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Abstract. In this paper we obtain all invariant, anti-invariant and C'R submanifolds
in ([R4, g,J) endowed with a globally conformal Kdhler structure which are minimal and
tangent or normal to the Lee vector field of the g.c.K. structure.
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1. PRELIMINARIES

Although known since 1954 from P. Libermann’s paper [5], locally conformal K&h-
ler (l.c.K.) structures have been intensively studied only since 1976 after the impetus
given by I. Vaisman in [6]. A great number of research papers has appeared since
then studying the main properties of 1.c.K. manifolds, generalized Hopf (g.H.) mani-
folds, the relations with contact metric manifolds and some important classifications
of submanifolds in g.H. manifolds. In 1998, the monograph by S. Dragomir and
L. Ornea [2] brought together all known results in this field at that moment. Af-
ter the book, the geometers continued to study l.c.K. manifolds and many other
interesting results have appeared so far.

Let (M, J, g) be a Hermitian manifold of dimension 2n, where J denotes the com-
plex structure and g the Hermitian metric. Then (M, J, g) is a locally conformal
Kihler manifold if there is an open cover {U;};cr of M and a family {f;}cs of
smooth functions f;: U; — R such that each local metric g; = exp(—f;)glu, is
Kihlerian. Also, (M, J, g) is a globally conformal Kdihler (g.c.K.) manifold if there is
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a smooth function f: M — R such that the metric exp(f)g is Kdhlerian. Let Q be
the Kihler 2-form associated with (J, g) (i.e. Q(X,Y) = g(X,JY) for X, Y € x(M)).
Then the Hermitian manifold (M, J, g) is l.c.K. if and only if there exists a closed
1-form w, globally defined on M, such that

dQY=wAQ

(see [2] for more details). The closed 1-form w is called the Lee form of the
l.c.K. manifold M. Also, (M, J,g) is g.c.K. or Kihler if the Lee form w is exact or
w = 0, respectively. Thus any simply connected l.c.K. manifold is g.c.K.

For an l.c.K. manifold (M, .J,g) we define the Lee vector field B = w?. Here
# denotes the rising of indices with respect to g, namely g(X, B) = w(X) for all
X € x(M). Tt is very important that the Levi-Civita connections D? of the local
metrics {g; }icr glue up to a globally defined torsion free linear connection D on M,
called the Weyl connection of the l.c.K. manifold M and given by

(1.1) DxY = VxY — %(M(X)Y +w(Y)X - g(X,Y)B)

for any X,Y € x(M), where V is the Levi-Civita connection of (M, g). Moreover,
D satisfies Dg = w ® g and DJ = 0. As a consequence, the Hermitian mani-
fold (M, J, g) is l.c.K. if and only if

(1.2) VxJY = JVxY + %(H(Y)X —w(Y)JX — g(X,Y)A - Q(X,Y)B)

for any X,Y € x(M). Here § = w o J and A = —JB are the anti-Lee form and the
anti-Lee vector field, respectively (see [2] for details).

2. 4-DIMENSIONAL L.C.K. MANIFOLDS

In [4] a Hermitian structure on R* is defined whose scalar curvature is constant
and negative, but R* with this Riemannian metric is not of constant curvature.

Let us consider on R* global coordinates z, ¥, v, w and the Riemannian metric g
whose matrix with respect to these coordinates is

1 0 —kx 0
_ 0 «a kya  kx
9= - kx kya af kK zy

0 kx Ky 1

where o = 1+ k222 and 8 = 1+ k?y2. Note that for k¥ = 0 one gets the 4-Euclidean
space. If k # 0, then R*(k) is of negative constant scalar curvature —gk2.
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Consider on R* the (1,1) tensor field J putting

0 0 0 0 0 0 0 0 0 0
J%:%, Ja—y:fkya—erav J%:fﬂa—erky%, J%:f%.
It is easy to prove that J is integrable and g(JX,JY) = g(X,Y). So, (R*,g,J) is a

Hermitian manifold.

