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ON OSCILLATION CRITERIA FOR THIRD ORDER
NONLINEAR DELAY DIFFERENTIAL EQUATIONS

Ravi P. AGARWAL, MUSTAFA F. AKTAS, AND A. TIRYAKI

ABSTRACT. In this paper we are concerned with the oscillation of third order
nonlinear delay differential equations of the form

(= (1 02)) +p02" + g0 @ o @) =0

We establish some new sufficient conditions which insure that every solution
of this equation either oscillates or converges to zero.

1. INTRODUCTION

In this paper we consider nonlinear third order functional differential equations
of the form

(1) (r2 )y () 'Y) + 2 (02" +a(0) F (x (g (1)) =0,

(t
where 71, 72, p, ¢ € C (I, R), I = [tp,00) C R, tg > 0 is a constant such that r; > 0,
ry > 0, p(t) > 0, q(t) > 0, ¢(t) #Z 0 in the neighborhood of oo, g € C* (I, R)
satisfies g (t) < t, ¢’ (t) > 0, andg( ) — oo ast—ooand f € C(R,R) such that
f is nondecreasing, xf (x) > 0 for z # 0.

We consider only those solutions of Eq. which are defined and nontrivial
for all sufficiently large t. Such a solution is called oscillatory if it has arbitrarily
large zeros, otherwise it is called nonoscillatory.

Note that if z is a solution of Eq. , then —z is a solution of

(r2 () (a0 'Y) +p (B2 +a (1) 1 (g (1) =0,

where f* (z) = —f (—z) and zf* () > 0 for all z # 0. Since f* and f are of the
same class, we may restrict our attention only to a positive solution of Eq.
whenever a nonoscillatory solution of Eq. is concerned.

In recent years, the oscillatory and asymptotic behavior of differential equations
and their applications have been and still are receiving intensive attention. In fact,
there are several monographs and hundreds of research papers for ordinary and
functional differential equations, see for example the monographs Agarwal et al.
[1]-[2], Erbe et al. [8], Gyori and Ladas [10], and Swanson [16].
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Determining oscillation criteria in particularly for second order differential
equations has received a great deal of attention in the last few years. Compared to
second order differential equations, the study of oscillation and asymptotic behavior
of third order differential equations has received considerably less attention in
the literature. We obtain some new results in this paper are motivated by recent
of [3, 4, [5, @, 15, I7] and insure that every solution of Eq. is oscillatory or
converges to zero. For general interest on oscillation results we refer, for example,
to Erbe [7], Grace et al. [9], Parhi and Das [11], Philos and Sficas [I3], Seman [I4],
Tiryaki and Yaman [18], and the references cited therein.

In this section we state and prove some lemmas which we will use in the proof
of our main results.

For the sake of brevity, we define

Lox(t)=x (), Liz(t)=r;t)(Li—iz(t), i=1,2,

Lz (t) = (Lax (t))" for tel.
So Eq. (L.1) can be written as

p(t)

Lgl‘ (t) + - (t)

Liz(t) +q(t) f(z(g(t)) =0.

Define the functions

t t
R (t,s) :/ du ,  Ro(t,s) :/ du , and

ro (u)

t T du
= _ <s < .
Ris (t,9) /S = /S (@) dr, th<s<t<oo

We assume that

(1.2) Ry (t,tg) — 00 as t— o0,
(1.3) Ry (t,tg) 00 as t— 00,
and

(1.4) Ry (t,tg) < oo as t— 0.

Moreover we shall assume that the function f satisfies conditions:

(1.5) —f(—w) = f(w) = f(u) f(v) for ww >0,

(1.6) # >K>0, K isareal constant, u#0),
and

(1.7) 20 as u—0.

f(u)
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Definition 1. The Eq. (1.1)) is called superlinear if the function f for every € > 0
satisfies

+oo
d
(1.8) / e,
+e f(u)
and Eq. (|1.1)) is called sublinear if f satisfies
+e
d
(1.9) Y <o for every €>0.

0 ()
Let us give examples of the functions which satisfy the conditions ([1.5)) and (1.8)

or (1.9)).

