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Abstract. Let A and p be solid sequence spaces. For a sequence of modulus functions
D = (¢r) let A(®) = {x = (z): (pr(|zk])) € A}. Given another sequence of modulus func-
tions ¥ = (3},), we characterize the continuity of the superposition operators Py from A\(®)
into (%) for some Banach sequence spaces A and p under the assumptions that the mod-
uli ¢ (k € N) are unbounded and the topologies on the sequence spaces A(®) and p(¥)
are given by certain F-norms. As applications we consider superposition operators on some
multiplier sequence spaces of Maddox type.
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1. INTRODUCTION

Let N and R denote the set of all natural numbers and the set of all real numbers,
respectively. Let w be the vector space of all real sequences © = (zx) = (zk)ren. By
the term sequence space, we shall mean any linear subspace of w.

Let A and p be two sequence spaces and let f: N x R — R be a function with
f(k,0) =0 (k € N). A superposition operator Py: X\ — p is defined by

Pr(x) = (f(k,21)) € p (v = (zx) € N).

This research was supported by Estonian Science Foundation Grant 5376.
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Let {s, co, ¢p and (wp), (1 < p < 00) be the sequence spaces with their usual
norms as follows:

loo = {x € w: sup |z < oo}, |zl = sup |zl;
k k
o ={r €w: lilgnxk =0}, |zl = Sl/ip |k |;
0 0 1/p
0, = {x cw: > |alf < oo}, Izlle, = (Z |xk|p) ;
k=1 k=1
1 n 1 2t 1 1/p
(wahy = {w € 1 L3l =0} el =swp (5 3 faal)
k=1 Z k=2
For p = 1 we write ¢ and wy instead of ¢; and (wp)1, respectively. We remark that
n
the space (wp), can be equipped also with the norm ||z| = sup(n™' 3 |zx|P)'/?
n k=1

which is equivalent to ||-||(w,), (see, for example, [9, p. 39]).

Superposition operators on sequence spaces are not studied so intensively as on
spaces of functions (see, for example, [1]). Dedagich and Zabreiko [3] (see also [12]
and [14]) have investigated the continuity of superposition operators on the sequence
spaces lo, co and ¢, for 1 < p < oo. Pluciennik [13] characterized continuous
superposition operators from wg into ¢. Continuity of superposition operators in
some another sequence spaces, including Orlicz sequence spaces, is studied in [14]
and [16].

We shall characterize the continuity of superposition operators on some sequence
spaces defined by a sequence of modulus functions.

Following Ruckle [15] and Maddox [10], a function ¢: [0,00) — [0,00) is called a
modulus function (or simply a modulus), if

(i) @(t) =0 — t=0,

(i) @t +u) < p(t) + o(u) (¢t,u > 0),
(iii) ¢ is nondecreasing,
(iv)  is continuous from the right at 0.

It follows from (ii) and (iv) that ¢ is continuous everywhere on [0, 00). For example,
p(t) = tP is an unbounded modulus for 0 < p < 1 and ¢(t) =t/(1 4 t) is a bounded
modulus.

The sequence space A is called solid if (yx) € A whenever (z) € A and |yx| < |z
(k € N). Well known examples of solid sequence spaces are (o, co, £, and (wp),
(1<p<o).

Let ® = (pr) be a sequence of moduli. For a solid sequence space A we consider
new solid sequence space (cf. [6]-[8])

@) ={z € w: ®(x) = (er(lzr])) € A}.
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Let ¥ = () be an another sequence of moduli. We investigate the conti-
nuity of the superposition operators Pr: €,(®) — £4(¥), Pr: £,(D) — co(T),
Pr: co(®) = £ (W), Pri co(®) = co(W), Py loo(®) = £,(T), Py loo(®) — co(W)
and Py: (wo)p(®) — £4(¥) (1 < p, g < 00) under the assumption that the moduli ¢y
(k € N) are unbounded. Our results generalize the corresponding theorems about the
continuity of superposition operators from [3], [12], [13] and [16].

2. AUXILIARY RESULTS

In this section we formulate some definitions and known propositions, and prove
a few lemmas which are needed in the proofs of main results.