In the following consider the 1-form w = kdv and the Kidhler 2-form 2. One
can easily check that the relation dQ2 = w A Q holds. Hence, (R*,g,.J) is a locally
conformal Kshler manifold. Moreover, since R* is simply connected, we get a globally
conformal Kihler manifold with the Kihler metric § = ce™*Vg, where ¢ is a positive
real number.

The Lee vector field is given explicitly as B = k*x 9/0x — k?y 0/0y + k 0/0v. We
immediately have the anti-Lee form 6 = kdy + k?y dv and the anti-Lee vector field
A=k0/0y — k*xd/0w.

Let us remark that B is parallel if and only if M is the Euclidean space (k = 0).
Yet, VpB = 0 and VA = 0. Now, using (1.1), we obtain the Weyl connection D
on R*(k) given by

Dyl Ko Kyo ko
ox 2 Ox 2 Jdy 20
LY )
oy 2 Oy 2 ow’
L e )
Ov 2 Oz 2 Ov 2 ow’

D, 0 ko Kz
9% 5w ~ 20y 2 ow’
9  Kzad Ky2+a)d k@2+a) d

Porovgy =5 o~ 2 o' 3 ov
0  Kaya k(af+2k%y?) 0 K*y(2+a) 0 k?za 0
Doy - = - o T ——— &= 2
ov 2 2 oy 2 dv 2 Ow
0 ky 0  kdzy 0  k?z 0
Doy = — 02 _FIW I  ET I
9199 gy 2 Oz 2 Oy + 2 ov’
0 kKlxap 0  K*yB2+a) 0  kl(a+2)(B—-2)+2] 0
Dyjovo- = — oo o T a7
ov 2 Oz 2 dy 2 ov
Dyl — Ky 0 KefO  Kayd ky 0
a/ovg 2 9z 2 Oy 2 ov 2 ow

0 k%z 0 ya k 0
Dy joy—— = ~— — — — (=43
/0w By 2 Oz 2 8y+28v( 2

where v =1 — k222 and o = 1 — k292
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3. INVARIANT AND TOTALLY REAL MINIMAL SUBMANIFOLDS OF (R?,g,J)

A proper invariant submanifold M in (R*,g,J) is a 2-dimensional submanifold
in R* such that for all X tangent to M, JX is also tangent to M.

Theorem 1. A proper invariant submanifold M in (R*, g, J) is minimal if and
only if it is given by the following implicit equations:

{fl(%y,v,w) =w+ kay+ Cy =0,

3.3
( ) fg(l’7y,’l},w):l’702€kvzo

where C1 and Cy are real constants.

Proof. Let X,Y = JX be unitary tangent vector fields on M. If h denotes
the second fundamental form and H is the mean curvature, then H = (h(X, X) +
h(JX, JX)) or, more precisely,

H = §(nor(VxX) +nor(V,;xJX))
where nor(V') means the normal part of the vector field V. By using (1.2) we get
nor(V;xJX) =nor(JV;xX) — $nor(B) = — nor(VxX) — nor(B).

Thus, H = f% nor(B) and consequently M is a minimal invariant submanifold if
and only if the Lee and anti-Lee vector fields are tangent to M (see also [3]).

Consider M given by f;(z,y,v,w) =0, j = 1,2, where f; o are smooth functions
on R* verifying rank(D(f1, f2)/D(x,y,v,w)) = 2 at every point of M. Since A and
B are tangent to M, then they belong to ker(df;), j = 1,2.

First, if 9f1/0w and 0 f2/0w are both different from 0, then, by using the implicit
function theorem, we can consider f; = w — F;(z,y,v) with F; € C*(R?), j = 1,2.
If F = Fy — F5 one obtains that M is given by f; = 0 and F' = 0 which is false (in
this case we have supposed that both functions depend on w).

Secondly, if 9f; /0w = 0 for j = 1,2, then 9f;/0y = 0 and kx(0f;/0x) —0f;/dv =
0, j = 1,2. It is obvious that df;/0x # 0 for j = 1,2 and consequently, by virtue of
the implicit function theorem, we can conclude that f; = z — Fj(v), j = 1,2. This
contradicts the fact that the Jacobian has rank 2 on M.

