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1. INTRODUCTION

For N points x;, ..., Xn in the s-dimensional half-open unit cube I* = [0,1)*,
s > 1, and for a subinterval J of I* we put

D(J;N) = A(J; N) — V(J)N,

where A(J; N) is the number of n, 1 < n < N, with x, € J and V(J) is the volume
of J. Then the star discrepancy D}, of the points xy, ..., xn is defined by

D(J; N)
* )
Dy = sup|—g— l

3
where the supremum is extended over all half-open subintervals J = [] [0, u;) of I°.

1=
Point sets with small star discrepancy (or low-discrepancy point sets) 1a.re not only
of number-thearetic interest, but they also play a crucial role in quasi-Monte Carlo
methods for numerical integration (see [7, 11, 17]). The aim in the construction of
low-discrepancy point sets is to obtain point sets in I* for which the star discrepancy
satisfies Dy = O(N~!(log N)¥(*)), where the implied constant and the exponent
k(s) depend only on the dimension s. The main interest is in constructions which
achieve k(s) < s; see [11, 17] for surveys of such constructions. Since for s = 1 the
point sets achieving the minimal star discrepancy D}, = 1/(2N) are known (see [11,

p. 972]), we concentrate on the multidimensional case s > 2.

The present paper deals with “digital constructions” for low-discrepancy point
sets, l.e., constructions in which the coordinates of the points are given by digit
expansions in a chosen base and every digit is obtained by a prescribed scheme.
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A general family of such digital constructions was introduced in [16]. These con-
structions yield point sets with the special equidistribution property described in the
following definition.

Definition 1. Let 0 <t < m and b > 2 be integers. A (1,m,s)-net in base bis a
point set of b™ points in I* such that A(J;b™) = b* for every subinterval J of I* of
the form .

J = H[a;b‘d‘, (a.~ + l)b_d‘)
i=1

with integers a; and d; and with V(J) = b'~™.

Nets were first constructed by Sobol’ [21] in base 2. A construction of Faure [5]
yields (0, m, s)-nets in prime bases > s —1, and constructions of Niederreiter [16, 17]
yield (0, m, s)-nets in prime power bases > s — 1. A general construction principle
for nets in arbitrary bases, which uses systems of linear equations over finite rings,
was introduced in [16] and explicit constructions based on this principle were given
in [18]. From results in [16, Sect. 3] we get for s > 2 that the star discrepancy of a
(t,m, s)-net in an arbitrary base b satisfies

NDjy < B(s,b)b(log N)*~" + O(b' (log N)*=2), 1)

where N = b™ and

s—1
(b—l) if either s =2 or b =2 and s = 3, 4,
2logb
B(s,b) = . 52\ (2)
—_ otherwise,
(s=1)! \ logb

and where the constant implied by the Landau symbol in (1) depends only on s and
b. For fixed m, s, and b the discrepancy bound in (1) is an increasing function of ¢,
hence t should be small to guarantee a small value of Dy, .

In this paper we study constructions of nets in prime power bases. These con-
structions may be extended to arbitrary bases by proceeding in analogy with [18,
Sect. 4]. Prime power bases are of particular interest because in this case one can
take as the underlying finite ring a finite field. Section 2 contains a further study
of the general construction principle introduced in [16]. A new type of upper bound
for the star discrepancy of nets obtained by this construction is established, which
leads to a determination of the average order of magnitude of the star discrepancy
in this family of nets. Lower bounds for the star discrepancy of these nets are also
established. In Section 3 we specialize the method in Section 2 to obtain a construc-
tion of nets based on rational functions over finite fields. The main result of Section
3 provides an existence theorem for low-discrepancy point sets within this special
family of nets. We also discuss the connection between the construction in Section
3 and an earlier construction in [12].
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2. A GENERAL FAMILY OF NETS

We first recall the general construction principle for nets in [16, Sect. 6], but we
consider only the special case of a prime power base. Let ¢ be an arbitrary prime
power and let Fy be the finite field of order q. We write B, = {0,1,...,¢—1} for the
set of digits in base q. For given mtegers m>1and s > 2 we choose the following:

(1) bijections ¢,: By — F, for 0 -1
(ii) bijections A;j: Fy — B, for 1 < ¢ < s and 1<j<m
(iii) elements c( De Foforl1<i<s1<j<m, a.nd 0gr<m-1.

Forn=1,2,..., ¢™ let

m-—1

n—1= Z a-(n)q", ar(n) € By,

r=0

be the representation of n — 1 in base q. Put
:(')—Zz(') “J for 1<n<q¢™ and 1<i<s
with
. m—l .
xf"} = \ij ( z cg-’r)t/;r(a,(n))) €B, for 1<{n< ¢, 1<i<s,1<j<m
Then define the point set

Xp = (zs,l),...,zs,')) el for 1<ngq¢™ 3)

The following definition and lemma from [16, Sect. 6] are basic.
Definition 2. For the system C of vectors
cg-") = (cgz),cg';),...,cgfzn_l) €F" for 1<ig<s and 1<j<m
we define

¢(C) = min i d;,
i=1

where the minimum is extended over all nonempty systems {c(') 1<j5<d,1g
i < s} with 0 < d; < m for 1 < i < s that are linearly dependent over F
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Lemma 1. The point set (3) is a (t, m, s)-net in base ¢ witht = m + 1 — o(C).

