) = (b— a)g(z) and

(z—a)7 (b—z)7

(e—ap=t+ G -2p]

C(l,p,z) <

Proof. We must approximate /f4 - by a linear function. If p = 1 then we must
aproximate If, ;] in the supremum norm. Since the discontinuity at z is a jump of
1, the least norm of any function is at least % It is % for a variety of choices, eg.
the constant function % We have C(1,1,2) = 15 To compute C(1,00,2) we must
approximate If, ;) with a linear function in L,(a,b). By change of scale we consider

F

—a

5 replaced by z. We use the sufficient condition that
—a

sgn(ljp,z) — at — B) L m, which is also necessary if o # 0. We parameterize such

lines at + 3, a # 0 by having then pass through (o, 1) and (¢;,0) with ty < z < t;.

We allow tp < 0 and ¢; > 1. In the first case if 0 < tp < ¢ < t; < 1 the orthogonal

conditions are to+t; = § +z and 3+ ¢} = 2>+ J. The solutions are to = ¥ + 1z —

the interval [0, 1] with

— 1
3\V3+(@E—3)?andt; = ;+3z+1y/3 4+ (z — 1)2. But these satisfy 0 < to < z <
t < 1only for ; <z < 2 since they are the roots of y> — (3 + z)y+ 3(z — $) = 0.

The second case is tg < 0 < < t; < 1. The orthogonal conditions are t; = z + %
and t? =z + % This is z = %. Similarly, 0 < to <z <1<t leads toz = %4 When
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lo <0<z <1<ty the orthogonal conditions are @ = % and % = % The summary
1s that for % < :Z we get the sufficient conditions satisfied for a line at + 3 with
«a # 0, and the norm s £(2ty —2) = % (% 5 + (¢ — —)'-’ . For0g< e g % and

7 < z < | the best approximation must be a constant. The constant is clearly in
[0, 1] and the norm is thus (1 = 2)a 4+ p(1 — z) which is minimized by 8 = 0 or 1.
This completes the proof of the computation of C'(1, 00, x).

For I < p < o [ ljgr)— at =Bl = (b= a) t'%ljl[u 7 — o't = 3|, and we es-

timate the latter with a best constant 8'. We assume that 0 < ' < 1. Then
fol [0,2) — B! ]"l(ls = g3 = (1 - ﬁl)"’l‘ + (3 )” (I — 2) which is minimized at
. 2Pt . z(l —ux) N o
g = = and ¢g(3) = This gives the indi-

Pl (1 =) [zr=t — (1 = z)r=1p'=1
cated estimate and completes the proof. a
The estimate of C'(1,p,r) in Theorein D is superior to that in Corollary 1
The constants M(n, p,x) for n > 2 are estimated in Corollary 3. The argument
used the estimates for ('(n — 1, p, z) since [’ satisfied these hypothesis. For n = 1,
the conditions for f are f(a) = f(b) = 0. This implies that f* L my. We do not have

an inequality with these boundary conditions alone. We remedy this.

Theorem E. Suppose f L mg. Then the best possible inequalities are

QP (b= o)
el < g, e T A O T
(b= a)(1+ )7

T — b—ur
() < I mind ——2 2224
b—a b—a

Moreover, we also have hest possible inequalities

‘/ jt)(ll} (Jl_“) 'lfl"" l<p< oo
(b—a)r (14 p)¥

| [ s« ==y,

and

and

Proof. [From

r b
S(x) = f(u)—i—/ S dt = f(a) +/ (r— i)(_;_f’(I)(II

a
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we get

o—/ﬂuu_((um /f MLUfﬂﬂx

:f(a)(b—a)+/ (b—1t)f'(¢)dte.

a

We solve this for f(a) and insert in the first equation to write

b
(31) f@) = [ anroa
where
t—a N
t b__a’ \1/1
9(=8) = t—b
, TLUL.
b—a

We apply Holder’s inequality and compute the norin of g. These are best possible
since equality holds when |f'|? = K|g(z, t)|"".

To prove the second inequalities we integrate (31) to get

/ " pyde = / "R 00

where
t—b)(z -
(-he-0
K(z, 1) /r( 1) dt ba
(z,t) = s, t)dt =
a g (b=2z)a=1)
— 2 7 i<z
b—a

We complete the proof as above.