This means that we can suppose, without loss of the generality, that 0f1 /0w # 0
and df3/0w = 0. Thus, as above, we can take f; = w—Fy(z,y,v) and fo = z— F>(v)
with F} and F5 smooth functions satisfying

oF
3—y1 +kFy=0 and Fj—kF; =0 along the manifold.
From here, we get the assertion. O
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Remark 2. We want to know how this submanifold looks like. To do this we
project it on the four coordinate planes. One obtains (when the two constants are
equal to 1):

on (z,y,v,0): y=—t/x,v=Inz/k (x >0, t € R),
on (z,y,0,w): x =t, y=—w/kt (t >0, w € R),
on (z,0,v,w): v=Iaz/k, w=tz (r>0¢ecR),
on (0,y,v,w): v=Int/k, w=—kty (t >0, y € R).

A totally real submanifold M in (R*,g,J) is a (¢-dimensional) submanifold such
that for all X tangent to M, JX is normal to M. It follows that ¢ must be 1 or
2. It is obvious that any curve is a totally real submanifold, so we are interested in
2-dimensional totally real submanifolds in R*.

We will study only two cases, namely

a) B is normal to M and thus A is tangent;

b) B is tangent to M and thus A is a normal vector field.

Case a) Let Ey = 0, —kx0,, be the normalized vector of A. We are looking now for
Es unitary, orthogonal to E; and tangent to M. From the relations g(E, E2) = 0,
g(E2,B) = 0 and g(E», E3) = 1 it follows that Es has the form Es = cosyd, +
sin ¥d,,, where v is a differentiable function on M. In order for a submanifold M

tangent to F7 and Fs to exist, it is necessary to have the involutivity condition
[E1, Eo] € span{E1, E2}. We have

[E17 E2} - - Sinw(ﬂ}y - kx¢w)am + COSW% - kil?dm + k)aw

(along M). Obviously it is possible to have only [F1, Es]||F2, which yields the fol-
lowing PDE:

(3.4) Yy — kzp, = —kcos®y  (on M).
Let us remark that 1) = constant implies cosy = 0.
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Consider now that M is given by

M: fl(x7y’1}7w):0’
f2(x7y’1}7w) :O

with f1, f2 smooth functions on R* satisfying rank D(f1, f2)/D(z,y,v,w) = 2 at any
point of M. Since E;, F, are tangent to M we have

Ofi afi

3y - k:z:aw =0,
ofi
ow

(3.5)

cosw%—l—sinw =0, i=1,2 (on M).
ox

Subcase L If fy/0w = 0, then 0f3/0y = 0 and cosy Jfa/0x = 0.

L1 If cosy = 0, we get 9f1/0w = 0. It follows that 9f1/0y = 0. Thus f1 =
fi(z,v) and fo = fa(x,v) with Jac(f1, f2) # 0. Consequently, by virtue of the
implicit function theorem, M is given by x = constant and v = constant, that is,
M is a portion of a 2-plane.

L2 1If costy # 0, it follows that dfs/0x = 0 and hence fo = fa(v). Thus, the
second equation can be replaced (by using the same argument) by v = constant. The
Jacobian has rank 2, hence (9f1/0x) + (0f1/0y)? + (0.f1/0w)? # 0. If f1/0w = 0,
we get 0f1/0y = 0 and 0 f1/0x = 0, which is impossible. Consequently, 0 f1/0w # 0.
From the implicit function theorem we can get w = F(z,y) since v is constant. The
PD equation (3.5) becomes

—Fy, —kx =0,
(3.6)
—costF, +siny =0 along M.
We obtain F(z,y) = —kay +q(z), q € C®{), I C R and ¢ = ¢(zr,y) =

arctan(—ky + q'(z)); obviously ¢ satisfies (3.4).
Finally, the submanifold M is given by v = constant and w = —kxy + q(x).
Subcase II. Suppose Jf;/Ow # 0 for i = 1,2. We can express M by

After some computations, this subcase reduces to the previous one.
We can state
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Theorem 3. Let M be a 2-dimensional totally real submanifold in (R*,g,J)
normal to the Lee vector field B. Then, either
A: M is a portion of a 2-plane (namely x = constant, v = constant) or
B: M is given by

v = constant,
M:
w=—kzy +q(z), qeC>().