If Lemma 1 is combined with (1) and (2), then we obtain the following upper
bound for the star discrepancy Dy of the point set (3) with N = ¢™:

Dy < B(s,9)¢' "% (log N)*~* + O(q= %) (log N)*~?), (4)

where the constant implied by the Landau symbol depends only on s and q. The
following results on the quantity ¢(C) were shown in [19]. First of all, there is a
general upper bound of the form

o(C) < max(2,m+ 1— |k, logs])

with a constant k; > 0 depending only on q. On the other hand, there always exists

a system C with
s—1

eC)zm+1- 5 (ei—1),
i=1
where €1, . .., e,_; are the degrees of s—1 arbitrarily chosen distinct monic irreducible
polynomials over F,.
There is a trivial lower bound for the star discrepancy D3 with N = ¢™ of

the point set (3). Note that all coordinates of the points in (3) are rationals with
denominator N. Let 0 < ¢ < N~ ! and put Je = [0,1 — N~! +¢)*. Then

1 s
D,‘V>N‘1|D(J¢;N)|=1—(1—N+6) .
Letting € — 0+, we get the lower bound
Dy >1-— 1—-l ‘ 5

A more important lower bound, which is a counterpart to the upper bound in (4),
is given by the following result.

Theorem 1. The star discrepancy Dy with N = ¢™ of the point set (3) satisfies
* q9— 1 _ ()
Dy » L= 1 4@,
3
If the maps \;; are such that X;;(0) =0 for1 <i< sand1<j<m, then
Dy > q_;_l_q—e(c).

146



Proof. If )\,-_jl denotes the inverse map of A;j, then by construction we have

Z (')qb,.(a,(n)) = ,Jl(z(')) for 1n<q¢™1<i<s1<j<m. (6)

r=0
The definition of ¢(C) imphes the existence of a nonzero s-tuple (dy, ...,d,) of inte-
gers with 0 < d; < mfor 1 < ¢ < s such that the system {c(') 1<75< d,, 1<K s}

is linearly dependent over F; and ¢(C) = Z d;. Let w, 1 < w < 8, be the largest

index for which dy, # 0. Since the system {c( ). 1< d.,l <ig w} is linearly
dependent over Fy, there exist elements hg ) e Fq,l €j<di,1<i<wnotalll
such that
SN 6O
3 3
DD G =0e .
i=1lj=1

We have h‘(;:) # 0 by the definition of ¢(C). Comparing components we get

w d" . .
Z hjf)cg.',):o for 0Kr<m-1

i=1j=1

Together with (6) we obtain

w d;

305 A ) = 3030 3 i o (o)

i=1j=1 i=1j=1 r=0 (7)
Z (a,(n))ZZh(’) D=0 for 1<ngq™.

i=1j=1

Since hf,':) # 0, there exists a unique b € Fy, with

w-1 d.’ . dw"l
2 MG O+ 30 KA + Kb =0, ®
i=1j=1 i=1

Put a = Aya, (b) € By. Define the intervals

=[0,g"%) for 1<i<w,
, 1

[((a+1)g=%,q!"%) ifa< 5(q -1,
1

[0,ag™%) ifa>2(g-1)
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The subinterval J of I* is then defined by
J=J1 x...xJy x[0,1)*7.

We claim that no point x, in (3) belongs to J. Suppose on the contrary that x, € J
for some n with 1 < n < ¢™. Then :cs.') € Jifor 1 i< w. For1< i< wit follows
from the definition of J; that a:('? =0forl1 <j< d For i=wit follows from the

definition of J,, that zf.w) 0 for 1<j<dy and z ;é a. Thus (7) implies

w-1 d; de—-1
Zzh(‘)/\ul(o)_*_ Z h(w)A 1(0)+h(W)’\_d (z(“’)) =0.

i=1 j=1

In view of (8) this yields A} ] du (z('")) = b, hence zf‘";l = Awd, (b) = a, a contradic-
tion. Thus the claim is shown. _
Now we consider two cases as in the definition of J,,. In the first case let a <
(g — 1)/3. Define subintervals I; and I, of I* by
L=J1x...x Jy-1 x[0,¢17%) x [0,1)*,
L=J1 X ...x Jy_1 % [0,(a+ 1)g~%) x [0,1)*¥.
Then I, is the disjoint union of J and I;. Since A(J; N) = 0, we get
1 1 1 .
V() = 21DU3 M) < 1D(5; M| + % ID(Tz; N)| < 2Djy.
Using o(C) = 3";_, di we obtain
Div > 3V(J) = 3g—a= g 4=% = L(g—a~1)g74®) > L= 1g-e®)
2 2 2 3
In the second case let a > (¢ — 1)/3. Then from A(J; N) = 0 we get
Dy > %ID(J;N)I =V(J)=ag =74 = ag7¥O) > %q“"c).
Thus in both cases we have the first inequality in Theorem 1. If A;;(0) = 0 for

1< i< sand 1< j< m, then from (8) we get b = 0, hence a = 0. Thus from the
first case above we obtain

. 1 _ -1 _
Dy > 5(g—a-1)g7% = qTq o),

and so the second inequality in Theorem 1 is shown. a
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Remark 1. Since the proof of Theorem 1 is based on the construction of an
interval J containing none of the points x,, in (3), it follows that the lower bounds in
Theorem 1 also hold for any point set consisting of the x, with n running through
an arbitrary nonempty subset of {1,2,...,¢q™}.