Example 1. The functions f; and fo: R — R, where fi (u) = |u|"sgnu, a > 0

d fo (u) [ul** sgn
an u) = ———o—
? 1+ Jul

and conditions nondecreasing of f and (|1.5)). Further, function f; satisfies (1.8) for
o> 1 and (1.9) for 0 < a < 1. The function f, satisfies (1.8]) for o > 1.

Lemma 1. Suppose that

, @ > 0 are continuous on R, satisfy uf (u) > 0 for u # 0

p(t)
t)z")

(TQ( )Z) + 71 (1)

is nonoscillatory. If x is a nonoscillatory solution of (1.1)) on [T,00), T > to, then
there exists a t1 € [T, 00) such that either x (t) Lixz (t) > 0 or x (t) L1z (t) < 0 for
all t Z tl.

z=0

The reader can refer to [I7, Lemma 1] for the proof of Lemma
Lemma 2. Let py be a sufficiently smooth positive function defined on [tg,00), set
¢ (t) =11 (1) (ra (1) py (1)) + pa2 () p (1)
and (1.6 hold. Suppose that there exists a t;1 > T > to such that
ph(t)>0=, ¢(t)>0,
(1.10) | e (s)a(s) - & () ds = o,

ty
where Kpa (t) q (t) — ¢' (t) > 0 for all t € [t1,00) and not identically zero in any
subinterval of [t1,00). If (1.2)) holds and = be a nonoscillatory solution of Eq. (1.1))
which satisfies x (t) L1z (t) < 0 for all t > t1, then tlim z (t) =0.
The reader can refer to [4, Lemma 2.4] for the proof of Lemma
Remark 1. When
(1.11) ¢ () <0

in Lemma [2| we can take

[e.e]
(1.12) / p2(8)q(s)ds =00
to replace (|1.10]). Hence the condition (|L.6]) fails.
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Lemma 3. Let the assumption (1.3)) hold. If x is a nonoscillatory solution of Eq.
(1.1) which satisfies x (t) Lix (t) > 0 for all large t, then there exists a t; > to such
that

(1.13) Lox (t) Lyx (t) >0, k=0,1,2; Lox (t) Lz (t) <0
for allt > ty.

A nonoscillatory solution x of Eq. (1.1) is said to have property V3 if it satisfies
the inequalities (|1.13).

Lemma 4. Let x be a solution of (1.1). If x has property Vo for every large t,
then there exists t1 > T > tg such that either

(114) x (t) Z R12 (t,tl) LQJE (t) 5 t Z tl
(1.15) Liz (t) > Ra (t, 1) Loz (t) , t>1
(1.16) sy s B2t sy

~ Ry (t,t1)

The reader can refer to [6] for the condition (1.16]) and [I7, Lemma 2] for the
condition (|1.15)).

2. MAIN RESULTS

Theorem 1. Let the hypotheses of Lemmas and (L1.5), (L.11)) hold. If the first

order delay equation

1) 3 O+ R 00, T) 0 (0) + 40 f (Ria (0. T) £ (9 (0) =0

for every T > tq is oscillatory, then every solution x of Eq. (L.1)) is either oscillatory
or satisfies lim;_,oo x (t) = 0.

Proof. Let x be a nonoscillatory solution of Eq. on [T,0), T > ty. Without
loss of generality, we may assume that z (¢t) > 0 and z(g(¢t)) >0fort > T3 > T.
From Lemma [1] it follows that Lz (¢) > 0 or Lz (¢) < 0 for ¢t > ¢t; > Ty. If
Lyz (t) > 0 for t > 1, then z has property V3 for large ¢t from Lemma [3] From
Lemma we obtain and . Now there exists a t5 > ¢; such that

r(g(t) = Ri2(g(t),t1) L2z (g (t)) and
Lz (g(t)) = Ra (g (t) ,11) Lox (g (t)) for t>t.
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From Eq. (1.1}), we have

~Laz () = 2 a0+ 40 £ (9 1)
> PO Ra (0(0) 1) Lao (0 (0) + 00 ] (Riz (9.6 12) Lo 9 0)
> 20 Ry (0000 Lo (0 0) + (0 (Raa (9.8 10) F (L (g (1)
for t > t,. Setting y (t) = Lo (t) > 0 for ¢ > t,, we obtain
0+ 2R (0 (0,00 (0) + 00 ] (Rra 9 0) 1) £ () <0

for t > to. Integrating the above inequality from ¢ to u and letting u — oo, we have

vz [ (2 R0

r1 (s)
+q(s) f(Raz(g(s).t1)) f(y (g(s)))) ds.

