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Abstract. For given a graph H, a graphic sequence m = (dj,ds,...,dp) is said to be
potentially H-graphic if there is a realization of 7 containing H as a subgraph. In this
paper, we characterize the potentially (K5 — e)-positive graphic sequences and give two
simple necessary and sufficient conditions for a positive graphic sequence 7 to be potentially
K5-graphic, where K is a complete graph on r vertices and K, — e is a graph obtained
from K, by deleting one edge. Moreover, we also give a simple necessary and sufficient
condition for a positive graphic sequence 7 to be potentially Kg-graphic.
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1. INTRODUCTION

The set of all non-increasing nonnegative integer sequences © = (di,da,...,d,)
with d; < n — 1 for each i is denoted by NS,,. A sequence w € NS, is said to be
graphic if it is the degree sequence of a simple graph G on n vertices, and such
a graph G is called a realization of m. The set of all graphic sequences in NS, is
denoted by GS,,. If each term of a graphic sequence m € GS,, is nonzero, then 7
is said to be positive graphic. For a sequence m = (dy,ds,...,d,) € NS,, define
o(r) =dy +da+ ...+ d,. For given a graph H, a sequence © € GS,, is said to be
potentially H-graphic, if there is a realization of 7 containing H as a subgraph. If 7
has a realization in which the r+1 vertices of largest degree induce a clique, then 7 is
said to be potentially A,1-graphic. Erdds, Jacobson and Lehel [1] in 1991 considered
an extremal problem on potentially K, i-graphic sequences: determine the smallest
even integer o (K, 1, n) such that every sequence m € GS,, with o(7) > o(K,41,n) is
potentially K1 1-graphic. They proved that o(K3,n) = 2n for n > 6 and conjectured
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that o(K,y1,n) = (r — 1)(2n — r) + 2 for sufficiently large n. Gould et al. [3] and
Li and Song [6] independently proved it for » = 3. Recently, Li et al. [7], [8] proved
that the conjecture is true for r = 4 and n > 10 and for » > 5 and n > (;) + 3.
Although the Erdds-Jacobson-Lehel conjecture was confirmed, it leaves a natural
open question: given a graphic sequence 7, how to tell whether it is potentially
K, 41-graphic? In [12], Rao considered the problem of characterizing potentially
K, 1-graphic sequences, proved that a sequence m € GS,, is potentially A,.;1-graphic
if and only if it is potentially K, i-graphic, and developed a “Havel-Hakimi” type
procedure as follows to determine the maximum clique number of a graph with a
given degree sequence.

Let n > r+1and 7 = (d1,da,...,d,) € NS, with d,11 > r. We define sequences
o, ..., Tr4+1 as follows. Let my = w. Let

T = (d2 -1, ., dry1 — Ldg{g?""’dgll))’

where d£22 > ... > dg,l) is the rearrangement of d, ;o —1,...,dg,+1—1,dg,+2, ..., dy.

For 2<i<r+1,givenm = (di—i+1,....dop1 —i+1,d0 5, . d57"), let

™ = (di-{-l — 4,y dpy1 — i,dg_Q, e dg)%
where df0, > . > dS) i he sessrangement of a2 1, d 7Y 1, d{3Y. .

dY,

Theorem 1.1 [12]. Let n > r+ 1 and 7 = (d1,da, . ..,d,) € NS,, with d,41 > r.
Then 7 is potentially A, 1-graphic if and only if 7,1 is graphic.

Theorem 1.2 [12]. Let n > r+ 2,7 = (d1,dz,...,dy) With dyyo 2 dryg > ... =
dy,. If there exists a graph G on the vertex set V(G) = {v1,v2,...,v,} such that
dg(v;) = d; fori =1,2,...,n and {v1,ve,...,v,41} forms a complete subgraph of
G, then there is one such graph in which vy is joined to Vy42,Ur43, ..., Vdy+1-

From the proof of Theorem 1.2, it is easy to obtain the following

Remark 1.1. Let n > r+ 2 and 7 = (d1,da,...,d,) with dpq0 2 dpys > ... 2
dy,. If there exists a graph G on the vertex set V(G) = {v1,va,...,v,} such that
dg(v;) = d; for i = 1,2,...,n and the subgraph of G induced by {vi,v2,...,0p41}
contains K, 1 — e as a subgraph, where e = v,v,11, then there is one such graph in
which v; is joined to vyy2,Vry3,. .., Vd;+1-

In [13], Rao gave the following characterization for a sequence m € GS,, to be
potentially A, -graphic.

706



Theorem 1.3 [13]. Let n > r + 1 and © = (d1,da,...,d,) € GS,,. Then 7 is
potentially A, ,1-graphic if and only if the following conditions hold:

(i) dry1 >,

(ii) o(m) is even,
(iii) forany sandt,0<s<r+land0<t<n—r—1,

L(s,t) < R(s,1),

s t r+1
where L(s,t) = > di+ > dry1+i and R(s,t) = (s+t)(s+t—1)+ > min{s+t,
i=1 =1 i=s+1

di —r+st+ >, min{s+t,d;}.
i=r 42

The original proof of Theorem 1.3 remains unpublished, but recently Kézdy and
Lehel [4] have given a different proof using network flows. Unfortunately, the con-
ditions in Theorem 1.3 are not easy to check, but Luo et al. [10], [11] gave simple
characterizations for a positive graphic sequence 7 to be potentially K ,-graphic for
r =3 and 4, and Yin and Li [15] also obtained two sufficient conditions for a graphic
sequence 7 to be potentially K,-graphic. The following are their results.

Theorem 1.4 [10]. Let ®# = (dy,ds,...,d,) € GS,, be a positive graphic sequence
with n > 3. Then 7 is potentially Ks-graphic if and only if d3s > 2 except for two
cases: m = (2%) and m = (2°), where the symbol z¥ in a sequence stands for y
consecutive terms, each equal to x.

Theorem 1.5 [11]. Let 7 = (d1,ds,...,d,) € GS,, be a positive graphic sequence
with n > 4 and dy > 3. Then w is potentially K4-graphic if and only if m #
(n—1,3%,1"7571) for s = 4,5, and 7 is not one the following sequences:

n=>5: (4,3%),(3%2);

n=6: (49),(42,3Y), (4,3%,2), (35, (3%,1), (3%, 22);

n="1:(47),(4,3%),(4,351),(3%2),(3%2,1);

n=38: (3",1),(3%12).

Theorem 1.6 [15]. Let n > r+1 and 7 = (dy,da,...,d,) € GS,, with dy41 > r.
Ifd; > 2r —i fori=1,2,...,r — 1, then 7 is potentially A, i-graphic.