Now let ¢ be prime and put C(q) = (—¢/2,9/2]NZ,C*(q) = C(q) \ {0}. For
(h1,...,hm) € C(q)™ define d(hy,...,hm) to be the largest index d with hq # 0,
provided that (hy,...,hm) # (0,...,0), and put d(0,...,0) = 0. For ¢ = 2 we put

Qq(hy, .. hyn) = 271 hm),

and for ¢ > 2 we put

¢ (csc%lhd|+a(d,m)) if (1, ..., hm) #(0,...,0),
1 if (he, .. hm) = (0, ..., 0),

where d = d(hy,...,hn) and where o(d,m) = 1 for d < m and o(m,m) = 0. Let
C(¢)™ be the set of ms-dimensional lattice points h with coordinates indexed in
the lexicographic form

h:(hij):(h111--')hlm)'“,h.!ly"')h:m))

Qq(hl,...,hm)—_-{

where h;;j € C(q) for 1 i < s,1< j < m. For each such h we define
Py(h) = fIQq(hu, ooy Bim).
i=1
For the system C = (cgi)) of vectors in Definition 2 we set
R(C) = 21.: P,(h), 9

the sum running over all nonzero h = (h;;) € C(¢q)™* with
s m .
3t o,
i=1 j=1
where the h;; are viewed as elements of F;. Note that since we have assumed ¢ to

be prime, F, and B, can be identified.

Theorem 2. If q is prime and every );; is the identity map, then the star dis-
crepancy D} with N = q™ of the point set (3) satisfies

. 1)°
DN<1—<1—N) + R(C).
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Proof. By the assumption on the );; we have

2 $9r(ar(n)) for 1<n< g™ 1<i<s1<i<m

r=0

We can now apply a general inequality for the star discrepancy in terms of exponential
sums given in [13, Satz 2] (see also [15, Lemma 2]), which yields

Dy < (1——) +ZP(hl "Zl (ggéhuzﬂ;?),

h#£0

(10)

where the outer sum is over all nonzero h = (h;j) € C(¢)™* and where e(u) =
e?"V=Tu for real u. For fixed h we have

YSE O 0D D) D SRNRT € 9 oI pEI

n=1 i=1j=1 bo,.-,bm-1€By i=1j =1 r=0
1
PR 6 30 » o)
bo,...,bm-1€B, =0 i=1j=1
s m
(S Sme))
r=0 i=1j=1

The last expression is equal to ¢™ = N if
ZZh,,],-—Oqu for 0r<m—1 (11)
i=1j=1

and equal to 0 otherwise, where the h;; are viewed as elements of F,. The condition

(11) is equivalent to
s m
SN byl =0e
i=1j=1

The theorem now follows from (10) and the definition of R(C) in (9). O

Next we determine the average order of magnitude of the quantity R(C) in (9).
For a prime ¢ and for integers m > 1 and s > 2 let

My(m,) = s 2 R(O)

CEC

be the mean value of R(C) extended over the set C of all choices for a system
C:{cg.‘)eF;‘;lgigs,lgjgm}.
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Theorem 3. Let q be a prime, let m > 1 and s > 2 be integers, and put N = ¢™.
Then we have

1 [logN |
Mq(m,s)_ﬁ(m+l) N if ¢g=2,

1/m w|h| m-1\" 1
M,,(m,s):—(— E csc +m- ) - =

N\4¢,50o ¢ q N

1 2 7 1 1\’
<5 (G + 5r0gs ~ soga) e +7) —F i 0>2

Proof. Inserting the definition of R(C) into the expression for M,(m,s) and
interchanging the order of summation we get

My(m,s) = ;arj@&m);l,

where the outer sum is over all nonzero h = (h;;) € C(¢)™* and the inner sum is
over all C' = (cgi)) € C for which

S hyel® =0e £ (12)

i=1j=1
For a fixed nonzero h € C(q)™*, the inner sum in the last expression for My(m, s)
represents the number of solutions (cg')) € C of the vector equation. (12). Since at
least one h;j is a nonzero element of F,, we can choose ms — 1 vectors cgi) € F"

arbitrarily, and the remaining vector is then uniquely determined by (12). Therefore
the number of solutions of (12) is ¢(™*~V™. Since card(C) = ¢™*, it follows that

1
My(m, ) = 1™ D 37 Py) = 457 Py(h).
h#0 h#0
If ¢ = 2, then [15, Lemma 3] yields
_(m ¢+ (logN :
3 Py(h) = (2 +1) -1= (log4 +1> -1,

h#0

and the formula for M,(m, s) follows. If ¢ > 2, then from the proof of [15, Lemma 3]

we obtain L s
3 Py(h) = (E ) cscll_l+m_'"_—1) -1,
h#0 ? hecr 17 7
and the result of {15, Lemma 3] shows that
2 _ 3
Y Py(h) < (—logN+ T ’—"—1) ~1.
T 5 q
h#0
This yields the desired results for ¢ > 2. a
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Corollary 1. If ¢ is prime, every A;; is the identity map, and m > 1 and s > 2
are fixed, then the construction of the point sets (3) yields on the average a point
set with star discrepancy D} = O(N~!(log N)*), where N = ¢™.