Recall that an F-seminorm g on a vector space V is a functional g: V — R
satisfying, for all z,y € V, the axioms

(N1) g(0) =0,

(N2) g(z+y) <g(x) +9(y),

(N3) g(az) < g(z) for all scalars a with |a| < 1,

(N4) lim g(apnx) = 0 for every scalar sequence (o) with lim v, = 0.
An F—norn? is an F-seminorm satisfying the condition !

(N5) g(x) =0 < z=0.

A B-space is a complete normed space. A topological sequence space in which
all coordinate functionals 7y, mr(x) = xy, are continuous is called a K-space. A
BK-space is defined as a K-space which is also a B-space.

An F-seminorm ¢ on a solid sequence space A is said to be absolutely monotone if
9(y) < g() for all @ = (2x), y = (yx) € A with [yk| < |ax| (k € N).

An F-seminormed solid sequence space (A, g) is called an AK-space if for any
r = (1) € A,

m
lim E xkek =z,
m

k=1

where e* = (6 )ien (k € N) with d; = 1 if k =i and &z; = 0 otherwise.
The following mapping conditions for superposition operators P are contained in
Theorems 3-6 of [8]. For a sequence space A we use the notation

AT ={(zp) €X: 2 =0 (k€ N)}.

Proposition 2.1. Let 0 < p,q < co. Then Py: £,(®) — £,(V) if and only if
there exist a sequence (ay) € ¢* and numbers v > 0, § > 0 and ko € N such that

(2.1) (R, D)) < ar +7(er([t)” (er(ft]) <6, k= ko).
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Proposition 2.2. Let 0 < ¢ < oo. If the moduli ¢y (k € N) are unbounded,
then Py: co(®) — £4(¥) if and only if there exist a sequence (ay) € {* and numbers
6 >0, kg € N such that

(2.2) (Wr([f (B D)) < ar (er(]t]) <0, k > ko).

Proposition 2.3. If the moduli ¢, (k € N) are unbounded, then Py: co(®) —
co(¥) and Py: £,(P) — ¢o(¥) (0 < p < o0) if and only if there exist a sequence
(ar) € c§ and numbers § > 0, ko € N such that

(2.3) Ur([f (B, 0)]) < ar (pr(|t]) <6, k= ko).

Proposition 2.4. Let 0 < g < oco. If the moduli ¢y, (k € N) are unbounded, then
Pp: Lo (®) — £,(V) if and only if for any n > 0 there exists a sequence (ay) € {+
such that for all k € N

(2.4) W ([f (k)T < ar (er(lt]) <m).

Proposition 2.5. If the moduli ¢y, (k € N) are unbounded, then Pj: {o(P) —
co(W) if and only if for any n > 0 there exist a sequence (ay) € c¢§ and number
ko € N such that

(2.5) Ye(lf (kD)) < ar (er(t]) <n, k= ko).

Proposition 2.6. Let 0 < p,q < oo. If the functions f(k,-) (k € N) are
continuous and the moduli ¢y, (k € N) are strictly increasing and unbounded, then
Pr: (wo)p(®) — £4(V) if and only if there exist a number 6 > 0 and sequences
(ck)iy € 0T, (dy) € T such that

(2.6) (W@ (If (ke OD)T < die + 27 (wr(J2]))7
whenever @i (|t|)P < 25,28 < k<2 (i=0,1,...).

If (A, g) is an F-seminormed space, then for the topologization of A\(®) it is natural
to use the functional g¢, where

Soomer [17, Theorem 3] and Kolk [7, Theorems 1 and 2] proved the following state-
ments about the topologization of A\(®).
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Proposition 2.7. Let ()\,g) be an F-seminormed space. If g is absolutely
monotone and the sequence of moduli ® = (yy) satisfies one of conditions (M)
and (M'), where

(M) there exists a function v such that pi(ut) < v(u)pr(t) O <u<1,t>0)
and lim v(u) =0,
u—0+
(M) lim supsupox(ut)/ek(t) =0,
u—=0+¢>0 &k

then gg is an absolutely monotone F-seminorm on A(®).

Proposition 2.8. Let (), g) be an F-seminormed AK-space. If g is absolutely
monotone, then gg is an absolutely monotone F-seminorm on \(®) for an arbitrary
sequence of moduli ® = (¢r). Moreover, (A\(®), go) is an AK-space.