Theorem 1.7 [15]. Let n > 2r+2 and © = (d1,da,...,d,) € GS, withd,1 > r
If do,q 0 > r — 1, then 7 is potentially A, 1-graphic.

Recently, Eschen and Niu [2] characterized potentially K4 — e-graphic sequences,
and Yin and Li [15] gave two sufficient conditions for a graphic sequence 7 to be
potentially K, — e-graphic. In other words, they proved the following
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Theorem 1.8 [2]. Letn >4 and 7w = (dy,da, .. .,d,) € GS,, be a positive graphic
sequence. Then 7 is potentially K4 — e-graphic if and only if the following conditions
hold:

(1) d1 2 dy 2 3,dy > 2;
(2) ™ # (39),(3%,29), (32,2%).

Theorem 1.9 [15]. Letn > r+1 and 7 = (d1,ds,...,d,) € GS,, withd,41 > r—1.
Ifd; > 2r —i fori=1,2,...,r — 1, then w is potentially K, — e-graphic.

Theorem 1.10 [15]. Letn > 2r+2andw = (dy,ds,...,d,) € GS,, withd,_1 > r.
If doy42 > r — 1, then 7 is potentially K, 1 — e-graphic.

In this paper, we characterize potentially K5 — e-positive graphic sequences, give
two simple necessary and sufficient conditions for a positive graphic sequence 7 to be
potentially K5-graphic, and also present a simple necessary and sufficient condition
for a positive graphic sequence 7 to be potentially Kg-graphic, which are the following
four theorems.

Theorem 1.11. Let n > 5 and m = (d1,ds, ...,d,) € NS,, be a positive graphic
sequence with ds > 4 and ds > 3. Then 7 is potentially K5 — e-graphic if and only
if m is not one of the following sequences:

(n—1,4%,1"77), (n — 1,42,3%,1"77), (n — 1,42,33, 17~6);

n=6: (4%), (4%,32), (43,32%,2);

n="T: (43,3%), (52,4,3%), (47), (4°,32), (5,43,33), (52,4°), (5,4°,3), (43,32,22),
(44,32,2), (5,42,33,2), (49,2), (43,3%,1);

n=8: (5%), (4%), (52,49), (6,47), (4*,3%), (5,42,3°), (45,3%), (5,45,3), (43,3%,2),
(47,2), (44 3%,1), (5,42,3%,1), (43,33,2,1), (45,3,1), (5,4°,1);

n=09: (4%), (43,3%,1), (4%,2), (47,3,1), (5,47,1), (43,3%,12), (47,12);

n=10: (4%, 12)

Theorem 1.12. Let n > 14 and 7 = (dy,da,...,d,) € NS,, be a positive graphic
sequence with ds > 4. Then 7 is potentially As-graphic if and only if 75 ¢ S, where

S ={(2),(2%),(3,1),(3%),(3,2,1),(3%,2), (3%, 1), (3%, 1*)}.

Theorem 1.13. Let n > 18 and 7 = (dy,da,...,d,) € NS,, be a positive graphic
sequence with dg > 5. Then 7 is potentially Ag-graphic if and only if mg ¢ S.
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Theorem 1.14. Let n be sufficiently large and 7 = (dy,ds,...,d,) € NS,
be a positive graphic sequence with ds > 4. Then m is potentially As-graphic
if and only if (di — 4,d2 — 4,ds — 4,d4 — 4,d5 — 4,ds, . ..,dy) is graphic, m #
(n —a,n — b,4% 2n—(atbtd) qatb=2) for | Ca < b<n—6anda+b<n—4, and
7 # (n—a,n —b,45,20=(@b+5) qatb=2) for | Ca<b<n—6anda-+b<n—>.

2. PREPARATIONS

In order to prove our main results, we need the following notations and known
results.

Let m = (d1,da,...,d,) € NS, and 1 < k < n. Let

(=1 diey — Ldier = 1, dgr — Lidagsos ..o dy), i dy >k,
T = .
(dl — 17---;ddk — 17ddk+17~-~7dk717dk+17~-~7dn)7 if di, < k.

Let 7}, = (d},d5,...,d,,_;), where di > d5 > ... > d],_; is the rearrangement of the
n — 1 terms of 7). 7, is called the residual sequence obtained by laying off dj from
w. It is easy to see that if 7} is graphic then so is 7, since a realization G of 7 can be
obtained from a realization G’ of 7}, by adding a new vertex of degree dj, and joining
it to the vertices whose degrees are reduced by one in going from 7 to 7},. In fact
more is true:

Theorem 2.1 [5]. Let 7 = (d1,da,...,d,) € NS, and 1 < k < n. Then 7 € GS,,
if and only if m, € GS,_1.

Theorem 2.2 [14]. Let m = (dy,da,...,d,) € NS, di = m and o(r) be even. If
there exists an integer n1, n1 < n such thatd,, > h > 1 andn;, > [i(m +h+1)2]/h,
then m € GS,,.

Theorem 2.3 [9]. Letw = (dy,ds,...,dy) € NS, ando(r) beeven. Ifdy—d, <1,
then m € GS,,.

Theorem 2.4 [3]. If 7 = (dy,da,...,d,) € GS, has a realization G containing H
as a subgraph, then there exists a realization G’ of w containing H as a subgraph so
that the vertices of H have the largest degrees of .
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Lemma 2.1. If 7 = (dy,ds,...,d,) € NS, is potentially K1 — e-graphic,
then there is a realization G of m containing K, — e such that the r + 1 vertices
V1,V2, .., Upp1 Of Kppq — e satisfy dg(v;) =d; fori=1,2,...,7r+1 and e = v, 0,41

Proof. According to Theorem 2.4, there is a graph G’ with vertex set V(G’) =
{v1,v2,...,d,} and dg/(v;) = d; for i« = 1,2,...,n such that the subgraph of G’
induced by {v1,v2,...,v,41} contains a K,11 —e. If e = v,v,41, then the lemma
holds. We now assume e = v;v;.

If v;,v; € {v1,...,v,_1}, then for v;, there exists a vertex v, € G’ \ {v1,va,...,
vr41} such that vjv; € E(G') and viv, ¢ E(G'). Otherwise d, > d; + 1, which is
a contradiction. Similarly, for v;, there is a vertex v} € G’ \ {v1,v2,...,v,41} such
that vjv; € E(G') and vjv,41 ¢ E(G’). Then

! / / / /
G =G —vv; — VpUpp1 — v;V; + 0ivj + VpU; + Urp1 v

is also a realization of m and G satisfies the conditions of the lemma.