Proof. This follows from Theorems 2 and 3. O

3. NETS OBTAINED FROM RATIONAL FUNCTIONS OVER FINITE FIELDS

We now specialize the construction in Section 2 by choosing the elements cf-i) € F,
as the coefficients in the Laurent series expansions of certain rational functions over
F,. A different application of this device was already used in [18] for the construction
of low-discrepancy sequences. Let F,((z~!)) be the field of formal Laurent series

L= Ztkz

in the variable z=!, where all ¢; € F, and w is an arbitrary integer. Define the
discrete exponential valuation v on F,((z~!)) as follows: for L # 0 put v(L) = —w if
w is the least index with ¢, # 0, and for L = 0 put ¥(L) = —oo. The field Fy((z~1))
contains the field of rational functions over F, as a subfield.

Let f € Fy[z] with deg(f) = m > 1 and let gy, ..., g, € Fy[z] with deg(g;) < m
for 1 < i< s, where s > 2. Cons1der the expansions

%=gug>z—ken«z-‘» for 1<igs.

Then define

5?-“5—2; for 1<i<s,1<j<mMm0Lr<m-1. (13)

With this special choice of the ¢ ( ) we use the construction at the beginning of Section
2 and obtain the point set

Xp = (:cs‘l),.. .,z,(,’)) €’ for 1<ngq™. (14)

We write g = (91,--.,9s) € Fy[z]* for the s-tuple of polynomials g, ..., g,. For an
arbitrary h = (h1, ..., h,) € F4[z]* we define the “inner product”

h-g=) hig.
i=1
We use the convention deg(0) = —
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Definition 3. If f and g are as above, then we define

o8, f) = min> (deg(hs) + 1),

i=1

where the minimum is extended over all nonzero h = (hy,...,h,) € F,[z]* with
deg(h;)) <mfor1<i<sandh-g=0modf.

Note the similarity of this definition with that of the figure of merit in the theory
of good lattice points (see [11, p. 986]). For this reason we may call g(g, f) the figure
of merit of g mod f.

Lemma 2. If C is the system of vectors

cS-i)z(cg-?,cgil),...,cgf,)n_l)qu"‘ for 1<i<s and 1<j<m,

where the cg';) are given by (13), then o(C) = o(g, f)-
Proof. We first show that for h;; € Fg,1 < i< 5,1 <j < m, we have
s m .
2 hiye) =0eFy (15)
=1 j=1
if and only if h - g = 0 mod f, where h = (hy,...,h,) € F,[z]* with

hi(z) = Zh.-,-zj'l € Fylz] for 1<ig<s. (16)
i=1

By comparing components, (15) is equivalent to

s m
Ez:h.-,-ufflj=0 for 0<r<m-1. 17

=1 j=1

For 1 < i < s we have

ji=1 i=1lk=1

Thus for r > 0 the coefficient of z="~1 in h;g;/f is E;';l h.-juf.?,j. Therefore the
condition (17) is equivalent to the following: for 0 < r < m — 1 the coefficient of

z="Vin }°;_, higi/f is 0. This means that
3

}E:fégi:= fl*‘L)
i=1
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where f1 € Fy[z] and L € F,((z~1)) with v(L) < —m. The last identity is equivalent
to
h-g-fif=LJ.

On the left-hand side we have a polynomial over F,, whereas on the right-hand side
we have v(Lf) < 0 since v(f) = deg(f) = m. This is only possible if Lf =0, i.e.,
if h-g = 0 mod f. Hence the claim that (15) is equivalent to h- g = 0 mod f is
established.

Now let the nonzero s-tuple (dy,...,d,) of integers with 0 < d; < mfor1 <i<s

be such that the system {cg-i): 1<j5<d;,1<iK s} is linearly dependent over Fj.
Then there exist h;j € Fy,1 < j <di,1 <1< s, not all 0 such that

s d; .
S b =0e
i=1j=1
and by putting h;; = 0 for d; < j < m,1 < ¢ < s, we get an identity of the
form (15). By what we have already shown, it follows that h - g = 0 mod f, where
h = (hy,...,hs;) # 0 with the polynomials h; in (16). Hence from Definition 3 we
obtain

olg, f) < Y _(deg(hi) + 1) < de,

thus o(g, f) < ¢(C) by Definition 2. On the other hand, if for a nonzero h =
(h1,...,hs) € Fy[z]* with deg(h;) < m for 1 < i < s we have h- g = 0 mod f,
then with the elements h;; € Fy,1 < 7 < 5,1 < j < m, determined by (16) we get
(15). Thus the system {cg'.): 1<j<<deg(hi)+1,1<i< s} is linearly dependent
over Fy, and from this we deduce o(g, f) > o(C). O

Remark 2. From Lemma 2 and [16, Proposition 6.9] we obtain that we always

have 1 < o(g, f) < m + 1. Therefore the condition deg(h;) < m for 1 < i < sin
Definition 3 may be omitted.