It is known that the spaces £,, cp and (wp), (1 < p < o0) are BK-AK-spaces
with absolutely monotone norms |[|-||¢,, ||*[l¢, and ||*[|(w,), » respectively. By Proposi-
tion 2.8, the topology on the sequence space A(®) with A € {¢,, co, (wo),} is given
by the F-norm

ga(z) = |0()]|x.

Since (Yoo, ||||e..) is not an AK-space, on £o(®) the same F-norm topology can be
given by Proposition 2.7.
For the proof of main theorems we need the following lemmas.

Lemma 2.9. Let ¢ be an unbounded modulus. The function ¢~!, defined by

@ (t) = sup{u: p(u) = t},

is nondecreasing and continuous from the right at 0. Moreover, o(¢~'(t)) = t and
t <7 (e(t)-

Proof. Continuity of ¢~! from the right at 0 follows from the fact that ¢(u) — 0
if and only if u — 0+. The assertions p(¢~1(t)) =t and t < p~1(p(t)) are clear by
the definition of p~!. O

Lemma 2.10. Let \ be a solid Banach sequence space with e* € X\ (k € N)
and let u be a solid BK-space. Let ® = (¢r) and ¥ = (v;) be two sequences of
moduli such that A\(®) and u(¥) are topologized by F-norms g and gy. If the
superposition operator Py: A\(®) — p(¥) is continuous, then all functions f(k,-)
(k € N) are continuous.

Proof. Suppose that the superposition operator Py: A(®) — u(¥) is contin-
uous. Let ix: R — A(®) be the embedding defined for every v € R by the formula
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ir(u) = uek € \(®). Then for every k € N the function f(k,-) factors as follows

f(k)
—

R R
ikJ/ Tﬂ'k
AMP) —— u(D).
Py
Here the coordinate functionals 7 are continuous for every k € N, since by Propo-
sition 3 from [7] the space p(¥) is a K-space.

To show that iy is continuous at ug € R, let € > 0 be given. Since the moduli ¢y,
are continuous from the right at 0, there exists 6 > 0 such that 0 < ¢ < ¢ implies
lor()] < e(|[e¥]x)~t. If now |u — ug| < &, then by (iii) we have @i (|Ju — ug|) <
¢ (8) < e(lle®][»)~". Then

g (ix(u) — ik (u)) = |®(ir(u) — ik (u0))l|lx = ok (lu — uol)|e"||lx <e.

Hence 1 is continuous.
Consequently, all functions f(k,-) (k € N) are continuous as compositions of con-
tinuous functions my, Py and . g

Lemma 2.11. Let ® = (¢x) be a sequence of moduli and let (A, ||-||x) be a solid
Banach sequence space such that A C ¢g and |yg| < ||y||x (k € N) for ally = (yx) € A.
For every fixed sequence x = (29) € A\(®) and for a number ¢ > 0 there exists m € N
such that

(2.7) max{pr(lay]), x(lzel)} <8 (k >m)

for all z € AM(®) with go(x — xo) < /2.

Proof. Letz = (z)) € A(®) and let § > 0. Since ®(zo) = (¢r(|2Y])) € X C o,
there exists m € N with

(2.8) e(lar) < 5 (k=m).

oS

If © = (z) € A\(P) satisfies go(x — o) < /2, then

0 6 0
29 enllzel) < erllon + 2R +erai]) <l|®@—wo)r+5 < 5+5 =10

for k > m. By (2.8) and (2.9) we get (2.7). O
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Lemma 2.12. Let ® = (¢1,) be a sequence of unbounded moduli and U = (1)y,)
be a sequence of moduli. Let z = (2)) be a given sequence and 1 < g < co. If the
functions f(k,-) (k = 1,...,m) are continuous, then for an arbitrary ¢ > 0 there
exists a number ¢’ > 0 such that

(2.10) max ¢ (| (k,1) = f(k,27)[) < em™"/1

whenever
or(ft =) <o (k=1,...,m).