If v; € {v1,...,v,21}, without loss of generality, let v; = v,, then there exists a
vertex v} € G’ \ {v1,va,...,v.41} such that viv; € E(G’') and vjv,41 ¢ E(G’) since
d; > dy41. Hence,

! / /
G =G — vv; — VpUpg1 + ViU + Vry 105

is also a realization of 7 satisfying the conditions of the lemma.
For v; € {v1,...,v,_1}, the proof is similar to the above and is omitted here. [

Lemma 2.2. Let m = (3%,2Y,1%) with even o(w) and x +y + z = n > 1, then
m € GS,, if and only if m ¢ S.

Proof. Forn =1, since o(n) is even, m must be (2), which belongs to S. For
n > 2, we consider the following cases.

Case 1: n = 2. Then 7 is one of the following sequences: (3, 1), (22), (32), (1?).
It is easy to check that only one sequence (12) is graphic.

Case 2: n = 3. Since o() is even, m may be (3,2,1), (3%,2), (2%) or (2,1%). We
can see that (23) and (2,12%) are graphic.

Case 3: n=4. Then 7 is one of the following:

(3%,1),(3,1%), (3%, (2), (3,2%,1), (2%,1%), (3%,2%),(1"), (3%,1%),

which are all graphic except (32,12) and (33,1).
Case 4: n = 5. It is easy to see that m must be one of the following graphic

sequences:
(2’ 14)7 (3’ 2’ 13)’ (32’ 27 12)’ (337 2’ 1)’ (37 23’ 1)7 (25)7 (327 23)7 (237 12)7 (347 2)'
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Casebd:n=6.Ifxr>0and z >0, thenn > [W] Hence, 7 is graphic from
Theorem 2.2. Otherwise, 7 is graphic by Theorem 2.3. g

Lemma 2.3. Let 7 = (dy,...,d,) € NS,, with d,, > 1 and even o(7). (1) If n >
and dy < 4, then m € GS,,. (2) If n > 12 and d; < 5, then m € GS,.

Proof. (1)Ifdy =4 and d, < 2, then n > 9 = max{[UH+1%) L[(4+20D
Therefore, 7 is graphic by Theorem 2.2. If d; = 4 and d,, > 3, then by Theorem 2.3,
7 is graphic. If d; < 3, then 7 € GS,, by Lemma 2.2.

(2) If d; < 4, then 7 € GS,, from ( ). For d; =5 and d,, < 3, we have n > 12 =
max{%[(5+i+1)2], [(5+14+1)2], 3[(5+3+1) I}. By Theorem 2.2, 7 is graphic. If d; =5

and d,, > 4, then 7 € GS,, by Theorem 2.3. O

Lemma 2.4. Let n > 5 and # = (dy,...,d,) € NS,, be a positive graphic
sequence with ds > 4 and ds > 3. If = is not potentially K5 — e-graphic and | #
(3%),(3%,21),(3%,23), then n —2 > dy > ... 2 dy > ds = dg = ... = dagy42 >
dg,43 = ... 2 dy.

Proof. By way of contradiction, we assume that there exists an integer ¢,5 <

< dy + 1 such that d; > d;11. Since d3 > 4, ds > 3 and 7] # (35),(32,2%), (32, 2%),
the residual sequence 7} = (d},...,d],_;) satisfies the conditions in Theorem 1.8.
Notice that d; = d;41 — 1 for ¢ = 1,...,t — 1. Therefore, 7] has a realization G
containing K4 — e such that the degrees of the vertices of K4y —e in G are d}, d,, d%, d.
Thus 7 is potentially K5 — e-graphic by {do —1,ds—1,ds—1,d5 —1} = {d}, ..., d}}.
O

For convenience, we need the following definitions.
Let n > 5 and m = (d1,da,...,d,) € NS,, with ds > 4 and ds > 3. We define
sequences 7y, 77, 5 and w3 as follows. Let mg = 7. Let

= (dy—1,...,d5s — 1,d",...,d"),
where dél) > ... > dsll) is a rearrangement of dg — 1,...,dg,+1 —1,dd, 42, .., dn. Let

T =(ds—2,...,ds —2,d,...,d?),

where dg) > ... > dsf) is the rearrangement of dél) df;;l d((11)+2, . ,d&”.
Let

= (dg — 3,d5 — 3,d>,....d®)),
where dé‘?) > ... > dﬁf) is the rearrangement of d((f) d;ill 1 dfii)+27 . ,dg).

711



Lemma 2.5. Let n > 5 and # = (dy,...,d,) € NS,, be a positive graphic
sequence with d3 > 4 and ds > 3. Then 7 is potentially K5 — e-graphic if and only
if w5 is graphic.

Proof. The sufficient condition is obvious from the definition of 735. Now we
show the necessary condition. By Lemma 2.1 and Remark 1.1, 7 has a realization G
on the vertex set V(Go) = {v1,v2,...,v,} such that dg, (v;) =d; fori =1,2,...,n,
the subgraph of G induced by {v1, va, v3,v4, V5 } contains K5 —e as a subgraph, where
e = v4vs, and v is joined to vg, v7, ..., v4,+1. Let G| be the graph obtained from G
by deleting v;. Then G is a realization of 77. By Remark 1.1, there exists a graph
G1 on the vertex set V(G1) = {v2,vs,...,v,} having the following properties. First,
de, (v;) = d; — 1 for i = 2,3,4,5 and dg, (v;) = d for i = 6,...,n. Additionally,
the subgraph of G induced by {va, vs, v4,v5} contains a K, — e as a subgraph and
e = vyvs. Finally, vy is joined to wvg,v7,...,v4,4+1. Denote the graph obtained from
G1 by deleting ve by G%. Then G} is a realization of 75. By Remark 1.1, 75 has a
realization Gy on the vertex set V(G2) = {vs,v4,...,v,} satisfying: (1) dg,(v;) =
d; — 2 for i = 3,4,5 and dg,(v;) = d\* for i = 6,...,n, (2) the subgraph of Gs
induced by {vs, v4,v5} contains a K3 — e as a subgraph, where e = v4vs, and (3) vs
is joined to ws, v7, ..., Vd,+1. Deleting the vertex vs from Ga, we get a realization of
5. o

Lemma 2.6. Letn > 9and7 = (di,...,d,) € NS,, be a positive graphic sequence
with d; < n —2,d3 > 4 and ds > 3. If the residual sequence 7 # (37,1), (3%,12) and
ds > ds, then 7 is potentially K5 — e-graphic.

Proof. Asd; <n—2and 7 # (37,1),(3512), there is a realization G’ of

75 containing a K4 such that the degrees of vertices of K4 in G’ are d},...,d} by
Theorem 1.5 and Theorem 2.4. Since ds > ds, we have {d; — 1,da — 1,ds — 1,} C
{d},...,d}}. Hence, 7 is potentially K5 — e-graphic. O

Lemma 2.7. Let n > 14 and 7 = (di,...,d,) € NS,, be a positive graphic
sequence withds > 4dandn—22>2dy > ... 2ds=dg = ... =dg,42 = ... = dy.
Then 7 is potentially As-graphic.