As in [I2], it is easy to conclude that there exists a positive solution y (¢) of Eq.

with lim;— . y (¢) = 0, which contradictions the fact that Eq. is oscillatory.
Let « (t) > 0, L1z (t) <0, t > t;. By Remark [I| we have lim;_,oc z (t) = 0. The

proof is complete. O

Corollary 1. Let the hypotheses of Lemmas [1H{3 hold. If the first order delay
equation

p(t) B
() Ry (g (1) ,T)> y(g(t) =0

for some K > 0 and every T > tg is oscillatory, then every solution x of Eq. (1.1)
is either oscillatory or satisfies lim;_oc x (t) = 0.

22 g0+ (Kq (1) Ria (9 (1), T) +

Theorem 2. Let the hypotheses of Lemmas[1H3 hold. If

(2.3) lim Sup/ (Kq (s)Ri2(g(s),T) + p(s) Ry (g (s) 7T)) ds>1

t—oo Jg(t) 71 (s)

for some K > 0 and every T > to, then every solution x of Eq. (1.1) is either
oscillatory or satisfies lim;_, o x (t) = 0.

Proof. Proceeding as in the proof of Theorem [} we obtain = has property V5 for
large t. From Lemma 4] we obtain (1.14]) and (1.15). Now there exists a to > t;
such that

z(g(t)) = Ri2 (g (t),t1) Loz (g (¢))  and
Lz (g(t)) = Ra (g (t) ,11) Lox (g (t)) for t>t.
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Integrating Eq. (L.1) from g (¢) to t, we have

L () + Lar (g () = | (p(s) Liz(s) +¢(s) f (a <g(s>>>> ds

oty \71(5)

L) > [ (Ehee) + Kar () ) i

> /g . ( Z((?) Ry (g(s),t1) Loz (g (s)) + Kq(s) Ri2 (g (s),t1) Law (g (8))) ds

2 1an00) [ (Koo Rialo (o), + R o)1) ) s

Hence,

t p(s)
1> A(t) (Kq(s) Ri2(g(s),t1) + o (S)R2 (g(s) ,t1)> ds for t>ts.

Taking limsup of both sides of the above inequality as ¢ — oo, we arrive at a
contraction to condition .

Let z (t) > 0, Lz (t) < 0, t > t;. By Lemma 2] we have lim;_. 2 (t) = 0. The
proof is complete. O

Example 2. Consider the third order delay equation

1 1 3 3
n /
) - —— | = > —.
(2.4) " (t) + 4t2z (t) + (1 4t2> T <t 5 > 0, t 5

It is easy to check that all conditions of Theorem 2 are satisfied and hence every
solution z (t) of Eq. (2.4) is either oscillatory or satisfies lim; o 2z (t) = 0. An
example of such a solution is x (t) = sint.

Theorem 3. Let the hypotheses of Lemmas[1H{3 hold. If

t

(2.5) lim inf (Kq (5) Rz (9. (5), ) + 25 Ry (g (s) 7T)> ds > ©
1= Joq) 1 (s) e

for some K > 0 and any T > tg, then every solution x of Eq. (L.1)) is either
oscillatory or satisfies limy_,o0  (t) = 0.

Proof. Proceeding as in the proof of Theorem [2] we obtain

~Laa () = P a0+ 401 (09 0)

p(t)
T1 (t)

p(t)
T1 (t)

—Lsz (t) > Liz (t) + Kq(t)x (g (1))

Y

Ra (g (t),t1) Loz (g (1)) + Kq (t) Ri2 (g (t) ,t1) L2z (g (1)) ,
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for ¢ > to. Setting y (t) = Lox (t) > 0 for ¢t > Lo, we obtain

p(t)
1 (t)

v (1) + (Kq () Riz (9 (£) 12) +

y' () +

Ry (g(t),t1)y (9 (t) + Kq(t) Rz (9 (1) 1) y (9 () <O

20 Ry 00,10 ) ulo () <0

for t > to. By known results, see [2] [10] [12], we arrive at the desired contradiction.
Let x (t) > 0, L1z (t) <0, t > t;. By Lemma 2 we have lim;_,o  (t) = 0. The
proof is complete. O