Remark 4. In the case A, Fs = 0,, while in the case B,
_ 1
VI+(d (z) - ky)

Remark 5. The vector fields

E,

= (830 +(q'(z) — k:y)28w).

1
Vi = kx0, — kydy + 0y = EB’
Vo = —sinvy 0, + cos) Oy

are unitary, orthogonal and generate the normal bundle of M.

Theorem 6. There is no minimal, totally real 2-dimensional submanifold M
in (R*, g, J) normal to the Lee vector field.

Proof. After an easy computation one gets Vg, E1 = kVi, Vg,Es = 0 (in
case A) and Vg, E> = $ksin2¢Ey — kcos? V1 + (q”(x)/cos1)Vz (in case B).
It follows that the mean curvature is H = 3B (in case A) and H = 1{k sin? ¢ Vi +

(q"(z)/cos¥)Va} (in case B).
Hence the conclusion. ¥

Case b). Let B be tangent to M (and A normal to M). Let Eqy = kxdy — kydy+ 0y
be the normalized vector of B. We are looking for Fy unitary, orthogonal to E; and
tangent to M. As in case a) we obtain Fy = cost 0, + sint 9, with ¢ a smooth
function on M. Since

[Er, E2] = — (kxsiny i, — kysin i, + sin ¢, + kcos))0,
+ (kxvpy — kyy + ) cos 9 Oy,

the involutivity condition yields the PDE

k .
(3.7) kxtpy — kyby + 1, = —g sin 2¢ (along M).
Notice that ¢ = constant implies sin 2¢y) = 0.
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Consider M given by
f x7 y7 7}7 w = 07
M: i )
f2(337y77)7w) =0
where f1, f2 are C°° functions on R* verifying rank(D(f1, f2)/D(x,y,v,w)) = 2 at
any point of M. Since E;, E; are tangent to M, it follows

(3.8)

kx df;/0x — kydf; /0y + Of;/Ov =0,
cos f;/0x +siny 0f;/Ow =0, i=1,2 (on M).

Subcase I If O fs/0w = 0, then cos dfz/0x = 0.

L1 Tf costp # 0, it follows that df2/0x = 0 and Jfa/0v = ky dfa/0y. Obviously
Of2/0y # 0. If we consider fo = fa(y,v) = y — G(v) we get —G’ = kG and hence
the second equation defining M is ye*¥ = constant.

L2 Let cosy) = 0. If 9fs/0x = 0 one comes back to the previous case and if
0f2/0x # 0 one considers fo = fa(x,y,v) = x — G(y,v). We obtain the PDE

Gy, — kyGy — kG =0 (along M)

having the solution
Gy, v) = e q(ye")

where q is an arbitrary smooth function depending on one variable. Hence the second
equation defining M is

(3.9) z = e*vq(yer?).

Let us analyze the first equation.
o If Of1 /0w = 0, we get cosy = 0 and as previously = = e**q(ye*?). This and
(3.9) yield ye*¥ = constant and consequently M is defined by

xe kY = constant,
M.
yek” = constant.
o If 0f1/0w # 0, consider f; = w — F(z,y,v). The two equations in (3.8) corre-

sponding to ¢ = 1 yield
{ F, — kyF, + kxF, =0,

cosp F —siny = 0.
Obviously, cos # 0 and hence

{ F, = tan,

(3.10)
F, = —kxtany + kyF,.
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The involutivity condition (3.7) becomes

kxoy — kyoy + 00 = —k
where ¢ = Intant), and has the solution

0= o(ye™, ze ) — kv

with @ an arbitrary smooth function of two variables. The solution of the PDE’s
system (3.10) is
F(z,y,0) = q(ye™, ze” ™)

with q a differentiable function. Recall that, since cosvy # 0, the second equation
defining M is ye*” = constant; hence we will take F(z,y,v) = q(ze "), q € C™.
Thus M is given by

yek? = constant,
M =:

—k:v)

w = q(ze or, equivalently, w = q(xy).