Proof. Let m = (dy,da,...,d,) € NS, be a graphic sequence satisfying the
conditions of the Lemma. Here, |7| means the positive term number of 7. By Theo-
rem 1.1, we only need to verify that 75 = (dé5),d§5), cel dsf)) is graphic. According

to Theorem 1.6 and Theorem 1.7, it is sufficient to consider the following three cases:

Case 1. d; < 6 and dyg < 2. Then d; = 4,5 or 6. We consider the following
three subcases.
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Subcase 1.1. d; = 4. Then d5 = dg = 4. We may assume that 7 = (45, d7, ds, do,
27 1Y) with 2 4+ y > 5 and even o(n). It is easy to compute that the corresponding
75 is (4,d7,ds, dg, 2%, 1Y). It follows from Lemma 2.3 that 75 is graphic.

Subcase 1.2. di =5. Thends = dg =d7 > 4

If d5 = dg = d7 = 4, then we may assume that © = (5, da, ds, dy,43, ds, dg, 2%, 1Y)
5
with « +y > 5 and even o(7). Since 1 < Y (d; —4) < 4, we have d((f) < 4 and
i=1
|75 = 9. So 75 is graphic by Lemma 2.3.

If ds = d¢ = d7 = 5, then we assume that 7 = (57, dg, dy, 2%, 1Y). Notice that
5
> (d; —4) = 5, we have dés) < 4 and |75] > 9. It follows from Lemma 2.3 that 75 is

ig?zla,phic.

Subcase 1.3. dy = 6. Then d5; = dg¢ = d7 = dg > 4. The general form for 7 is
(6,da,...,dy,2%,1Y) with  + y > 5 and even o(r).

If d5 = 4, then dé‘r’) < 4 and i(di —4) < 8. Therefore, |75] > 9, and so 75 is
graphic by Lemma 2.3. =

5
If ds = 5, then 6 < > (d; —4) < 9. Thus, d(s) < 4 and |715] > 9. By Lemma 2.3,
i=1
w5 is graphic.
5
If ds = 6, then Z(d —4) =10 and dg = dr = ds = 6. Therefore, d{” < 4 and
|75 = 9. Tt follows from Lemma 2.3 that 75 is graphic.
Case 2. d2 S 5,d1 = 7 and le RS
Then d2 = 4 or 5. Since d10 2 we have d1 = 7. Thus d5 = d6 = d7 = dg = dg =
If dy = 4, then we may assume that 7 = (7, 4%,2% 1Y) with 24y > 5 and even 0(71')
It is easy to compute that the corresponding 5 is (4,3%,2%,1¥), which is graphic by
Lemma 2.3.
Ifdy = 5and d5 = 4, then we may assume 7 = (7,5, ds, dy,4°,2%, 1Y) with z+y > 5
and even o(7). Since Z (d; —4) < 6, we have dé ) <4 and |75| = 9. It follows from

Lemma 2.3 that 75 is graphlc

Ifdy =5 and ds = 5, then we assume 7 = (7,5%,2%, 1Y) with x + y > 5 and even

o (). Since Z(di74) =7and dg = d7 = ds = do = 5, we have d) < 4 and |r5| > 9
i=1
Thus 75 is graphic by Lemma 2.3.

Case 3. d3 = 4,d1 = 7,d2 = 6 and d10 < 2. Then d1 = 7 and dz =6 or 7.
The general form for 7 is either (7,6,47,2% 1Y) or (7%,47,2%, 1Y) with  +y > 5
and even o(7). It is easy to compute that the corresponding 75 is (33,2,2%, 1Y) or
(32,2227 1Y). From Lemma 2.2, both of them are graphic. O
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Lemma 2.8. Let n > 18 and 7 = (di,...,d,) € NS,, be a positive graphic
sequence withn —2>dy 2 ... 2dg =dy = ... =dg,42 2 dg,43 =2 ... 2 d,, and
dg¢ > 5. Then 7 is potentially Ag-graphic.

Proof. Let m = (dy,ds,...,d,) € NS, be a graphic sequence satisfying the
conditions of the Lemma. By Theorem 1.1, it is sufficient to show that m =
(d(76), dgj), e, d516)) is graphic. According to Theorem 1.6 and Theorem 1.7, we only
need to consider the following four cases:

Case 1. d; < 8 and dj2 < 3. Then the general form for = is (di,ds,...,d11, 3%,
2Y,1%) with 2 + y + z > 7 and even o(w). Consider the following four subcases.

Subcase 1.1. dy = 5. Then d¢ = dy = 5. We may assume that 7 =
(57,ds, dg, d10,d11,3%,2Y,1%). It is easy to compute that mg is (5,ds,...,di1,3%,
2¥ 1%). By Lemma 2.3, 7 is graphic.

Subcase 1.2. d; = 6. Then dg = d7 = dg > 5.

6
If dg = d7 = dg = 5, then d) < 5 and |mg| > 12 by 1 < . (d; — 5) < 5. Thus by

i=1
Lemma 2.3, mg is graphic.

6
If d6 = d7 = dg = 6, then m = (68,d9,d10,d11,3z,2y, 12) Since Z(dl — 5) = 6, we

i=1
have dgﬁ) < 5 and |7mg| = 12. Therefore, 7g is graphic from Lemma 2.3.

Subcase 1.3. d1 = 7. Then d6 :d7 :dg :dg > 5
6
If dg = 5, then . (d; — 5) < 10. Thus |ms| > 12 and d¥ < 5. It follows from

i=1
Lemma 2.3 that 7g is graphic.
6
If d¢ = 6, then dg) < 5 and |mg| 2 12 by 7 < > (d; —5) < 11. Therefore, 74 is
i=1
graphic by Lemma 2.3.

6
If dg = 7, then we assume that 7 = (7%, dy9,d11, 3%,2Y,1%). Since Y (d; — 5) = 12,
i=1
we know that dgG) < 5 and |7m6| > 12. By Lemma 2.3, 7g is graphic.
Subcase 1.4. d1 :8 Then d6 :d7 = dg :dg :le 2 5
6
If dg = 5, then |mg| > 12 by > (d; — 5) < 15. Thus 76 is graphic by Lemma 2.3.
i=1

If dg = 6, then 8 < f:(di —5) < 16. Hence d(76) < 5 and |mg| > 12, and so 76 is
graphic by Lemma 2.3.121

If dg = 7, then 13 < f:(di —5) < 17. Therefore, d\) < 5 and |rg| > 12. By
Lemma 2.3, 7g is gra,phic.zz1

6
If dg = 8, then d'°) < 5 and |mg| > 12 by 3. (d; — 5) = 18. It follows from
i=1
Lemma 2.3 that 7g is graphic.
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Case 2. d2<7,d1 >9a,ndd12<3.Thend1:9andd6:d7:d8:d9:
dyp = d11 = 5. The general form for 7 is (9,da,...,d11,3%,2Y,1*) witha +y+2 > 7
and even o(r). Consider the following three subcases.