Theorem 4. The point set (14) is a (t,m, s)-net in base ¢ witht = m+1— (g, f).
Proof. This follows from Lemmas 1 and 2. a
Theorem 4 and (1) yield the following upper bound for the star discrepancy Dy

of the point set (14) with N = ¢™:
Dy < B(s,9)¢' " *®(1og Ny "1 + 0 (¢~®)(log N)*?),  (18)

where B(s, q) is given by (2) and where the constant implied by the Landau symbol
depends only on s and q. Lower bounds for D}, are obtained from (5) and Theorem
1, where in the latter we can use ¢(C) = o(g, f). These results for D}, demonstrate
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that in order to obtain a low-discrepancy point set from the construction of the point
sets (14), we have to choose f and g in such a way that the figure of merit o(g, f)
is large. Large values of g(g, f) have already been determined in certain special
cases since this figure of merit occurs also in the context of pseudorandom number
generation. We refer to [1,9] for such calculations, which deal e.g. with g of the form
g=(1,z™,z?™,...,2(*=1)™) with each entry reduced mod f.

Another upper bound for the star discrepancy of the point sets (14) can be obtained
in the case where ¢ is prime and every A;; is the identity map, namely by specializing
Theorem 2. If h = (hy, ..., h,) € F,[z]* with deg(h;) < m for 1 < i < s, then we can
use (16) and the fact that C(q) forms a complete residue system mod ¢ to identify
h with an ms-tuple h* = (hi;) € C(¢)™*, and we put P,(h) = P;(h*). In analogy
with (9) we then define

R(g,f)=)_ Pi(h), (19)
h

where the sum is over all nonzero h = (hy,...,h,) € Fy[z]* with deg(h;) < m for
1<i<sand h-g=0 mod-f.

Theorem 5. If ¢ is prime and every A;; is the identity map, then the star dis-
crepancy D} with N = ¢™ of the point set (14) satisfies

1 s
Dy <1-(1- ) +R@.D.

Proof. IfC is asin Lemma 2, then we have shown in the proof of this lemma
that (15) holds if and only if h- g = 0 mod f. Therefore R(C) = R(g, f), and so the
desired result follows from Theorem 2. a

In the main result of this section we will show that in the special case considered
in Theorem 5, the construction of the point sets (14) yields on the average a low-
discrepancy point set. For s > 2 and f € Fy[z] with ¢ prime and deg(f) = m > 1
put

Gs(f) ={g=1(91,-.-,95) € Fy[z]’: ged(g:i, f)=1 and
deg(gi) <m for 1<igs}.
Let ' ]
M(f)= —=7= > R/
card(G,(f)) eeG(l)
be the mean value of R(g, f) extended over the set G,(f). Note that card(G,(f)) =
®,(f)*, where ®, is the analog of Euler’s totient function for the ring Fy[z]. By a
formula in
[8, Lemma 3.69] we have

®(f) =¢™ H (1-¢7™), (20)
k=1
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where ny, ..., n, are the degrees of the distinct monic irreducible polynomials over
F, dividing f.

The proof of the following theorem depends on the theory of arithmetic functions
on Fy[z] as developed by Carlitz [3] and on the theory of characters of Fy((z~!)) as
developed by Carlitz [4] and Hayes [6]. In the sequel, an arithmetic function is a real-
valued function on the multiplicative semigroup S; of monic polynomials over F,. An
arithmetic function H is called multiplicative (resp. additive) if H(gh) = H(g)H(h)
(resp. H(gh) = H(g)+ H(h)) for all g, h € S, with ged(g,h) = 1. We write Y for

v mod f
a sum over all v € Fy[z] with deg(v) < deg(f), and we write Y * if the additional
v mod f
condition gcd(v, f) = 1 is imposed. Furthermore, ) denotes a sum over all d € S,

d|f
dividing f.

Let x be a fixed nontrivial additive character of F,. For L € F,((z™!)) put
X,(L) = x(t1), where t is the coefficient of z=! in the expression for L. Then X, is
an additive character of F,((z~!)) which is trivial on F,[z]. Consequently, X,(-/f)
is a nontrivial additive character of the residue class ring Fy[z]/(f). For g € F,[z]
the orthogonality relations for characters yield

q%8) if g = 0 mod f,
> x-{!

. (21)
v mod f if g # 0 mod f.

See e.g. Car [2, p. 8] for this formula.

Theorem 6. Let ¢ be a prime, let s > 2 be an integer, let f € F,[z] with
deg(f) =m > 1, and put N = ¢™. Then we have

1 [logN S T
()<~ (2 - =2,
M,(f) N(log4+l) I if ¢
1 2 7 1 1 (9- l)s g—1\*-1
N <3 (G iy - ooy ) losh + 1)+ (1+
N<w ((r STogq _ 7logq ; (+ 25.)
if ¢>2.
Proof. We can assume w.lo.g. that f is monic. Inserting the definition

of R(g, f) in (19) into the expression for M,(f) and interchanging the order of

summation we get
M) = 577 2 APy (h)
! () & !
where the sum is over all nonzero h = (hy,...,h,) € F,[z]* with deg(h;) < m for
1 < ¢ < s and where A(h) is the number of g € G,(f) with h- g = 0 mod f. Since
A(0) = ®,(f)* and P,(0) = 1, we can write

M,(f) =5 ( w0 L AWAE) -1, (22)
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where the sum is over all h = (hy, ..., h,) € Fg[z]* with deg(h;) <m for1<i<s
For any such h we have

Ab)= ) o™ )] X( )