Proof. Lete > 0. Since the moduli ¢ (k=1,...,m) are continuous from the
right at 0, there exists o > 0 such that

(2.11) Yi(a) < em™1/1

for all k = 1,..., m. By the continuity of functions f(k,-) (k= 1,...,m) there exists
B > 0 such that
|t—ah] <8

implies

(2.12) |f(k,t) — f(k,2p)| < a.

Further, using Lemma 2.9, we can find §’ > 0 such that
el < B (k=1,...,m).

If now (|t —2f|) <& (k=1,...,m), then

[t = 2R] <o (n(lt = 2R]) < o (6) < 8.

Since the moduli ¢, (k =1,...,m) are nondecreasing, from (2.12) we deduce that
Ui(|f (k1) = f(k, 2)]) < Ye(),
which together with (2.11) gives (2.10). O

3. SUPERPOSITION OPERATORS ON £,(®), co(®), {oo(®P)
AND (w0),(®) (1< p < o0)

In the following let ® = (p1) be a sequence of unbounded moduli and ¥ = (¢)
be an arbitrary sequence of moduli.

First we characterize the continuity of superposition operators from ¢,(®) and
co(®) into £4(T).
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Theorem 3.1. Let 1 < p,q < co. A superposition operator Py: £,(®) — £,(T)
is continuous if and only if all functions f(k,-) (k € N) are continuous.

Proof. If Py is continuous, then all functions f(k,-) (k € N) are continuous by
Lemma 2.10.

Conversely, suppose that Py maps £,(®) into £,(¥) and all functions f(k,-) (k € N)
are continuous. Let z = (29) € £,(®) and £ > 0. If the numbers § > 0, v > 0,
ko € N and the sequence (ax) € £T are determined by Proposition 2.1, then, using
also Lemma 2.11, we may choose a number m € N such that m > ko,

(3.1) i ap < &9,
k=m+1
> » Upq, ca \1/p
(32 (k_ZM(gakuxim) <3(=59)

and the condition (2.7) is satisfied whenever

( ) < (9 1( e )1/p
— = min< —, = .
go\T To 0 27 2 '7+1

Thus we get

sy (X (sokukap)l/p

k=m+1

(% (sok<|xk—x2|>>1’)l/p+( S (sokuxzmp)l/p

k=m+1 k=m+1
<o+ 1 ( el )1/1) ( e )1/p
X = < .
¢T3 v+1

Moreover, by the inequality (2.1), because of (2.7), for all k£ > m we have

(3-4) (r(1f (K, zx)1)1

Further, since the functions f(k,-) are continuous, by Lemma 2.12 there exists
§’ > 0 with §’ < o such that go(xz — xg) < ¢’ implies

(3.5) Ur(|f(kyz) — f(k,2)]) <em™7 (k=1,2,...,m).
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Now, by (3.1)—(3.5) we get
1@ (Ps () = Pr(x0))lle,

m 1/q o 1/q
< (Zwkuf(k,xk)—f<k,x2>|>>q) +( 3 wkuf(k,xk)mq)

k=1 k=m+1
+ ( > @n(f (R, 2R) )
k=m+1
m o 1/q
() o £ )
k=1 k=m+1

(2 7(%('“'””)1“*( > wkqxzmp)l/q

k=m+1 k=m+1
<e+2e+e+e=5e.
Consequently, hy(Pr(x) — Pr(z0)) < 5¢ whenever go(z — zo) < §'. O

Theorem 3.2. Let 1 < g < co. A superposition operator Py: co(®) — £4(T) is
continuous if and only if all functions f(k,-) (k € N) are continuous.

Proof. If Py is continuous, then the continuity of the functions f(k,-) (k € N)
is clear by Lemma 2.10.