Subcase II. Suppose 0f; /0w # 0 for ¢ = 1,2. In this situation we can assume that
M is given by
w = F(':l:7 y7 /U)7
w=G(z,y,v)
or, equivalently, by
w = F(':l:7 y7 /U)7
(p(x7 y7 U) = O
which yields the first subcase.
We can state:

Theorem 7. Let M be a 2-dimensional totally real submanifold in (R*,g,.J)
tangent to the Lee vector field B. Then M is given by either

A:
xe kY = constant,
yekV = constant,
ie, M = v x R, where y(t) = (cie*,coe ™ t) C R® with ¢; and cp real
constants; or
B:

{ yekV = constant,

w = q(zy)
with q € C*°.
Moreover, all submanifolds belonging to the case A are minimal.
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Proof. We have to sketch the proof only for the second part of the statement.
The vector fields
E1 = kx@z — kyay + av and E2 = 8w

are unitary, orthogonal and tangent to M. Then, the normal bundle of M is spanned
by
Vi =0y — k20, and Vo =0;,.

One has Vg, F1 = Vg, Es = 0, which implies that the mean curvature vanishes. [
Let us turn our attention to the case B. We have
Theorem 8. Let M be a minimal, totally real 2-dimensional submanifold

in (R*, g, J) belonging to the case B. Then M is given by

yekv = constant,
M:
w = constant.

(M = Rx~ wherev(t) = (t,ce™**) C R? with c a real constant; hence M C R* C R*.)
Proof. The normal bundle of M is spanned by
Vi =0y — k20, and Vo= —sint 0; + cosy) Oy.
We have Vg, E; =0 and
Vg,Ey = —kcos? ¢ By + ksint cost Vi 4 cos v Va.
One obtains that the mean curvature is
H= %(ksinwcosw Vi + cosip, Va)
and taking into account the fact that cosy # 0 it follows that sin¢y = 0 and v, = 0.
Thus 1 = constant.
(As a remark, the involutivity condition is fulfilled.)

After some computations, one gets F' = F(yek?) = constant since ye*” = constant;
hence the conclusion. g
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4. CR-SUBMANIFOLDS OF (R%,g,.J)

A submanifold M in a Hermitian manifold (M, .J,§) is a C'R-submanifold if it
is endowed with a holomorphic distribution D (i.e. J,D, = D, for all x € M)
such that its orthogonal complement D+ (with respect to g = 3*g) in T'(M) is
anti-invariant, namely J,D+ C T(M)L, Vx € M. (Here T(M)* is the normal
bundle of the immersion 7: M < M .) Let us consider only proper C R-submanifolds,
ie. dimD = 2s > 2, dimD+ = ¢ > 1. Since the ambient manifold is R* it follows
that s = 1, ¢ = 1 and hence M is a generic (i.e. J,D- = T(M)L) 3-dimensional
CR submanifold in (R*, g, J).

We are interested in finding all proper C R submanifolds M (of dimension 3) for
which the Lee vector field B is tangent or normal to M. (The case B oblique yields
(more) complicated relations.)

Case a) B is tangent to M.

a.1) B belongs to the distribution D; it follows that the anti-Lee vector field A
lies in D, too. Since [A, B] = —k?A, it results that the holomorphic distribution is
integrable. Consider M given by f(z,y,v,w) = 0 with grad f # 0 on M. One gets
the following PDE’s system:

W) {fy—kxfwzo,

kxfy —kyfy+ fo =0 (along M).

a.1.1) If f,, = 0, then f, = 0 and f, = —kxf;. Thus, f; # 0 and by using the
same argument as in the previous section we can write the function defining the
manifold M as f =z — F(v). One obtains the ODE kF = F’ and consequently M is

kv — constant.

given by ze™
a.1.2) If f,, # 0, then we may assume f = w — F(z,y,v) and thus f, = kz. It
follows from (4.11); that F = —kxzy + G(z,v) with G a smooth function satisfying
G, + krG, = 0 having the general solution G(z,v) = q(ze *¥), ¢ € C*. Thus,
M is given by f(z,y,v,w) = w + kxy — q(ze ") = 0.
We can state now

Theorem 9. Let M be a proper C R submanifold such that the Lee vector field
belongs to the holomorphic distribution. Then either

1. M =MT xR (M7 is described above) or

2. M is given by f = w + kxy — q(xe™*") = 0 where q € C™.

Moreover, every hypersurface in case 1 is minimal.