Subcase 2.1. dp =5. Then dg = dy = ... = dy; = 5 and 7 = (9,510,3% 29 17).
The corresponding sequence 7 is (5,44, 3%,2¢,1%), which is graphic by Lemma 2.3.

Subcase 2.2. d =6. Thendg =d; = ... =dy1 =5 or 6.
6
If dg = 5, then |mg| > 12 and d\¥ < 5 by 5 < 3. (d; — 5) < 8. From Lemma 2.3,

i=1
me is graphic.

If dg = 6, then |mg| > 12 and d(76) <5 by 26: (d; — 5) = 9. Therefore, 7 is graphic
by Lemma 2.3. =

Subcase 2.3. do=7.Thends =d;=...=dy; =5,6 or 7.

If d; = 5, then 6 < Xﬁj(di —5) < 12. Therefore, |mg| > 12 and d\¥ < 5. By

i=1
Lemma 2.3, 7g is graphic.
6
If dg = 6, then |mg| > 12 and d\” < 4 by 10 < 3 (d; — 5) < 12. Tt follows from
i=1
Lemma 2.3 that 7g is graphic.
If ds = 7, then 7 = (9,7%0,3% 2 1%). The corresponding sequence is mg =
(5,4%,3%,2¥ 17), which is graphic by Lemma 2.3.
Case 3. ds < 6d2 8d1/9andd12\3 Thend; =9 and dg = ... =dy1 = 5.
We may assume that m = (9, d2, ey d11,3%,2Y,1%) with 2+ y+ 2z > 7 and even o(7).

If dg = 5, then |mg| > 12 by Z(dl —5) < 11. By Lemma 2.3, 7g is graphic.
=1
6
If dg = 6, then 11 < Y (d; —5) < 12. Therefore, |mg| > 12 and d(76) < 4. From
=1
Lemma 2.3, mg is graphic.

Case 4. d4 = 5,d3 2 7,d2 2 8,d1 2 9 and d12 < 3. Then d1 =9 and d5 =

6

dg = ... =dy; = 5. Since 9 < 3. (d; —5) < 12, we have |mg| > 12 and di¥ < 4. It
i=1

follows Lemma 2.3 that mg is graphic. (I

3. PROOFS OF THEOREMS

Proof of Theorem 1.11. Assume that 7 is one of the following sequences:

(n—1,451""7), (n —1,42,3%,1"77), (n — 1,42,33,1"7%);

n=6: (49), (4%,32), (43,32%,2);

n="T: (43,3%), (52,4,3%), (47), (45,32), (5,43,3%), (52,4%), (5,4°,3), (43,32,22),
(41,32,2), (5,42,33,2), (49,2), (43,3%,1);
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=8: (5%), (48), (52,49), (6,47), (44,3%), (5,42,35), (45,32), (5,45,3), (43,3%,2),
(47,2), (4*,3%,1), (5,42,3%,1), (43,3%,2,1), (4%,3,1), (5,45, 1);
n=9: (4%), (43,3%1), ( ,2), (47,3,1), (5,47,1), (42,3%,12), (47,12);
n=10: (4%,1?).

Then, it is easy to compute that the corresponding 73 of 7 is one of the following
sequences: (12,32,077), (0%,22,0n77), (0%,2,0n9), (12,4), (1,0,3), (0%, 2), (02,32),
(0%,2%), (12,42), (1%2,3%), (1,0,3,2), (12,4,2), (0%,3,1), (22,43), (12,43), (1%,4,3%),
(1,0,33%), (0%,32,2), (12,42,2), (1,0,3%,1), (02,3,2,1), (12,4,3,1), (12,4%), (02,33, 1),
(12,43,2), (12,4%,3,1), (02,32%,12), (12,42%,1%), (12,43,1%). It is easy to check that
all of the above sequences are not graphic. By Lemma 2.5, 7 is not potentially
K5 — e-graphic. Now, we show the sufficient condition.

If dy = n — 1, then 7 is potentially K5 — e-graphic by Lemma 2.4. If n = 5, then
7 is either (43,32%) or (4°), and it is easy to see that they both have realizations
containing K5 — e. Assume that d; < n —2 and n > 6. According to Lemma 2.5, it
is enough to prove that 7; is graphic. We consider the following cases:

Case 1. n=6. Then d; = dy = d3 = 4. As 7 # (4), (4%, 3%), (43,32%,2), 7 must
be either (4°,2) or (4%,3,1), each of which is potentially K5 — e-graphic.

Case 2. n=17. Then d; < 5. We consider the following two subcases.

Subcase 2.1. d; = 4. Then d; = dy = d3 = 4. If 7} = (3%) or (32,2%), then
7 = (4°,3%) or (43,32, 2?), which is impossible. Since 7 has six positive terms, m] #
(32,2%). By Lemma 2.4, we may assume that ds = dg > 3. Notice that d4+ds+dg+d7
is even. If d5 = dg = 3, then (d4,d7) is one of the following: (4,2),(32),(3,1); if
ds = dg = 4, then (dy,dy) is either (4,2) or (4%). Thus 7 is one of the following

sequences:

(4%,32,2), (43,3%), (43,33,1), (45, 2), (47)

which is impossible.

Subcase 2.2. d; = 5. If 7] = (3%,2%), then the residual sequence 7} must
contain 1 as a term. Therefore, ] # (32,23). If 7} = (3°) or (32,2%), then 7 is either
(5,4°,3) or (5,42,33,2), which is impossible. By Lemma 2.4, we may assume that
ds = dg¢ = d7 > 3. Since o(7) is even, we have ds # 5.

If ds = dg = d7 = 3, then da +ds +dy is even. Thus (da,ds,dys) = (43) or (52,4) or
(5,4,3). If d5 = dg = d7 = 4, then (dg, d3,dy) is either (5,42) or (53) by da +dsz + dy
being odd. As m # (52,4°),(5,43,3%),(5%,4,3%), 7 is either (5%,43) or (53,4, 3%).
The corresponding 735 is (2,1,3,2) or (1,0,2, 1), which are both graphic. Hence 7 is
potentially K5 — e-graphic from Lemma 2.5.