BEG,(S) v mod f

by (21). By the definition of P,(h) we can write

Py(h) = HQq(hi),

i=1

where we use (16) to identify h; with (h;y,..., him) € C(q)™ and we define Q,(h;)
to be the quantity Qq(hi1, ..., him) in Section 2. Then we get

S A Ph) = ¥ T2 Y x(%me)nm

v modf h geG,(f)

FE T T T Sk (fhe).

v mod f hy mod f hs mod f gy mod f gs mod f

y x, (3 .g.) Qu(h) - Qq(hs)

Zj Y, (v, f)’

v mod f

with
Yoh= 3 X, ( hg) Qq(h).
A modf g mod f
Now
Y,(0,5)=2,(f) 3 Qih),
h mod f
thus

SawRm =100 (L a®m) +5 T nesn. @
h

h mod f v mod f
v#0

Let pu, be the M“obius function on S, (see [3] and [8, p. 145]) and note that u, is
multiplicative. Let us abbreviate gcd(g, f) by (g, f) in this proof. Then for fixed
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v € Fy[z] with 0 < deg(v) < m we get

YohH= Y @Qm T X (;hg) 3 meld)

h mod f g mod f di(9,f)

= Z Qq(")ZI‘q(d) Z X( )
h mod f d|f ymlodf

= T amXu@ X X (Shad)
h mod f d|f a mod f/d

-y Qq(h)zuq( ) T Xi(ghe).
h mod f

where in the last step we changed d into f/d. Applying (21) to the innermost sum

we obtain
Vo= 5 QM u (L) i@

h mod f dlf
dlvh
f\ ae
= () T o
d|f h mod f
dlvh

Now d|vh if and only if d/(d, v) divides h, thus

- (f ,des(@) d

Yq(vnf) - Zl‘q (E) q Eq (d, U),f ’ (24)

dlf
where for an a € S, dividing f we put
Eq(a, f) = E Qq(h).

h mod f
alh

If a = f, then
Eq(a,f) = Qq(0) = 1.
Now let a # f, then
Ey(a,fy=1+ Y. Qab).

bmod f/a
b#0
For ¢ = 2 we have
deg(f/a)-1
Z Qq(ab) = Z 2= deg(ab)-1 _ 2—deg(a)—1 Z 2—k2k
b modf/a b mod f/a ¥—o

b#0 b#0
— -f — deg(a)-1
= deg (a 2 .
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For ¢ > 2 and for ¢ € F,[z] with 0 < deg(c) < m we have

Qu(c) = g~ 4o8()-1 ( Zjsga(0)] + o(deg(®) + 1, m)) ,

where sgn(c) is the leading coefficient of ¢, viewed as an element of C*(q). Since a is
monic, we get

S Q= X a0 (o Zlogat)| + oldegh) deg () - 1)

b mod f/a bmod f/a
b#0 b#0
deg(f/a)-1 f
=q~ deg(a)-1 E -k k Z ( + U'(k deg ( ) - 1))
k=0 2€C*(9) 1
_ f — deg(a)-1 le' f — deg(a)-1
= deg (a)q Z csc p +(g—1) | deg . l)gq

z€C*(q)

— Tq deg ({_) q deg(a) __ qu-— deg(a)

with

The case ¢ = 2 is also covered by the formula above if we put T = % and g3 = 0.
To include the case a = f, we put

g, ifa=f,

&0, f) = {0 ifa#f.

Then for all a € S, dividing f we have

Eqy(a, f) = 1+ T, deg (ﬁf) 045 _ (e, ¢, (a, f))q~ 45
=14 (mTy — € + €4(a, £))g~ 8 — T, deg(a)g™ 4°8(*).

Applying this formula with a = d/(d, v) in (24), we obtain

€| d {] v
Y, (v, f) = qu (5) (qd g(d) 4 (mTq —€o+ ¢, ((T;)-’f)) ¢ g((d,v))
d|f )
d € v
— T, deg (Zd_v)) qdes(( )))’
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thus

Yo(v, f) = ®4(f) + (mT, — ) HD (v, ) = TLHP (v, £) + HO(v, f)  (25)

with
Hgl)(v,f) - Z"ﬂ (5) gdes((dw)
dif
HO@,£) =3 g (L) deg (2 ) goes@o»
q ’ - Kq d eg (d v) q ,
dis )
d
HP(v, f) = pg (%) & (W,f) gdes((dv),
df ’

In the rest of the proof p will always stand for a monic irreducible polynomial over
F,. For a nonzero v € Fy[z] let e,(v) be the largest nonnegative integer such that

p°*(*) divides v. Now we consider Hgl)(v, f) for a fixed v # 0. Since gd¢&((4)) is a
(

multiplicative function of d, it follows that qu)(v, f) is a multiplicative function of
f. For any integer k > 1 we have

Hgl)(v,p") = gdes((P*v)) _ gdeg((p* ™" )

Hence if ep(v) < k, then H,Sl)(v,p") =0. If ep(v) > k, then
H(v,p*) = ¢**8F") — ¢25C"™) = ¢, (o)

by (20). By multiplicativity we obtain

®,(f) ifv=0modf,

0 if v# 0 mod f. (26)

H#0w) = {

Next we consider ng)(v, f) for a fixed v # 0. Since deg(d/(d,v)) is an additive and
qd¢8((4*)) a multiplicative function of d, it follows by induction on the number of
distinct polynomials p dividing f that