Proof. As we have already mentioned, the holomorphic distribution D is
involutive and M7 is the integral submanifold of the distribution D (generated e.g. by
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kx 0/0x + 0/0v — k*xy 8/0w and 9/dy — kx §/0w). Similarly, the anti-holomorphic
distribution D~ is involutive, too. Moreover, the leaves of both distributions are
totally geodesic in M.

We have only to study the minimality of the submanifolds in case a.1.1). Consider
the orthonormal frame on M: {Ej, Es, E3} where By = k~'B, E; = k1A and
Es5 = 0/0w. We have

Vg, F1 =0 and h(E;, E;) =0,

Vg, Ey = kE; and h(FEs, Eq) = 0,

Vi, E3 =0 and h(E3, E3) = 0
and hence the mean curvature H vanishes. (We have denoted by V and h the Levi-
Civita connection on M and the second fundamental form, respectively.) O

Let us study now the minimality of the submanifolds in case a.1.2): Counsider
the orthonormal frame {E;, F2, E3} on M, where By = k™'B, Es = k1A and
B3 = (0/0x 4+ T9/0w)/\/1 + T2 We have denoted T = e *q/(ze=*") — ky.

The unitary normal to M is V = (=T9/dx + 8/0w)/v/1 + T2. We have

k kT e—2kvq//

71—|—T2E1+ 1—|—T2E2 and h(Eg,Eg): V.

(1+12)32"

Ve, Es =

Proposition 10. Let M be as in case 2 in the previous theorem. Suppose M is
minimal in (R*, g). Then M is given by

kv

w + kxy — cxe” ¥Y = constant

where c is a real constant.

Proof. The statement follows from the relation
672kvq//
H=——"—V.
3(1+1T2)3/2
O

If X is a vector field on M we denote by PX the tangent part of JX (see [7] for
details).

Proposition 11. Let M be as in case 1 in Theorem 9. Then P is parallel (with
respect to the Levi-Civita connection V on M ).

Remark 12.

e The previous result is not surprising (cf. Theorem 1, [1]).

e Let M be as in case 2 in Theorem 9. It is easy to verify that the leaves of D+
are not totally geodesic in M (for example, the condition (5) in [1, page 7],
is not satisfied). Moreover, VP # 0. Consequently, there are no product
CR submanifolds in case 2.
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a.2) B belongs to the distribution D+; it follows that the anti-Lee vector field A
is normal to M. If M is given by f(x,y,v,w) =0, then A and the gradient of f are
collinear. From this and the relation B(f) = 0 it follows that M has the equation
ye* = constant. The holomorphic distribution D is generated by E; = 9/0x and

E; = 0/0w, which means that it is involutive.

Theorem 13. Let M be a proper CR submanifold in (R*,.J, g) such that the
Lee vector field belongs to the anti-holomorphic distribution D+. Then M is the
hypersurface in R* given by the equation ye*’ = constant. Moreover, M is minimal.

Proof. The three vector fields Fi, E» and E3 = k~ !B form an orthonormal
basis in x(M). We have

Ve, B =—kEs and h(E), E;) =0,
Ve, Ey =0 and h(E,, E;) =0,
Ve, B3 =0 and h(Es, E3) = 0.

Hence the conclusion. O

a.3) B has components both in D and in D+; let us say B = B; + By with
By € D and B, € D*. Then A is oblique and tan(A) = —JB; and nor(A) = —J Bs,
where tan(A) and nor(A4) denote the tangent and the normal part of A, respectively.
Moreover, the tangent part of A belongs to the holomorphic distribution D. Consider
tan(A) = ad/0x+bd/0y+p0/Ov+ qd /0w, with a, b, p, ¢ smooth functions on R?.
The orthogonality between B and nor(A) yields p = 0. Thus we have

0 0 0
+b—+qg—

tan(A) = ag- a9 B0’