Example 3. Consider the third order equation
1

(2.6) " () +e 2 )+ —x(t—1) (1+22(t—1)) =0, t>1.
e

It is easy to check that all conditions of Theorem 3 are satisfied and hence every
solution z (t) of Eq. (2.6) is either oscillatory or satisfies lim;_, o 2 () = 0. One
such solution of Eq. (2.6) is = (t) = e~ .

Theorem 4. Let the hypotheses of Lemmas and (L.5), (1.7), (1.11) hold. If

(2.7) limsup P (1 / 4(s) f (Ruz (g(s) . T)) ds >0,

t—o0 (t)

where P (t) = 1/(1 - f;(t) %Rg (g(s),T) dS) > 0 for everyt > T >ty and

not identically zero in any subinterval of [T, 00), then every solution x of Eq. (1.1))
is either oscillatory or satisfies lim;_,o x (t) = 0.

Proof. Proceeding as in the proof of Theorem [1] we obtain

p (t) Liz (t) +q (t) f (117 (g (t)))
1 (1)

p(t)
— ()
for t > to > t1. Integrating the above inequality from g (¢) to ¢, we have

~Lart) + Laro(0) = [ (EEL Rafote), ) Las(o(s)

+ Q(S)f(R12((8)7t1))f(L2x(g(s)))) ds

t

7L35E (t) =

Ry (g (1), t1) Law (g (1)) + q (t) f (Raz2 (9 (£) ,£1)) f (L2 (g ()

Loz (9(8)) > Loz (g (1)) / 2(5) Ry (g(s) 1) ds + f (Lo (5 (1))

g(t) " (s)

S R12 S ,tl dS

x/g(t)qu( (9(s). 1)
Loz (g (1))
t

Pty 2P0 [ a6 f Rato@) ) s, t2t2n

()
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Taking limsup of both sides of the above inequality as t — 0o, we arrive at a
contraction to condition .

Let x (t) > 0, L1z (t) <0, t > t;. By Remark [I| we have lim;_,oc z (t) = 0. The
proof is complete. O

Corollary 2. When Theorem doesn’t have the condition (L.11)), we can take
either

(2.8)  limsup / (Kq (5) f (Raa (9.(), 7)) + L) By (g (s),T)) ds > 1

t—oo J(t)

or
. R p(s)
lim sup K*q(s) Rz (g (s),T) + Ry (g(s),T) ) ds>1
t—o0 g(t) ™ (S)
or
t
limsup K2P (1) [ q(s)f (Bra 9(5) . 7)) ds > 1
t—o0 g(t)
to replace (2.7)).
Example 4. Consider
1
(2.9) 2" (t) + @m’ )+t (t-1)=0, t>1,

where 7 is the ratio of two positive odd integers, 0 < v < 1. By choosing ps (t) = 27,
we see that all conditions of Theorem 4| are satisfied. Then, every solution z (t) of
Eq. (2.9) is either oscillatory or satisfies lim;_, o, x (t) = 0.

Now, we consider g (t) < t.

Theorem 5. Let the hypotheses of Lemmas and g (t) <t, (1.5), (1.11) hold.

If the second order equation

Ri2(g(#),T)
RZ (g (t) 7T)

for every T > tq is oscillatory, then every solution x of Eq. (L.1)) is either oscillatory
or satisfies lim;_,oo x (t) = 0.