Case 3. n=8. Then d; < 6. We consider the following three subcases.
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Subcase 3.1. dy =4. Thend; =dy = d3 = 4. Asdg > 1 and d5 > 3, the residual
sequence ) # (3%),(3%,2%),(32,23). According to Lemma 2.4, we may assume that

ds = dg > 3. Consider the residual sequence 7, = (d},d, ..., d,,_;).

If ds = 3 and 75 # (4,39),(4,3%,1),(3%,2),(35,2,1), then there is a realiza-
tion G’ of 7} containing a K4 such that the degrees of vertices of Ky in G’ are
Y, d5, d5, d) by Theorem 1.5 and Theorem 2.4. Therefore, 7 is potentially K5 — e-
graphic from {dy — 1,dy — 1,ds — 1} C {d}, d}, d5, d}}. If 7} is one of the following
sequences: (4,3%),(4,3%,1),(35,2),(3%,2,1), then 7 must be one of the following
sequences: (44, 3%), (44,33, 1), (43,3%,2), (43,33,2,1), which is impossible.

Assume that d5; = 4. Then d; = ... = dg = 4. If 7} # (4,3%),(4,35,1), then
is potentially A4-graphic by Theorem 1.5 and Theorem 2.4. If d7 < 3, then 7 is
potentially K5 — e-graphic by {d; — 1,ds — 1,d3 — 1} C {d},d5,ds,d}}. If d7 = 4,
then 7 is either (47,2) or (4®%), which is impossible. If 7% = (4,3°) or (4,3%,1), then
7 = (4°%,3%) or (4°,3,1), which is also impossible.

Subcase 3.2. d; = 5. Then 7] has at most seven positive terms. If 7]
has at most six positive terms, then it must contain 1 as a term. Thus, 7} #
(39),(32,2%),(3%,2%). By Lemma 2.4, we assume that ds = dg = d7 > 3. Consider
the residual sequence 7.

If ds =ds = d;y = 3, then dy — 1,d2 — 1,ds — 1,dy are the four largest degrees in
ml. If wl # (4,3%),(4,35,1), then 7} is potentially A4-graphic by Theorem 1.5 and
Theorem 2.4. Thus r is potentially K5 — e-graphic. If 7} = (4,3°) or (4,3%,1), then
7 is either (5,42,3%) or (5,42,3% 1), which is impossible.

If ds = dg = d7 = 4 and ©} # (47), then 7 is potentially A4-graphic by The-
orem 1.5 and Theorem 2.4. If d3 > 5, then 7 is potentially K5 — e-graphic by
{di — 1,dy — 1,d3 — 1} C {d},db,d},d}}. If d5 = 4, then 7 = (52,45 2) since
7 # (5,4%,1),(5,4°,3), (52,45). The corresponding 73 is graphic sequence (12,32,2).
If ds = d¢ = d7 = 4 and 7} = (47), then 7 = (5%,4%). The corresponding sequence
73 = (2,1, 3%), which is graphic.

If ds = dg = d7 = 5, then 7 = (57, 1) or (57,3) by 7 # (5%). The corresponding 73
is (22,4,3,1) or (22,4, 32), which are both graphic.

Subcase 3.3. di = 6. Then the residual sequence 7} has at most seven positive
terms. If 7f has at most six positive terms, then it should contain 1 as a term.
Therefore, m; # (3%), (3%,2%), (32,23). We may assume that ds = dg = d7 = dg > 3
by Lemma 2.4. Consider the residual sequence 7l = (dy,d5, ..., d),_1).

If ds = d¢ = d7 = ds = 3, then d; — 1,ds — 1,d3 — 1,d4 are the four largest
degrees in 7f. Since dy — 1 = 5, «} is potentially A4-graphic by Theorem 1.5 and
Theorem 2.4. Therefore, 7 is potentially K5 — e-graphic.
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If ds = ds = d7y = dg = 4 and d4 > 5, then 7 is potentially K5 — e-graphic by
{di —1,do — 1,d5 — 1,dy — 1} = {d}, d}, ds,d}} and Theorem 1.5. If dy = d5 = dg =
d7 = dg = 4, then 7 = (6,52,4°) or (62,4%) since m # (6,47). It is easy to see that
(6,52,4°%) and (62,4°) are both potentially K5 — e-graphic.

If ds = dg = d7 = dg = 5, then (da, d3, d4) is either (6%) or (6,52) since do+d3+dy is
even. That is, 7 = (6%, 5%) or (62, 5%). The corresponding 73 is (3,2, 3%) or (22,4, 32),
which are both graphic.

If ds = dg = dy = ds = 6, then m = (6%) and 7} is graphic sequence (3%,43).

Case 4. n=9. Then the residual sequence 7] has at most eight positive terms.
If 7] has at most seven positive terms, then it must contain 1 as a term. Therefore
7 # (39),(3%,2%),(3%,2%). Assume that d5 = dg = ... = dg, 12 > 3 by Lemma 2.4.
We consider the following four subcases.

Subcase 4.1. dy = 4. Then ds = dg > 3. Consider the residual sequence .

If ds = dg = 3 and 7} # (37,1),(35,1%), then 7 is potentially K5 — e-graphic
according to Lemma 2.6. If d5 = dg = 3 and 7l = (37,1) or (35,1%), then 7 =
(43,35,1) or (43,3%,12), which is impossible.

If ds = dg = 4, then 75 # (37,1),(3% 12). Thus there is a realization G of
containing a K4 such that the degrees of vertices of Ky in G are di,d},d5, d) by
Theorem 1.5 and Theorem 2.4. If d7 < 3, then 7 is potentially K5 — e-graphic by
{do,dy—1,do—1,d5—1} = {d, d}, dy, d,}. It dy = 4, then dg+dy is even, and (ds, do)
is one of the following: (1%),(22),(32), (4?),(3,1), (4,2). Therefore, = = (47,22) or
(47,3%) by 7 # (47,3,1), (4%, 2), (4%), (47,12). The corresponding 75 = (12,42, 22) or
(12,42,32%), which are both graphic.

Subcase 4.2. d; = 5. Then d5 = dg = d7 > 3 and the residual sequence
7 £ (37,1), (3%, 12),

If ds = d¢ = d7 = 3, then 7 is potentially K5 — e-graphic from Lemma 2.6.

If d5s = d¢ = d7 = 4 and d3 = 5, then 7 is potentially K5 —e-graphic by Lemma 2.6.
If do = ds = 4, then d4y = 4 and dg + dy is odd. Therefore (ds,dy) is (2,1) or (3,2)
or (4,1) or (4,3). Since 7 # (5,47, 1), m = (5,4%,2,1) or (5,45, 3,2) or (5,47, 3). The
corresponding 73 is one of the following graphic sequences:

(1%,4,3,2,1),(1%,4,3%,2), (1%,4%,3°).