We note that the last inequalities of Theorem E are generalizations of (2).
particular for p = co we get

.1)(.L
[ awa) < 2=y
- . a+b
which 1s superior to (2) except when z = - We now look at the second of
Mahajani’s inequality (2) when f L 7o and f(a) = f(b) = 0. g
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Theorem F. Let f L my, f(a) = f(b) =0, and p = 1, or co. Then

/: F(t)dt

are best possible inequalities where

< hp (@)1l

 (z —a)? 3 -
-y agzgja+gb;
BT
heo(z) = I_G_EW’ §“+%5S1S%a+§b;
b—z)2
\( 21:)1 l—a+%b<1<b
- -0
and hy(z) = (i-%
—a

For1 < p< oo

o 1 1
JRCLE g il = T 6= S
a 1+ p')r
Proof. We use Taylor’s Theorem to write

/: f(t)dt = /:(a: —t)f'(t)dt = /ﬂb(x — )4 f'(z)dt
and

/arf(t)(lt:—/rbf(t)dt :/ab(l—l‘)+f’(t)dt

so that
r 1 b )
(32) /a f(Hdt = 5/) |t —z|f'(t)dt.

Let p = oo. If we rescale to [0, 1] and apply the sufficient condition for min fol [t —
| — at — Bl dt with 1 < 2 < 3 then sgn[|t — z| — (ot + )] L m. To do this, take
at+fB=t—z|at =} and 3.

Ife ¢ [%, 2] then the conditions cannot be satisfied so the best approximation is
equal to |t — x| on a set of positive measure. The choice at + 3 = t — z results in the
norm 2z°.

If at +p = z —t we get 2(1 — 2)? so that he, is explained for = ¢ [l; _—:] If
z € [%, —3—], I 1s computed with the choice indicated above. For Iy the choice of
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best approximation is dictated by the values at ¢t = 0, z, 1. The equi-oscillation
property requires t — 3 =ar+f=1—-z—a—p. Then a =1 —2z and 3 = 22 so
r—p =z—2>=2z(1—=z). This computes h;. Forl < p<oowetakeat+3=t—=z
or ¢ —t and compute the norm || [t — x| — (ot + 3) ||+ after using Holder’s inequality
in (32). This completes the proof. '

. . . a+b . .
Notice that heo(2) has its maximum at z = - where it is %. Hence this result

1s superior to Mahajani’s second inequality.
Finally we consider some bounds for p = 1. First for C(n, 1, z). a

Theorem G. If f0)(a) = fU)(b)=0,j=0,...,n—1and f L m then

(7"—1 1 — n—1
@< b-ar T2 oy s,

[1 — 0—,._2]n—2

/x—a b—-=x
where ¢ = min ( , ————«) and
b—a b—a

[F(@)] < (= = a)(b = 2)If" I

Proof. We need to approximate (z —t)"~'k(t, £) by a polynomial of degree n.
But (z—t)" " 'k(t,z) = (x—t)" "+ (z— )" 'b—(b—a)(z —t)" "' I[a,z)(t). Since the
first two terms are in T, we may approximate (b—x)(x—t)"‘ll[a,x](t). By a change of
scale this is (b~a)" - (z—t)" " [[g ;) where the last function is considered on [0, 1]. We
choose g(t) = 2"~ 1(1 —t)". Now g¢(t) = (x — )"~ o,z — 2" 1(1 = t)" for n > 2 has

z—z* n—

1
9'(0) <0, ¢'(2) > 0 and ¢'(ty) = 0 where to = l , 0= 5 Further g(0) =0
—r* n—2-

l,n-l(l _ 1‘)"_1
(l _ xa)n—l
This estimate is good for z near zero. However we note that (z —t)"~'k(t, z) differs

from (¢ — )"~z 5] by a polynomial of degree n so that we can effectively replace

and g(r) < 0. Thus ||g[|o is either |g(to)] or [g(1)]. 1t is |g(to)] =

. . , r—a b—
z by 1 — z in this estimate. Thus we replace z by min{z a, b 1:} to get the
—a b—a
best estimate. For n = 2, ¢(¢) = —t(1 — z) on [0,z] and —z(1 —t) on [z,1]. Then
lalloo = #(1 - 2). O