@210) (a0 y () + 2y (1) +q 1) f ( ) (g () =0

Proof. Proceeding as in the proof of Theorem [I} we obtain = has property V5 for
large t. From Lemma we obtain ((1.16]). Now there exists a t3 > t; such that

2 (g (1)) > Tzle®. 1)

= Ralg (D). 11) Liz(g(t)) for ¢>ts.
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From Eq. , we have
p(t)
r1(t)
p(t)
r1(t)
p(t)
r1(t)

—Lgz (t) = Liz(t) +q(t) f (2 (g (1))

Riz (g9 (1), t1)
Ry (g (t),t1)
Ri2 (g (t),t1)
Ro (g (t),t1)

> waa»+wwf( Mm@mﬂ

)f@w@@m

>

hx@@»+qwf<

and so
p(1) R (9 (1) 1)
pio @) {Lae () + 2O L g 0) + a0 £ (22 pnis o))} <o

for every t > to > t1. By Theorem [l| in [T4] the Eq. (2.10)) is oscillatory if and only
if the inequality

(2.11)
v {20 O + 20+ a0 £ () rtaon f <o

is oscillatory, too. This is a contradiction, since y = Liz (t) is a nonoscillatory

solution of (2.11]) for large t.
Let 2 (t) > 0, L1z (t) <0, t > t1. By Remark [[] we have lim;_,oc z (t) = 0. The
proof is complete. O

Corollary 3. Let the hypotheses of Lemmas and g (t) <t hold. If the second

order equation
Riz(g().T)  p(®)

(ra )/ ) + (a0 2T+ 20 ) (g 0) =0

for some K > 0 and every T > tg is oscillatory, then every solution x of Eq. (1.1)
is either oscillatory or satisfies lim;_.oc x (t) = 0.

Example 5. Consider

(2.12) x”’(t)+%x’(t)+g—gx(/\t):0, t>1, 0<A<1,

1
where 0 < pg < 7 0 > 0,0 > 2,and 3 < 3 are some constants. Equation z”+p—gz =
q0 At —1

0 is nonoscillatory (see [16], pp. 45]) and also since y” (t) + B Y (M) =0 is
At—1
oscillatory (see [I4, Theorem 6]), equation y” (t) + (th‘? + f—g 5 y (M) =0is

oscillatory by the generalized Sturm comparison theorem (see [14, Theorem 2)). If
we also choose ps (t) = t2, from Theorem every solution x (t) of Eq. (2.12)) is either

oscillatory or satisfies z (t) — 0 as t — co. f we take 6 =2, =3, A=1,py = —

4

2 1
and qp = —5, 7 (t) = T @2 (t) = t?cos glnt , and z3 (t) = t?sin <glnt> are
solutions of Euler Eq. (2.12]) and all hypotheses of Theorem 5 are satisfied.
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Theorem 6. Let the hypotheses of Lemmas and g (t) <t, (1.5, (L.8), (1.11)
hold. If

Ri2(g(s),T)
Ry (g(s),T)

then every solution © of Eq. (L.1)) is either oscillatory or satisfies lim;_ oo x (t) = 0.

(2.13) Lfﬂ@&@@»ﬂf( )w:w for T>to,

Proof. Proceeding as in the proof of Theorem [I} we obtain = has property V5 for
large t. Now there exists a to > ¢1 such that

Rz (g (t),t1)
xz(g(t)) > lex (g(t) for t>ts.

From Eq. (L.1)), we have

a0 = 2L 0440 £ (e (0 )
> a0 f () e o)tz n.

Then integrating from ¢ to u >t > to, we get

Ri2 (g (s),t1)

R (g (s),t1) ) f L1z (g(s))) ds

Loz (t) > Loz (t) — Loz (u) > /uq(s)f <
t
and from this

Loz (1) > /too () f (Im) F(Laz(g(s) ds for t>ts.
Setting y (t) = Lz (t) > 0 for t > t5, we obtain
Ri2 (g (s),t1)
Ry (g(s),t)

Since g, y, and f are nondecreasing functions and r5 (¢) 3’ (¢) is nonincreasing, we
get

(2.14) mam%wzlwﬂ@f< )HMM@»@ for £t

Ri2 (g (s),t1)
Ry (g(s),t1)

Multiplying this inequality by ¢’ () and dividing it by r2 (¢ (¢)) f (v (9 (¢))) and
then integrating it from to to t > to, we have

[tz Lt (o (Ra) )

m@@D@@UDZf@@@DAmM$f< )@ for 314,
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and from this
00 u Vo) gy
/y<g(t2>> fd(u) - ~/y(9(t2)) %

)
_/t [R2 (g (s),ta) — Ra (g (t2) ,t2)] q () f (RH(Q(M> o
)