In this case, if d3 = 4 and do = 5, then ds + dg is even, and (ds,dy) is one of the
following:

(1%),(2%),(3%), (4%), (3, 1), (4,2).
Therefore, m must be one of the following sequences:

(52,4°,1?), (52,4°,2?), (5%,4°,3?), (5%,47), (5,4°,3, 1), (52,45, 2)
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and the corresponding 73 is one of the following graphic sequences:
(12,3%,12),(12,32%,2), (1%,3%), (1%,4%,3%), (1%,3%,1), (12,4, 3%, 2).
If ds = d¢ = d7 = 5, then 7 is one of the following sequences:
(57,2,1),(57,4,1),(57,3,2), (5% 2), (5%,4), (57, 4,3)

and it is easy to compute that the corresponding 73 is one of the following graphic
sequences:

(22,4,3,2,1),(2%,4%,3,1),(2%,4,3%,2), (22,43,2), (2%,4), (22, 4%, 3?).

Subcase 4.3. d; = 6. Then ds = dg = d7 = ds > 3 and 7} # (37,1),(35,12).

If ds = d¢ = d7 = ds = 3, then 7 is potentially K5 — e-graphic by Lemma 2.6.

If ds = dg¢ = d7 = dg = 4 and ds > 5, then 7 is potentially K5 — e-graphic by
Lemma 2.6. If d3 = 4, then 7 is one of the following sequences:

(62,4°,2), (62,47), (6,5,4°,3), (6,5,4%,1), (6,47, 2), (6,4%)

and it is easy to compute that the corresponding 73 is one of the following graphic
sequences:
(12,3%,2%), (12,3, (12,3°,1), (1%, 4,3%,2), (17,42, 3%).
If ds = dg = d7 = dg = 5 and d3 = 6, then 7 is potentially K5 — e-graphic by
Lemma 2.6. If d3 = d5 = dg = d7 = dg = 5, then 7 is one of the following sequences:

(6%,5%2),(6%,5%4),(6,57,1),(6,5",3), (6,5°%)
and the corresponding 73 is one of the following graphic sequences:
(22,4,3%,2),(2%,42,3%),(2%,42,3,1), (22, 4%).
If ds = dg = d7 = dg = 6, then 7 is (6%,2) or (6%,4) or (6°). The corresponding 73

are (32,43,2),(32,4%) and (32,52, 42), respectively, all of which are graphic.

Subcase 4.4. di =7. Then ds = dg = d7 = dg = dg > 3.

If d5s = dg = d7 = dg = dg = 3, then 7 is potentially K5 — e-graphic by Lemma 2.6.

If ds =ds = dy = dg = dg = 4 and d3 > 5, then 7 is potentially K5 — e-graphic
by Lemma 2.6. If d3 = d5 = dg = d7 = dg = dy = 4, then 7 = (7,5,47) or (72,47).
The corresponding 75 = (12,3%) or (12,32,22), both of which are graphic.
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If ds =dg = dy = dg = dg = 5 and d3 > 6, then 7 is potentially K5 — e-graphic
by Lemma 2.6. If d3 = d5 = dg = d7 = dg = dg = 5, then 7 = (7,6,57). The
corresponding sequence 73 is (22,42, 3%), which is graphic.

If ds =dgs = dy =ds = dg = 6 and d3 > 7, then 7 is potentially K5 — e-graphic
by Lemma 2.6. If d3 = d5 = dg = d7 = ds = dg = 6, then m = (72,67), 75 = (32,4%)
is graphic.

Case 5. n=10. Then d; < 8. The residual sequence 7] has at most nine positive
terms. If ] has at most eight positive terms, then it must contains 1 as a term.
Therefore, 7] # (35), (32,2%), (3%,2%). We may assume that d5s = ds = ... = dg, 12 >
3 by Lemma 2.4. We consider the following two subcases.

Subcase 5.1. ds > 4 in the residual sequence 7.

If 7-‘JIO 7& (49)7 (437 357 1)? (487 2)? (477 37 1)7 (55 477 1)? (437 347 12)7 (477 12)7 then 7T£0
is potentially K5 — e-graphic by Case 4, and so is 7.

If ), = (49), then djp < 4. Thus 7 is one of the following sequences:

(5,48,1),(5%,47,2), (5%,4%,3), (5%, 49)

and it is easy to compute that the corresponding 73 is one of the following graphic

sequences:
(12,43 3,1), (1%,42,3%,2), (1%,4,3%), (2, 1,42, 3%).

If mj, = (48,2), then dig < 2. Therefore 7 is either (5,47,2,1) or (52,46,22).
The corresponding sequence 75 is (12,4%,3,2,1) or (12,4,32%,22), both of which are
graphic.

If j, = (43,35 1), then djp = 1. Hence, 7 = (5,4%,3%,12) or (4%,3%,12). The
corresponding 73 = (0%,32,2,12) or (1,0, 33,12), which are both graphic.

If )y = (47,3,1), then dig = 1. Since 7 # (48,1%), = = (5,4°,3,12). The sequence
75 = (12,4, 3% 12), which is graphic.

If o = (5,47,1), then dig = 1. Thus 7 = (6,47,12) or 7 = (52,4%,12). The
sequences 75 are both (12,4,3%,1%), which is graphic.

If 7}, = (42,3%,12), then djp = 1. Therefore, 7 = (5,4%,3%,13) or 7 = (4%,33,13).
The corresponding sequence 73 is (02, 3,2, 13) or (1,0, 3%, 13), which are both graphic.

If o = (47,12), then 7 = (5,45, 13) by d1p = 1. The sequence 75 = (12,4,3,13),
which is graphic.

Subcase 5.2. dj < 3 in the residual sequence 7},. Then d5 = d) = di = 3 by
di > 3. Since df = 3, we have dip < 3 and ds = dg = 3. It follows from Lemma 2.6
that 7 is potentially K5 — e-graphic.

Case 6. n > 11. Then 7] # (3%),(32,2%),(32,23). Otherwise, each of the three
sequences should contain 1 as a term, which is a contradiction. Assume that ds =
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de = ... =dg,+2 = 3. Consider the residual sequence 7/,. Obviously, df > 3 in 7),.
We use induction on n to prove this case. We first prove the case n = 11.

If d5 > 4 in the residual sequence 7}, and 7}, # (4%,12), then 7}, is potentially
K5 — e-graphic by Case 5 and so is m. If 7, = (4%,12), then 7 = (5,47,13), 7} =
(12,42,3,13), which is graphic.

If df = 3 in 7}, then d5 = 3. From Lemma 2.6, 7 is potentially K5 — e-graphic.