0 0 0 0
Br=—ag, —thyg T, T iy
0 0 0 0
_ 2.\ _ _ _ _ o,
By = (q + k*x) o (k b)kyay + (k b)au o

which generate x(M) and nor(A) = —a d/0x + (k — b)d/0y — (k*z + q)0/dw, which
is normal to M. Then, since tan(A) L nor(A), one gets

a® = b(k — b) — (bkx + ¢)*

with a? + b + ¢? # 0 and a® + (k — b)? + (k®z + q)® # 0. It is easy to see that we
have nor(A4) L By and By L Bs.
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If the submanifold M is given by f(z,y,v,w) = 0, one obtains, from the tangency
conditions, the following PDE’s system (on M):

afz erfy +qfw =0,
(412) —qfe — bkyfy +bfy +af, =0,
kxf, — kynyrfv =0.

Moreover, grad(f) is parallel to the normal part of A.

From (4.12)2 3 we get afy, = (bkx + q) fy-

a.3.1) a = 0: It is not difficult to prove that bkx + ¢ cannot be 0 (otherwise
nor(A) = 0). It follows that f, = 0 and hence, by substituting in (4.12), we have
fo= kyfy

a.3.1.3) f, = 0: Then f, = 0 and M is given by w = constant. Moreover, ¢ = 0
and b =k/a.

a.3.1.1) fy, # 0: Then f =y — F(v,w) and, together with f, = kyf,, we obtain
that F(v,w) = q(w)e ", q € C=(I), I C R. After some computations, one arrives
at
B (w)e ™) b (w)e™

b: =
T+ (ke + g/ (w)e )2 17 T (ko + g/ (w)e )2

and hence q cannot be constant (otherwise tan(A) = 0). In this case, M is given by
ye' = q(w).

a.3.2) a # 0: It follows that f,, = (¢+ bkx)/af,. The case f, = 0 yields a
contradiction (namely b = 0 and a? = —¢?). Consequently f, # 0 and we can
consider f = x — F(y,v,w) with F verifying —F,, = (¢ + bkF)/a. From (4.12) we
also obtain a PDE, namely F, = kyF, + kF with the general solution F(y,v,w) =
ek’ q(ye*”, w) (q is a smooth function depending on two variables). After some
computations one has

k

b= =t1b, a =t9b
1+(t1+kx)2+t%7 q 17 a 2
where
_ kF+FF, 4 ¢ _ F,—kFF,
L Ry Y
M is defined by the equation ze %" = q(ye*¥, w).
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Theorem 14. Let M be a proper C R-submanifold in (R*,J, g) such that the
Lee vector field B is tangent to M and has components either in D or in D+. Then
we have one of the following three situations:

1. M is the hyperplane w = constant. In this case M is minimal.

2. M is given by ye*¥ = q(w).

kv

3. M is defined by the equation ze " = q(ye*"

,W).
If we require M to be minimal, we get:

in case 2: q'(w) = ¢, a nonzero real constant and hence M is given by
cw — yef = constant;

in case 3: q(ye*”, w) = cye*¥ + constant, where c is a nonzero real number;

consequently, M is defined by

ze R — cyef¥ = constant.

Proof. We will sketch the proof only for the second part of the statement.

Let M be given by the equation ye*’ = q(w) with ¢ a nonconstant smooth func-
tion. Consider in x(M) the following orthonormal frame: Ey = 9/0z, F» = 1B,
B3 = 1/VT(d (w)9/dy + e*v0/0w) where T = (q (w)kx + €)% + ¢(w)?. Then
V = (00/0y+ pnd/ow)/||ed/0y + nd/Owl| is a normal and unitary vector field
on M, where o = e*” + kxq'(w) and p = —(kze*” + aq'(w)).