Ri2 (g (s),t1)
Ry (g(s),t1)

R t),t
for t > t3, where t3 > to is such that Ry (g (t2),t2) < W

last inequality contradicts the assumption ([2.13)) for large t.
Let x (t) > 0, L1z (t) <0, t > t;. By Remark [I| we have lim;_,oc z (t) = 0. The
proof is complete. O

>;/t:q(8)R2(g(8)at2)f<

for t > t3. The

Example 6. Consider the third order equation

Lo T D e e ()
T R Y

(2.15) " (t) + ;

1
for t > 1, a > 1. Equation 2" + 3L = 0 is nonoscillatory (see [16, pp.45]). If we

choose ps (t) = t2, from Theorem @, then every solution x (¢) of Eq. (2.15) is either
oscillatory or satisfies lim;_, o, x (t) = 0.

Remark 2. Let g(t) <t, (1.3), and (1.8) hold. If

[ g sty (B2l D

ds =00 for T >tg,
T R2<g<s>,T>> -

then equation

a0 )+ a1
is oscillatory (see [14, Theorem 4]).

Theorem 7. Let the hypotheses of Lemmas and g (t) <t, (1.5)), (L.8), (1.11)
hold. Let there exists a nondecreasing function G € C (R, R) such that f (z) =

|z| G (z) for x € R. Then, if

> Ri2(g(s),T)
/T q<s>R§<g<s>,T>f(Rz(g(s)j))

o W u § =00
(2.16) X (/g(s)q(u)f(RQ(g(u)’T)>d ) d
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/i“’dx Cw
+e G(J?) ’

for every € > 0, then every solution x of Eq. (L.1)) is either oscillatory or satisfies
limy oo 2 (t) = 0.

for T > tg, and

Proof. Proceeding as in the proof of Theorem [6] we obtain x has property V» for
large t. Then y (t) = Ly (t) is the nonoscillatory solution of the equation

(r2 (89 (1)) +b (1) G (y (9(1)) =0,
R12(g(t),t1)> y (g (t)) for t > t1. Then by Remark

Ra(g(t),t1)
<R12 (g(s),t1)

e [Taer s (G o) ds < .

In the same way as in the proof of Theorem |§| from ([2.14)) we have

nO9 0> FueO) [ a6 f (LS

> Riz (g9 (s) Jl))
> t S —= = ) ds
> Tl [ a7 (e
for t > to. Dividing this inequality by 7o (t) and integrating it from o to t > to we
get

where b (t) = ¢ (t) f (

v > fietoe) [ (o s (et w) g,
> fwta) [ s (o (e a) o
= f(Liw (g (t2))) (Ra (t,t2) — Ry (toﬂfz))/t q(s)f (W} ds.

Then there exists a t3 > to such that
1 ° Ri2 (g (s),t1)
Vo) = 37 (e Ralo 0t [ - ate) 7 (TS ) as

for ¢ > t3. This inequality and (2.17) contradict the condition (2.16]).
Let x (t) > 0, L1z (t) <0, t > t;. By Remark [I| we have lim;_,oc z (t) = 0. The
proof is complete. O

Example 7. The equation
2 (1) + =32 (t )+t_5/2m3 (t1/3> —0, t>1,

satisfies the assumptions of Theorem [7| but the condition (2.13]) of Theorem |§| does
not hold.

There are many sufficient conditions for the oscillation of equation (2.10) in the
literature. The reader can refer to [1]-[2], [14] for them.
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Theorem 8. Let the hypotheses of Lemmas and g (t) <t, (1.5, (1.9), (1.11)
hold. If

(2.18) / T4 f (Raa(9(5).T) ds = o0 for T>to,

then every solution © of Eq. (L.1)) is either oscillatory or satisfies lim;_ oo x (t) = 0.