Now we look at bounds for M(n,1,z).
Theorem H. Forn >4 and fU)(a) = fO)(b)=0,5=0,..,n—1

)= | ) <

2 n—3\n-3 . i
(_N) max{(Jj—(l)"“‘,(b—:L’)”—B}[[/(”)”h
n—2

< (b=a) —



moreover forn = 3

1 1 b
’-}-f(r) - b__;/a f(y) dy’ < (b—a)2max(z —a,b—z){|f”|h

and for n = 2 we have the best possible bound

b—a
8

1 ] b . ,
370 = 7= [ 1w as] < "5 wax{(e = o), (0= 2

Proof. Forall n M(n,1,2) = Iz — )"k (t,z) — q(t)||co, for some

(b—a)
q € Ta_1. We normalize to the unit interval to get M(n,1,00) = (b — a)"~}{|(s0 —

5)"~1g(s,50) — gqlleo Where

s, s < sp, T —a
g(s,s0) = S0
2

s—1, $ > sg, b—a

For n > 3 we select ¢(s) = s(1 —s)(so — s)" 3. The function whose infinity norm we
seek 1s
( - s((so — 1)? +0?), s < so,
Sg— S .
(s = 1)(s3 +5%), s> s0.

This function is majorized by 2|sq — s|"‘3{ | } For n > 4, piecewise differenti-
— S

9n—4

_ ) 5% n—3\n-3 2(1 —s9)" ™4 yn —3\n-3
ation yields the norm ( ) on [0, so] and ( ) on
n—2\n-2 n—4 n—2

[so, 1]. This yields the first inequality of the theorem.

For n = 3, the majorizing function has norm 2max(z, ! — z2). We turn ton = 2

where we are approxinating

This needs to be approximated by a linear function. Now h(s) is positive except at
1

0,sp, and 1. For sake of argument, we assume sg < 5. The maximum of h(s) is

so+ 1 (1—50)2

= § and is ————. Consider a line that best approximates. We claim

2 4
- S())2

that at s it must have value E— The horizontal line gives an approximating

at

(l — S;))z . . . (l - 'Q”)'.!
norim of — so the best approximate £(s) must have ((s) > — If
C C
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(’(S) S (l —k.‘i())' (1 —_ S(])“

S , then either £(0) or €(1) is larger thatn E— This gives

2 .
an approximation norm > (1 — so)g. Thus the best approximate passes through

(,(,-‘ (1 - -"‘0)2

m ), and the horizontal line is best. If s > 1 we make a symmetric
‘ 2

2 ;)2
. . (SU: (1 - "’0) )
argument. The norm is max ———————=, and we have completed the proof. O

Corollary 4. If n > 3 then forp > 1
] - Y A=(+r) / . 2
M. p,2)<2(b—a) PIB(L+p'(n=3),1+p)?
« [(.L' _ a)pl(n—'l)+l + (b _ r)pl(n—fl)-f-l]'plr.
Proof. We pick up the proof of Theorem Il at the majorizing function. We
have
M, p,r) < (b—a)" 7 Y|2]s0 — s|" " 3g(s, so)ll,r

so 1
= (b — (1)”“‘2[/ sP (59— s)PTI ds +/ (1= s)P (s —s0) "~ ds
0 So

3
P

In the first integral we take s = sou and in the second 1 —s = (1 — sg)u. Both are

r—a
a

multiples of the beta function and we get the result by substituting sq = .
—a

5. IYENGAR’S INEQUALITY.

We now turn our attention to inequalities that estimate the quantity (3)

I b « b
[ oyaa - 110

b—a 2

under the hypothesis f9)(a) = f9(b) =0, j =1, ..., n — 1. This condition is
omntted 1w = 1. We first derive a representation of this quantity. We start with

Tavior's Theorem

[(a) = [(a)+ ;/b(f — O ™) de
’ (n—=1)J, +
and
| r b )
i) = () —— / (=1 SUO () dt = J(B) + (= 1) / (t—)n=" Sy 1.
(Il‘l)!.[, Ja
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Combining we arrive at

_f@+fw)

f(2) 2 2n— 1)

b
/ (2 — 2 4 (L= 2)2 (= 1)1 (1) de.