Conversely, if all functions f(k,-) (k € N) are continuous, zy = (22) € ¢o(®) and
€ > 0 is arbitrarily given, then, using Proposition 2.2 and Lemmas 2.11 and 2.12,
similarly to the proof of Theorem 3.1, we may find a sequence (ay) € £T and numbers
m €N, ¢ > 0 such that (3.1) holds and go(z — x¢) < ¢’ yields (3.5) and

(3.6) Wl (k,2))? < an, (W f(k,2R)])? < aw (k> m).
Consequently, by (3.1), (3.5) and (3.6) we get

W (P (x) = Pr(x0))lle,

1/q
< (Xl - 10007

k<m
1/q

+ (Zwkuf(k,xkn»q)l/q + (S wtirway)

k>m k>m

< (Z (Em_l/q)q)l/q + 2(2 ak>1/q

k<m k>m
<e+2e=3¢
whenever go(z — xg) < §'. O
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The continuity of superposition operators from £,(®) (1 < p < 00) and ¢o(®) into
¢o(P) is described by

Theorem 3.3. Let1l < p < co. The superposition operators Py: £,(®) — co(¥),
Pr: co(®) — co(V) are continuous if and only if all functions f(k,-) (k € N) are
continuous.

Proof. Lemma 2.10 shows that the continuity of the functions f(k,-) (k € N)
is necessary for the continuity of Py.

Conversely, suppose that all functions f(k,-) (k € N) are continuous and let = =
(2?) be an element from £,(®) or co(®). By Proposition 2.3 there exist numbers
§ > 0, ko € N and a sequence (a;) € cj such that (2.3) holds. Now, in view of
Lemma 2.11, for an arbitrary number € > 0 we may choose an index m € N, m > ko,
such that

ar < % (k>m)

and (2.7) is true whenever go(x — x¢) < §/2. So by (2.3) we have, for all k > m,

V([ f(k,zr) — flk,2)]) < (| f(k, 2i)]) + el f (K, 2R)])

€
Sak+ak<2-§:e.
Hence go(z — x0) < 0/2 yields

3.7) sup Y (|f (k, 2x) — f(k, 2p)]) <e.

k>m

Further, using Lemma 2.12, we fix a number §’ < ¢/2 such that (3.5) holds for
go(z — x0) < §’. But (3.5) immediately gives

(3.8) sup V(| (k, 2x) — f(k, 2})]) <e.

k<m

Finally, by (3.7) and (3.8) we obtain
hw (Py(z) = Pr(x0)) = [[¥(Pr(z) = Pr(x0))lle, = sgpwmf(mk) = f(k,2})])

= maxx{ sup (1 (k. ) — £k, af)). sup (£, z0) — Flk. =) | < 2

k<m
whenever go(z — x9) < §'. O

To investigate the continuity of superposition operators on £ (®), we equip the
space oo (P) with the F-norm

ga(z) = [|2(2)[ e

on the ground of Proposition 2.7.
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Theorem 3.4. Let 1 < g < co. If the sequence of moduli ® = (¢}, ) satisfies one
of the conditions (M) and (M'), then Pj: {s(®) — £4(¥) is continuous if and only
if all functions f(k,-) (k € N) are continuous.

Proof. If P is continuous, then the functions f(k,-) (k € N) are continuous
by Lemma 2.10.

Conversely, suppose that all functions f(k,-) (k € N) are continuous. If v = (z9) €
Lo (®), then for some 7 > 0 we have

(3.9) er(lz]) <

N3

By Proposition 2.4, for this number 7 > 0 we can find a sequence (a;) € £ such
that the condition (2.4) is valid for every k € N. Since (ax) € £, for a given € > 0
we may choose m € N such that (3.1) holds. On the other hand, (3.9) together
with (2.9) (for § =) gives

or(lzkl) <n

if go(x — x0) < n/2. So (2.4) yields (3.6) whenever go(z — z¢) < /2.
Further, using the continuity of functions f(k,-) (k =1,...,m), by Lemma 2.12
there exists 6’ > 0 with ¢’ < 7/2 such that (3.5) is true if

ik — apl) <8

Now, as in the proof of Theorem 3.2, from (3.1), (3.5) and (3.6) we deduce the
continuity of Py at xo. O

Theorem 3.5. If the sequence of moduli ® = (yp}) satisfies one of the con-
ditions (M) and (M’), then Pj: loo(®) — co(¥) is continuous if and only if all
functions f(k,-) (k € N) are continuous.

Proof. The continuity of the functions f(k,-) (kK € N) is necessary for the
continuity of Py by Lemma 2.10.