Proof. Proceeding as in the proof of Theorem [I} we obtain = has property V5 for
large t. From Eq. (1.1)), we have

~ e ) = 20

dt 7‘1(
) f
) f

Liz (t) +q(t) f(z(g(t)))

q )
(Ri2 (g (t),t1) Loz (g (t)))
(Ri2 (g (t) ;1)) f (Lax (1))

>q(t
>q(t

or

d
- (Lo (1))
[ (Laz (1))

Integrating the above inequality from t5 to ¢, we have
/Lza:(tz) du /t
> [ q(s)f(Ri2(g(s),t1)) ds.
sz(t) f(u> ta

Taking lim of both sides of the above inequality as ¢ — 0o, we obtain at a contraction

>q(t) f(Ria(g(t),t1)) for t>ty>1.

to condition (2.18).
Let 2 (t) > 0, Lyz (t) <0, t > t1. By Remark [I| we have lim;_,c z (t) = 0. The
proof is complete. [

Example 8. Consider

1 25 (At)®
" !
(2.19) z (t)+Ex (t)+z "
By choosing ps (t) = t2, it is easy to check that all conditions of Theorem [§] are
satisfied. Then every solution z (t) of Eq. (2.19) is either oscillatory or satisfies

1
lim; o0 « (t) = 0. Observe that x (t) = n is a solution of Eq. (2.19).

lz(A)|“ Tz (M) =0,t>1, 0<a, A<1.

Theorem 9. Let g (t) <t and the function [ salisfy the condition

(2.20) l‘nln inf |f (u)] > 0.
If
(2.21) /00 q(t) dt = o0,

then every solution x of Eq. (L.1)) is either oscillatory or satisfies lim;_ o x (t) = 0.
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Proof. Proceeding as in the proof of Theorem |1} we obtain x has property V5, for
large ¢. Since x has property Vo, lim; o  (t) exists. If lim; .o x (t) = oo, then

from and we obtain
(2.22) / g (1) f (2 (g (1)) dt = oo

If limy oo ¢ (t) = K < 00, then from and the continuity f holds, too.
Integrating the inequality Lsz (t)+¢ (t) f (z (g (¢t))) < 0 from ¢; to ¢ > ¢; and using
we get Loz (t) < 0 for all sufficiently large ¢, a contradiction.

Let z (t) > 0, Lyz (t) < 0, > t1. By Remark([l] (p2 () = 1) we have limy . z (t) =
0. The proof is complete. O

Example 9. Consider the third order equation

22 (32 0) + g @0+ om0 (14 s ) =0

for t > 1. It is easy to check that all conditions of Theorem [J] are satisfied. Then
every solution x (t) of Eq. (2.23) is either oscillatory or satisfies lim; .o z () = 0.

Now, we consider
(14) Ry (tﬂfo) < 0.
Theorem 10. Let the hypotheses of Lemmas and (1.4)), (L.5)), (1.11) hold. In

addition to the first order delay equation

p(t)
1 (t)

for every T > tg is oscillatory. If

/OO ( : /u (Dq(s) f(R1(g(s),T)) f(Ra(o0,g(s)))

T T2 (u) Jr

(2.1) o' (t)+

Ra(g(t),T)y(g(t) +q) f(Ra2(g®),T)) f(y(g(t) =0

p(s)
r1(s)
for every D > 0 and any T > to, then every solution x of Eq. (L.1)) is either
oscillatory or satisfies lim;_, o x (t) = 0.

(2.24) + 229 Ry (00, g (s))) ds) du = oo

Proof. Let 2 be a nonoscillatory solution of on [T,00), T > to. Without loss
of generality, we may assume that x (¢t) > 0 and z (¢ (¢)) > 0 for t > T} > T. From
Lemma 1] it follows that Ly (t) > 0 or Lyz (t) < 0 for ¢t > t; > Ty. There are three
possibility to consider:

(i) Lz (t) > 0, Loz (t) > 0, Lyz (t) < 0 for t > ty;
(ii) Lz (t) > 0, Lox (t) <0, L3z (t) <0 for t > t1; and
(i) Liz (t) <0 for t > ;.
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Case (i): The proof is exactly the same as that Theorem [I] - Case (i).
Case (ii): There exists a ta > t1 such that

x(t) > Ry (t,t1) Liz (t) for t >t
and so there exists a t3 > to such that
(225) (9(1) > Ra (9 12) Lo (9 1)) = B (9 1), mv (G(1) for t>1,
where v (t) = Lz (t). Using (2.25) and (L.5)) in Eq. (T.1]), we find

fl(ft))“ (90)+a(0)f (Ra (9(8) 1) f (v g (1)) <0

for t > t3. Clearly, v (¢t) > 0 and v’ () < 0 for ¢ > t5. Now, for s >t > t3 one can
easily see that

(2.27) —ra(s)v
Dividing (2.27) by 72 (s) and integrating from ¢ to u > t > t3, we have
v(t) Zv(t) —v(u) = —r2 (t) V' (t) R2 (u,) .