Integration leads to

Lo fl)+f(b) 1 e n "
(33) b—_—;/ﬂ f(z)dz — 5 = 271!(1)_0)/0 FOIb—)™ + (a—b)"] dt.
Lemma 2. Let fU)(a) = fU)(b) = 0,j =1,...,n=1,n > 2 Theng =

f) 1 7,_y. Conversely, if ¢ L mn_o. Then there is an f such that f*) = g and
fO) = fO)b)=0,j=1,..,n—1.
The proof is similar to that of Lemma 1 so we omit it. We may now state our

result.

Theorem L. Let fU)(a) = fO)(b)=0,j=1,..., n—1, (no condition ifn = 1)
then for 1 < p <

| b f(a) + f(b) R(n,p) . .(n
7= [ r@rae - SR < Sy,

n!

are best possible inequalities where

b—t)" —(a—-t)" — ,
(34) Rn,p) = _pin 1020 221)_;)) a0l

Proof. We use the representation (33). In view of Lemma 2 we may modify
the integral in the right by writing fab[(b — )"+ (a—=t)" —q(t)]fM)(t) dt, q € mp_s.
As before we apply Holder’s inequality and we get equality when ¢g is the minimizer
in (34). The details are the same as in Theorems A and B. ]

We now turn our attention to computing or estimating the constants R(n,p).

Corollary 5. For1 <p o0

1-1
R(1py= 89 7
2(1+p)7
Also
R(1,1) = % R(2,00) = . Iﬁa)d, R(2,1) = 5%3, R(2,2) = ("—3‘\/"%
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and for any p

Forp > 1

R(3,p) <
Forn>4 andp > 1
b—a)* > , &
Ronp) < CE B (2 1)+ s+ 1)”
Finally

(b—a)?
R(3,00) = e and

R(n,1) < (b—a)*~! z(” — 2) ";2.

n n

PProof. We being by rescaling to get

(b—a)""7

R(n,p) = ———— min ||(1 = s)" + (—=5)" — q(s)|l,
2 gEMn -2
where the norm is on [0,1]. For n = 1 there is no approximation and R(1,p) is
computed directly as ||(1 — 2s)||,~. For n = 2 we consider ||s? + (1 — s)2 — af|,r. If
p = oo and p’ = 1, then take a = g. Then s + (1 — 5)% — ?‘; =0ats = %, %

and sgu(s® 4+ (1 —s)> = 2) L 1. It gives the best approximation. The integration
fol [s* + (1 = s)*]sgn(s> + (1 —s)® — 2)ds = & gives R(2,00). For R(2,1) we take

2 1

a = 3 to compute min||s? + (1 — 5)2 — af|e = 7+ For I(2,2) the minimun can be

computed by differentiation of the integral. The best v = 2 and [|s®+(1—s)? = ||, =
1

V5
(fUl [2(s — %)2|"I(ls)l_'l'. This offers no difficulties.

For n = 3 we approximate (1 —s)? — s% by a polynomial of degree 1. We begin by

To estimate (2, p) for general p we take o = 1 so that we are comiputing

subtracting 1 —2s to get s(1 —s)(2s—1). For | < p < oo we use this to approximate
R(3,p). The integral is

1
/ (1= )" |25 — 1] ds.
0
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We set s = £(t+1) to get

L' (1 = )P dt
a4 7 P _ 2y
J/_1 TR 22p /(t) (1 —=t5)P dt.

The further substitution ¢ = \/u reduces this to a beta function. For R(3,00) we
again begin with g(s) = s(1 —s)(2s —1). The line that intersect the graph of g(s) at
%:t%\/‘—l_ and 1 satisfies the condition that sgn[s(1—5)(2s—1)—(as+p)] L 7;. We may

1
16"

For n > 3 we approximate (1 —s)" +(—s)" by (1—s)""24(— s)"'ze. B‘y Minkowski’s
inequality [I(1— )" + (=)" — [(1— 8)~2 4 (=) 2]l < (1= )" + (1= )2l +

[(=s)" = (=5)"" ||y = 2([0 [s"=2(1 — s2)J' )" Again we substitute s = /u to get
a beta function. For R(n, 1), when we compute the infinity norm, we begin as above

1_y2 1
compute the least norm (using symmetry) by 2 [~ % g(s)ds—2 [? (o) ds =
P s

to get 2||s""2(1 — 5?)||co- An easy differentiation solves this problem. a
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