If all functions f(k,-) (k € N) are continuous and Py: loo(®) — co(¥), then by
Proposition 2.5 we can find, for = 1, a sequence (a;) € ¢ and a number kg € N
such that (2.5) is satisfied. Now, putting § = 1, continuity of P; follows in the same
way as in Theorem 3.3. O

Our last theorem describes the continuity of superposition operators on the space
(wo)p(®).
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Theorem 3.6. Let 1 < p,q < oo. If the moduli ¢ (k € N) are strictly
increasing, then a superposition operator Py: (wq),(®) — £4(¥) is continuous if and
only if all functions f(k,-) (k € N) are continuous.

Proof. If P is continuous, then the continuity of the functions f(k,-) (k € N)
follows by Lemma 2.10.

Conversely, suppose that all functions f(k,-) (k € N) are continuous, Py maps
(wo)p(®) into £,(V) and z = (z9) € (wo),(®). By Proposition 2.6 there exist a
number ¢ > 0 and sequences (¢ )52, € ¢T and (dj) € £1 such that the condition (2.6)
holds whenever o ([t|)P < 295, 28 < k < 207! (i = 0,1,...). It is known (see, for
example, [11, p. 523]) that = = (29) € (wp),(®) if and only if

2ttt _q
lim 270 % 7 (pr(|2R))” = 0.
k=21

For a fixed € > 0 we denote by i. the least of all numbers s such that
g ) > e q
—1 0 £\4 £
sup 2 Z (pr(xg])? < o Z d < (5) and ;ci < 5

izs k=21 k=2¢

So, if x = (zx) € (wo)p(P) satisfies
1,
gao(r — o) < 55 L

by (ii) and Minkowski’s inequality, for i > i., we get

_2”1—1 1/p
(2—1 T <«»k<|xk|>>”)
k=27
_2i+1—1 1/p _2”1—1 1/p
< (2—1 3 (sokuxk—xzmp) +(2—1 3 (sokuximp)
k=21 k=27
_2i+1—1 1/p
< 19 — 20)llwny, + (2—1 3 (sokuxw)
k=21

< 9-1s1/p 4 9—151/p — §1/p

Thus, if ¢ > 4., then
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which yields (g (|zx|))P < 295 (2¢ < k < 2+1). Therefore, (2.6) implies that

(3.10) (Wn(1f (k, 22)))? < di + 27 (or(l2R])",

w2 (onllzel))? (0> de).

Further, using the continuity of functions f(k,-), by Lemma 2.12 (for m = 2%) we
may choose ¢’ > 0 with ¢’ < 2716'/? such that

(3.11) max i, (| f(k, ) — f(k,2))]) < e27%/1
k< 2te

if go(z — x0) < §’. Now, by (3.10) and (3.11) we conclude that

W (P (x) = Pt (x0))lle,

2t 1 1/q 00 1/q
< (X @l - seay )+ (3 @)

k=1 k=2ie
00 1/q
(3 sy
k=2is
2t —1 1/q oo 20Fl_q 1/q
< (T ) "+ (XX s mny)
k=1 i=ie k=20
oo 20t 1/q
H(X X watrwadiy)
1=t k=21
&) 1/q oo 2itl 1 1/q
< e((2% —1)27%) 1/ +2( > dk> + (Zcﬂ‘i > ‘Pk(|$k|)p)
k=2ic 1=l k=27
oo 2i+l_q 1/q
(et S )
i=ic k=21
€ el \l/4
<e+2z +2(§5) = 4e.
Consequently, hg(Pf(x) — Pr(x0)) < 4 whenever go(z — x¢) < §'. O

Remark. Lemma 2.10 shows that in Theorems 3.1-3.6 the continuity of func-
tions f(k,-) (k € N) is necessary for the continuity of P;: A(®) — p(¥) without
restrictions on the moduli ¢ (k € N). But the converse we are able to prove only
under the assumption that the moduli ¢ (k € N) are unbounded, because Proposi-
tions 2.2-2.6 and Lemma 2.12 are true in this case. The validity of Theorems 3.1-3.6
for an arbitrary sequence of moduli ® = (¢ ) remains open.
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4. COROLLARIES AND APPLICATIONS

It is clear that the classical sequence spaces ¢, £p, co, (wo)p can be considered as
the spaces loo (), £,(D), co(P), (wo)p(P), where & = (¢i) with @i (t) =1t (k € N).
So, letting ¥ = &, our Theorems 3.1-3.5 reduce to the known characterizations
of the continuity of superposition operators from ¢, ¢, and ¢ into ¢, and cq for
1 < p,qg < oo ([3, Theorems 2, 7 and 8]; [12, Theorems 2.4 and 2.5]).