Letting u — oo in the above inequality, we get

(226)  (ro ()0 (1)) +

()= —ra (V' (1) for s>t>ty.

(2.28) v(t) > —ry (t)v (t) Re (0c0,t) for t>t3.
Combining with the inequality

—ro (t) v (t) > —rg (t3) 0 (t3) for t>t3,
which implied by , we find

v (t) > —ra (t3)v' (t3) Ra (00,t)  for t>t3.
Thus, there exists a constant b > 0 and a t4 > t3 such that
(2.29) v(g(t)) > bRa(0c0,g(t)) for ¢>ty4.

Integrating inequality (2.26]) from ¢35 to ¢, we have

| (Eutato) + a0 £ 001,10 0l s

< ro(ta)v'(ts) — ra(t)0'(t)

Using Eq. (2.29) and (1.5)) in the above inequality, we get

rgl(t) /t (f (0)q(s) f (Ri(g(s),t1)) f (Rz(00,9(s)))
+ bfl((ss))Rz (oo,g(s))) ds < —v'(t), t>ty.
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Integrating the above inequality from t4 to ¢, we find
t 1 T
b (i | (Pa) 7 (R (9 00) F (Ra (0. (5)
ty NT2 (1) ts

p(s)

o)

Ry (oo,g(s))) ds) dr < v (ty) < 00,

b
where D = 1) is a constant. This inequality implies

b
/too( . /T(DQ(S)f(Rl(9(5),t1))f(R2(OO,g(s)))

2 (T) ts

p(s)
r1(s)
which contradictions condition ([2.24)).

Case (iii): Let @ (t) > 0, Liz () <0, t > t;. By Remark [I] we have lim;_,oc z (t) = 0.
The proof is complete. O

Ry (oo,g(s))) ds) dr < o0,

Corollary 4. Let the hypotheses of Lemmas @ and (L1.4)) hold. In addition to
the first order delay equation

p(t)
1 (t)

for some K > 0 and every T > tg is oscillatory. If
(2.30)

| (ot L s (Ko o)1)+ 200 ) ) du = oo

T 2 (u) Jr 71 (s)

for some K > 0 and any T > tg, then every solution x of Eq. (L.1|) is either
oscillatory or satisfies limy_,o0  (t) = 0.

(2.2) y' () + (Kq (t) Ri2 (9 (), T) + Ry (g (t) ,T)) y(g(t) =0

Theorem 11. Let the hypotheses of Lemmas and (1.4) hold. Then every
solution x of Eq. (1.1)) is either oscillatory or satisfies lim;_,, x (t) = 0 if one of
the following conditions holds:

(I;) Condition (2.30) and

(2.4) lim sup/ (Kq (s)Ri2(g(s),T) + p(s) Rs (g (s) ,T)) ds > 1

t—oo (t)
for some K >0 and every T > tg.
(I2) Condition (2.30) and

(2.6) lim inf (Kq (s) Raz(g(s),T)+ p(s) Ry (g (s) 7T)> ds > é

=00 Jy(t)

for some K >0 and any T > to.
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(‘[3) Conditions " " " ’ and
t

(2.8) lim sup P (¢) /(t) q(s) f(Ri2(g(s),T)) ds>0

t—oo

for any T > ty.
(I4) Conditions g (t) <t, (L.5), (1.8), (1.11)), (2.24), and

(2.13) JCEAUEELY, (W) ds = 00

forT > tg.

(Is) Conditions g (t) < t, (L), (T9), (L11), @24), and
(2.19) / 4(3) f (Riz (g (s) . T)) ds = oo
for T > tg.

Remark 3. We note that conditions of theorems can be changed when the
conditions are satisfied both (I.5) and (L.6) at the same time (see Corollary [2)).
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