The Gauss and Weingarten formulas yield

Vg, By = —kEs;, h(Ey, Ey) =0,
Vi, B2 =0, h(Ey, Ey) =0,

. koq' (w kq' (w)? e ug” (w 2
)\ 12
h(Es, ) = 2Ly,

T

with A\ a certain nonzero function.
Thus M is minimal if and only if q”(w) = 0. Hence we get the conclusion.
In this case

T = (ckx + e™)? + 2,

1 0 0
Ea = _( s kv_)
3 T Cay te ow
and
. ck Ak
VE3E3 = 7T(Cl€$ + e"“’)El + TEQ

75



kv

= q(ye*’, w).
First let us introduce some notations P = e*q), Q = e*’q} — kxq), where

Let now M be given by xe™

by q} and g5 we have denoted the (first) partial derivatives with respect to the
first and to the second coordinate, respectively. Put also T = 1/v1+ P? and
S =1/v/1+ P2+ e?*Q2. Consider now the following orthonormal frame in x(M):

1
El:EB7
0 0
By =T(P—+ ),
or Ow
kv 0 2 0 kv 2 9

Then, a unitary vector field normal to M is

0

— Qg — (P~ k”km@)a—)

The Gauss and Weingarten formulas yield

Ve Er =0, h(Ei, Er) =0,

Vig,FBs = —kP?>T%E, + TS(kP + ' QT2d},)Es3,
h(Es, Ey) = " T2S(—kPQ + q4,)V,

E3(TS)

Vg, Bz = ———"2F5 + T?S*{k[(1 + P?)? — 2" Q?|Ey + ke*" P2(1 + P*)QTE,

ke2kvPQ2fE3 + EQkUT[ekUP?’qH o eku(l + P2)Qq/1/2

—Q(e" PQ + kx(1 + P?))qs,)
FHRS[P (14 PA?QTal, + 51+ PA)(P — ke Q)at,
+(e® P2Q? — k222(1 + P?)*)QTqhy| E3Yh(Es, F3) =
— T2s2ekv{kPQ3e2kv + e2kv(1 4 P2)2q/1/1
—2¢" (1 + PY))(e" PQ + kxz(1 + P?))q}y + (" PQ + ka(1 + P?))2qY,} V.

Consequently, if the mean curvature of M vanishes, then

(4.13) —kPQ(1+ P?) + &2 (1 + P?)2q/,
—2e" (1 + P2)(e" PQ + kz(1 4+ P?))q), + (1 + P + % Q?%)qY, = 0.
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The above expression is a polynomial of second order in z (since P does not depend
on z and @ is affine in x). So, if we look at the coefficient of 2 we get k?(1+P?)qhy =
0 and hence ¢} is constant with respect to the second variable. Thus,

a(ye™ , w) = o(ye )w + 7(ye*)

for some smooth functions o and 7. We return to (4.13) and find the coefficient of x.
It is

(1+ P?)(ke* (ko? — 20") + 2ke®*02(1 — ¢'))
and must vanish on M. It follows that ¢ = 0. Finally, the remaining term is

e?kv7” = 0. Thus 7(ye*”) = cye*” + constant and from this we get the conclusion.
In this case we have

1

P =0, =ceM, T=1 S=—n——
Q ‘/1+02€4kv

and
1 0 1 0 0 0
Fi=-B. Fo—=—  Fa——— [ _ pe2kv ke 9\
1 Pt 2 ow’ 3 Tor 2oiko apspeTT (83; ce oy + ckxe 8w>
Moreover, h(E1, E1) = h(Es, E3) = h(Es, E3) = 0. 0

Case b) B is normal to M. It follows that A belongs to the anti-holomorphic
distribution D+. If M is given by f(z,y,v,w) = 0 (with grad f # 0), we have
A(f) =0 and B grad f. Consequently, one gets f, =0, f, =0 and f, = 0. Hence
f = f(v) =0, which means that M is the hyperplane v = constant. We easily obtain
that the holomorphic distribution D is generated by E; = 9/0x and Ey = 0/0w.
Thus D is involutive.

Theorem 15. Let M be a proper CR submanifold in (R*,.J, g) normal to the
Lee vector field B. Then M is a hyperplane in R*. Moreover, M is minimal but not
totally geodesic.

Proof. The three vector fields F1, Es and E3 = k~'A form an orthonormal
basis in x(M). We have

Ve, E1 =0 and h(E, E)) = —kV,
Ve,Es =0 and h(Es, Ey) =0,
Ve, B3 =0 and h(Es, E3) =kV

where V = %B is the unitary normal to M. Hence the conclusion. O
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