HP(, £) = 3D (0,0%0) HY (v, 11540 (27)
plf

For any integer k > 1 we have

plc
k

(2) ky _
HP(0,5*) = deg

k—
80 ) _ g (1) gten* o).
) (P*-1,v)
Hence if ep(v) > k, then ng)(v,p") = 0. If ep(v) < k, then
2 ky _ »(v)d
H®(v,p*) = deg(p)q®r(*) des(r).
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By (26) and (27) we get

HP)(v, f) =) deg(p)g*r() 48P (f/p*r V),
p

where the sum is over all p satisfying the following two conditions: (i) e,(v) < e,(f);
(i) £/pr) divides v. Note that (ii) means ep, (f) < ep, (v) for all monic irreducible
polynomials p; over Fy, with p; # p. Thus (i) and (ii) hold simultaneously if and
only if there exists a unique p with e, (v) < e,(f). If this condition is satisfied, then
with this p we have

H(v, f) = deg(p)g" 4@, (/1))

whereas ng)(v, f) = 0 otherwise.

Now we consider H.ga)(v,f). Note that e,(d/(d,v),f) # 0 only if ¢ > 2 and
d/(d,v) = f. But since d divides f, we have d/(d,v) = f if and only if d = f and
(f,v) = 1. Thus if ¢ > 2 and (f,v) = 1, then Hgs)(v,f) = (¢ — 1)/q. In all other
cases we have H,Ss)(v,f) = 0. Now we go back to (25) and use the formulas for
Hgk)(v, f), k =1, 2, established above. For v € Fy[z] with 0 < deg(v) < m we have
Hgl)(v,f) = 0 by (26), therefore

Yy(v, 1) = €,(f) - T, deg(p)g®>® *5Pa, (f/pD) + HO (v, f)
if there exists a unique p with e,(v) < e,(f), and otherwise

Yq(”:f) = q’q(f) + Hgs)(vrf)'

Thus we always have
Yy (v, f) < 8g(f) + HO (v, f). (28)

Next we will prove that
Ye(v, f) 2 0. (29)

The only case where (29) is not immediate is when there exists a unique p with
ep(v) < ep(f). In this case it will suffice to show that

T, degp)a #5008, (11370 < 9y(1),

or equivalently that

®,(f)
T, d ep(v)deg(p) ¢ 9N/  _ ep(f)deg(p) (1 _ ,— deg(p)
q eg(p)q S Qq (f/pe'(f)) q (1 q ) )
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where the last identity follows from (20). Since ep(v) < ep(f), it will be enough to
show that

T, deg(p) < ¢2°8® (1 _ q—des(p)) = gles(®) _ 1, (30)
If ¢ =2, then T, = 1, and so (30) is trivial. If ¢ > 2, then
7*—-(—1+ Y s )<—m +Z—l‘
x 8173 q

z2€C*(9)

by an inequality in [10, p. 574]. Furthermore, by induction on k we obtain
& > (Zlogq+%——)k+l for k>1,

hence (30) follows for ¢ > 2. Thus (29) is established.
Now let ¢ = 2 and use (23), (28), and (29) as well as H(a)(v, f) = 0 to obtain

SAmRm <y a0 ( T am) vx T 0y
h

h mod f v mod f
v#0

1
s s _ =
2oy (341) o,y (1-%),
where in the last step we applied [15, Lemma 3]. Together with (22) this yields
1 /m s 1
M,(f) < N ('E-l—l) N

which is the result of the theorem for ¢ = 2.
For ¢ > 2 we use (23), (28), and (29) as well as the formula for Hga)(v, f) to obtain

Do AMP(h) <
s%Mf)’( ) Qq(h))’+ > ( e(f)+—l)’

h mod f vmod]

1 s
ty L %)

v mod f

v#£0,(f,0)%1

= e T aw)

h mod f

+ 300 (00 + )+ L0 1= w000y

> @) + v (00 + ) - a0r)

1
= v (
N ! h mod f

+(1-5) a0
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Together with (22) this yields

M.(f)s-]lv( 3 Q,(h))‘+%o,(f)((1+g%:?%)‘—1)-%

h mod f
1 (2 7 m—l)' (q—l)s( g-1 )"1
<= \|-mlogg+-m-— + 1+ ,
N\F" 81T q gN 99, (f)
where in the last step we applied [15, Lemma 3] and the mean-value theorem. This
is the result of the theorem for ¢ > 2. a

Corollary 2. If q is prime, every X;; is the identity map, and s > 2 and f € Fy[z]
with deg(f) = m > 1 are fixed, then the construction of the point sets (14) yields on
the average a point set with star discrepancy Dy = O(N~!(log N)*), where N = ¢™.

Proof. This follows from Theorems 5 and 6. a

Remark 3. Inthespecial case where f is irreducible over Fy, ¢ prime, a result of
the same type as Theorem 6 can be shown in a much easier fashion. Put m = deg(f)
and let

Gi(f) ={g = (91,---,95) € Fy[z)’: deg(g;) < mfor 1 <i< s},
e 1
M.(f)—m Y. R(s.f).