Theorem 3.6 allows to formulate an extension of a result of Pluciennik [13, Theo-
rem 5] about the continuity of the superposition operator Pr: wo — ¢ as follows.

Proposition 4.1. Let 1 < p,q < co. A superposition operator Py: (wg), — £,
is continuous if and only if all functions f(k,-) (k € N) are continuous.

As generalizations of the spaces ¢, co, p, and (wp), we consider the multiplier
sequence spaces of Maddox type

loo(pyu) = {x € w: sup |lupzi|P* < 00}7
k
CO(p;U) - {1‘ cw: 1i]£n|’u,k.l'k.|pk = 0}7
oo
U(p,u) = {:c w3 Jukml < oo},
k=1
wO(p7u) == {

1 n
lim — > P —
im " 2 |ugxr| },

where u = (ug) is a sequence with ux # 0 (kK € N) and p = (px) is a bounded

rEew

sequence of positive numbers (cf. [5]).

In the case of uxp, = 1 (k € N) the spaces oo (p, u), co(p,u), £(p,u) and wo(p,u)
are known as the sequence spaces of Maddox type o (p), co(p), £(p) and wy(p),
respectively (see, for example, [4] and [9]). Some authors ([2], [16]) consider the
spaces {oo(p,u), co(p,u) and £(p,v) for

(4.1) wp = k~PE g = KPR (o> 0).

To apply our theorems to the multiplier spaces of Maddox type, we put r =
max{1,supp;} and define the sequence of moduli ® = (¢y) by
k

pr(t) = (lult)" (k €N).

Then we may consider the spaces foo(p,u), co(p,u), £(p,u) and wy(p,u) as the
spaces loo(®), co(P), £-(P) and (wp),(P), respectively. So, by Propositions 2.7
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and 2.8, the F-norm

go(x) = sup |ukxk|p’“/r
k

is defined on ¢y (p, u) for any p and on £ (p, u) under the restriction irlif pr > 0. The

corresponding F-norms on ¢(p, u) and wy(p, u) are determined, respectively, by

) 1/r
ga(z) = (Z |ukxk|pk)
k=1

and
1 2t 1/r
o(z) = sup| — ukxkp"‘) .
(o) = s 5 >

Further, using Propositions 2.1-2.6, it is not difficult to formulate the mapping
conditions for superposition operators on multiplier sequence spaces of Maddox type.
Thereby, for the multipliers (4.1) we get the known characterizations of the operators
Pr: loo(p,u) — £ and Py: (p,v) — ¢ ([16, Theorems 1 and 8]; [18, Theorems 2.1
and 2.2], the case p, =1 (k € N)).

Let ¢ = (qr) be another bounded sequence of positive numbers and v = (v;) a
sequence such that v; # 0 (k € N). Now, putting s = max{ I’Sip qr} and defining

the sequence of moduli ¥ = (1) by
Yi(t) = (lot)™/* (k € N),

from Theorems 3.1-3.6 we get the following statements about the continuity of su-
perposition operators on multiplier sequence spaces of Maddox type.

Proposition 4.2. Superposition operators Py: £(p,u) — £(q,v), Pr: £(p,u) —
co(gq,v), Pr: co(p,u) — colgq,v), Pr: co(p,u) — €(q,v) and Py: wo(p,u) — £(q,v)
are continuous if and only if all functions f(k,-) (k € N) are continuous.

Proposition 4.3. If ir/ifpk > 0, then Py: Lo (p,u) — €(q,v) and Py: loo(p,u) —

co(q,v) are continuous if and only if all functions f(k,-) (k € N) are continuous.

Sama-ae [16, Theorems 6 and 14] studied the continuity of superposition operators
Ps: lo(p,u) — ¢ and Py: £(p,v) — { in the case of multipliers (4.1).
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