BEGL(S)

Then card(G',(f)) = ¢™*, and in the same way as in the beginning of the proof of
Theorem 6 we obtain

M(f)=q™ ) A'(h)Py(h),

h#0

where A’(h) is the number of g € G,(f) with h- g = 0 mod f. For every h in
the range of summation we have A’(h) = ¢™(*~1), since s — 1 entries of g can be
prescribed arbitrarily and the remaining entry is uniquely determined because of the
irreducibility of f. Thus with N = ¢™ we obtain

1
M) = % 3 (b,
h#0
and so (15, Lemma 3] yields

3
log ¥ ) Lo g=2

1
7] _ -
M,(f) = N (log4 +1 N
1 2 7 1 1\* 1
M’ (24— _ =)} =) o= .
N<x ((r+ 5logg qlogq) ol + q) N i a>2
This special case, with ¢ = 2, was also considered by Tezuka [22], but compare with
Remark 5 below.
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Remark 4. If ¢ is prime and f is irreducible over F,, then the average of
R(g, f) over a much smaller set than G’,(f) already yields a bound comparable to
that in Remark 3. Put again m = deg(f) and let K,(f) be the set of all g of the
form g = (1,9,4%,...,9°"") with each entry reduced mod f, where g runs through
all polynomials over F; of degree < m. Let

L,(f) = m Y R f).

8EK.(f)

Since card(K,(f)) = ¢™, we obtain

Ly(f) = ¢™™ ) Ai(h)Py(h),
b0
where A;(h) is the number of g € K,(f) with h-g = 0 mod f. For every h in
the range of summation, h - g = 0 mod f can be viewed as a nonzero polynomial
equation for g of degree < s — 1 in the field Fy[z]/(f), and so A;(h) < s — 1. Thus
with N = ¢™ we obtain

Lo(f) < S22 3 Pyh) = (s - ML),

h#0

and so the results on M](f) in Remark 3 yield

s—1 (logN fos—1 .
Ly(f) < N (m+1) - i a=2

s—1 2 7 1 1\" s-1 .
L,(f) < N ((;-Fﬁc)g—q—m)log]vﬁ-g) - if ¢>2.

In the case s = 2 there is a connection between the figure of merit o(g, f) and
continued fractions for rational functions over F,, where ¢ is again an arbitrary prime
power. Let g = (g1,92) € Fy[z)? with deg(g;) < m = deg(f) and ged(g;i, f) = 1 for
it = 1,2. Then the condition h - g = hyg; + hog2 = 0 mod f in Definition 3 is
equivalent to hy + hagigs = 0 mod f, where g} € Fy[z] with g19] = 1 mod f. Thus
it suffices to consider the figure of merit for pairs g of the form g = (1,g) with
g € Fy[z],deg(g) < m, and ged(g, f) = 1. Let

%: [AlyAZ)“')Au]

be the continued fraction expansion of the rational function g/f, with partial quo-
tients A, € Fy[z] satisfying deg(A,) > 1 for 1 <r < u. Put

K (1) = max deg(4,).

f 1<r<u
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Then we have

Q(g7f)=m+2_K(%>’ (31)
which is shown in exactly the same way as the special case considered in [13, Satz
12]. Thus the desirable g = (1,g) are those with small K(g/f). The quantity
K(g/f) was studied in detail in [14]. It is clear that for any m > 1 we can obtain
a rational function g/f with K(g9/f) = 1 and deg(f) = m, by choosing partial
quotients Aj, ..., Ay with deg(A4,) = 1 for 1 < » < m. Then from (31) we get
o(g, f) =m+ 1 for g = (1, g), which is the maximum possible value of the figure of
merit by Remark 2. With this choice of g and f we obtain a two-dimensional point
set with Dy = O(N~1log N) according to (18), where N = ¢™. Note that by the
general lower bound of Schmidt [20] this is the smallest order of magnitude which
can be achieved by the star discrepancy of a two-dimensional point set.

For the efficient implementation of the point sets (14) we can use similar principles
as in [18, Sect. 6]. For fixed ¢ the sequence ug ), ug'), ...18 a linear recurring sequence
with characteristic polynomial f. Therefore the elements m (13) can be calculated

by linear recurrence relations. The calculation of the c( ) is even easier if we choose
f(z) = ™. To simplify the construction, the bljectlons ¥y in Section 2 may all
be chosen to be the same map, and the same can be done for the bijections A;; in
Section 2. If ¢ is prime, then all these bijections can be taken to be the identity map.

Remark 5. If f is irreducible over F,, then the c(i) in (13) can also be repre-
6 ()

sented as follows. As noted above, the sequence u;’, u;’, ... is a linear recurring
sequence with characteristic polynomial f. Thus it follows from [8, Theorem 8.24]
that there exist elements 6;,1 < ¢ < s, in the extension field Fy of order N = ¢™
such that )

“S:) =Tr(fio*"!) for 1<i<s and k21,

where Tr is the trace function from Fy to Fy. and where o is a root of f in Fy.
Hence (13) attains the form

cgi)z’I‘r(B;a'+j‘1) for 1<i<s, 1<j<m 0<r<m-1.

Consequently, if ¢ is prime, f is irreducible over Fy, and the bijections %, and );;
are identity maps, then the construction of the point sets (14) is a special case of
the construction in [12, p. 161}, where in the latter construction we take f;; =
6;0i-1 € Fy for 1 < i < 85,1 < j < m. In particular, the recent construction of
low-discrepancy point sets by Tezuka [22], which works with ¢ = 2, is a spec1a.l case
of the construction in [12, p. 161].
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