Now we assume that for n — 1 > 11 the result is true. If d5 > 4 in the residual
sequence 7,,, then 7/, is potentially K5 — e-graphic by the induction hypothesis, and
sois . If df = 3 in 7}, then ds = 3. We consider the residual sequence 7f. According
to Lemma 2.6, 7 is potentially K5 — e-graphic. (]

Proof of Theorem 1.12. If d; =n — 1 or there exists an integer ¢,5 < t <
dy + 1 such that d; > di41, then 7 is potentially As-graphic if and only if 75 ¢ S
by Theorem 1.5 and Theorem 2.4. If n —22>d; > ... 2 dy 2 ds = ... =dg, 42 =
dd,+3 = ... = dy, then 7 is potentially As-graphic by Lemma 2.7. Therefore, 7 is
potentially As-graphic if and only if 75 ¢ S. d

Proof of Theorem 1.13. If dy =n — 1 or there exists an integer ¢, 6 < t <
dy + 1 such that d; > diy1, then 7 is potentially Ag-graphic if and ouly if mg ¢ S
from Theorem 1.12 and Theorem 2.4. If n —2 > di > ... 2 ds > dg = ... =
di,+2 = dg,4+3 > ... = dy, then 7 is potentially Ag-graphic by Lemma 2.8. Hence 7
is potentially Ag-graphic if and ouly if g ¢ S. O

Proof of Theorem 1.14. If 7 is potentially As-graphic, then it is ob-
vious that (dy — 4,dy — 4,...,ds — 4,dg,...,d,) is graphic. If 7 is (n —a,n —
b, 4%, an—(atbtd) qatb=2y o1 (n_q, n—b, 45,27~ (a+b+5) 1a+b=2) ‘then the correspond-
ing 75 is (2,0776) or (22,0 7), neither of which is graphic. Thus 7 is not potentially
As-graphic by Theorem 1.1. Now we verify the sufficient condition. According to
Theorem 1.6 and Theorem 1.7, we only need to consider the following three cases:

Case 1. d; < 6 and dyp < 2. Let G be a realization of the sequence (d; — 4,
dy —4,...,ds — 4,dg,...,d,) with V(G) = {v1,...,0,}, d(v;) = d; — 4 for i =
1,...,5 and d(v;) = d; for i = 6,...,n. Let A = {v1,...,v5} and B = V(G) \ A.
Moreover, G minimizes the edge number |E(G[A])| of the induced subgraph G[A4]. If
|E(G]A])| = 0, then 7 is potentially As-graphic. Otherwise, there exists at least one
edge e = uv in G[A]. Without loss of generality, we may assume that dg(u) > dg(v).
Then u and v are respectively adjacent to at most one vertex u” and v” of B. Since
n is sufficiently large and 7 is positive graphic, we may find an edge ¢/ = u/v’ with
u',v" € B and u',v" # u”,v". Since dy < 6, u and v are not adjacent to u’ and v'.
We may obtain another realization G’ of (dy — 4,ds — 4,...,d5s — 4,ds,...,d,) by
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swapping the edges e and e’ with the non-edges uu’ and vv’. Clearly, |E(G'[A])] is
less than |E(G[A])|.

Case 2. do < 5,dy > 7 and dyg < 2. If do = 4, then 7 is potentially As-graphic
since (d1—4,d2—4,...,ds—4,ds, . .., d,) is graphic. If do = 5 and | E(G[A])| = 0, then
m is potentially As-graphic, where the definition of G is the same as that in Case 1.
If do = 5 and |E(G[A])| # 0, we assume that e = uv in G[4] and dg(u) > dg(v).
Then u is not adjacent to at least one vertex u’ of B. Since 7 is positive graphic,
there exists a vertex v € N(u'), where N(u’) is the neighbor set of the vertex u'.
As the vertex v has degree at most one in GG, v is not adjacent to v’ and v'. Thus
G' = G—uv—u'v' 4uu/+vv' is also a realization of (d1—4,d2—4, ...,ds—4,dg, ... ,dy)
with [ E(G/[A])] < |E(GIA])|.

Case 3. d3 = 4,dy > 6,dy > 7 and dig < 2. Then we assume that m =
(dy,dg,43,dg,d7, ds,dg,2%,1Y) with & +y = n — 9. By Theorem 1.1, it is enough
to prove that 75 = (dés),dgg’), ceey dS’)) is graphic. If dg < 2, then 75 is graphic by
Theorem 2.3. If dg = 3, then (dy — 4) + (dy — 4) > 5. Thus d{”) < 2 and h(ms) = 1,
where h(m5) means the smallest positive term of 75. It follows from Theorem 2.3 that
w5 is graphic. For dg = 4, we consider the following three subcases.

Subcase 3.1. d7 < 2. Assume 7 = (dy, da,4*,2%,1Y) with 2 +y = n — 6. Since
7 is graphic, we have (d; —4) + (do —4) <242z +y, that is, d; + do < n+ 4+ x.

If di +ds = n+ 4 + z, then 75 = (2,0"7%), which is not graphic. Hence 7 is not
potentially As-graphic. Let dy =n—a and do =n—0b. Then x =n— (a+b+4) and
y=a+b—2. Sincex >0 and do > 6, we have a +b < n—4 and b < n — 6. That
is, 7 = (n — a,n — b, 4%, 2n—(a+b+4) 1a+b=2y "which is impossible.

If dy + dy < n + 4+ z, then h(m;) = 1 and d) = 2 by i(di —4) > 5. Thus 75 is

=1
graphic by Theorem 2.3.

Subcase 3.2. d7 = 3. Assume 7 = (d1,dz,4*,3,ds, dg, 2%,1Y) with z+y = n—9.
Since (dy — 4) + (dz — 4) > 5, we have d”) = 2. If dy > 8, then h(m;) = 1 by d7 = 3.
Thus by Theorem 2.3, 75 is graphic. If dy = 7 and dg = 3, then 75 has at least three
positive terms. If d; = 7 and dg < 2, then h(ws) = 1. Therefore, 75 is graphic by
Lemma 2.2.

Subcase 3.3. d; = 4.

(1) If dg < 2, then we assume that m = (d1, da,4°,2%, 1Y) with x +y = n — 7. Since
m is graphic, we know that (dy —4) 4+ (da —4) < 24+ 2+ 22+ y = n — 3+ x, that is,
di+do <n+5+uzx.

If di +dy = n+5+ 2, then 75 = (22,0""7), which is not graphic. Since x >
0,do 26, z=n—(a+b+5)andy=a+b—2,wehavea+b<n—5and b<n—6.
Therefore, 7 = (n — a,n — b, 4%, 2"~ (@+b+5) 1a+b=2) "which is a contradiction.
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Ifdy+dy < n+5+a, then h(ms) = 1. As (dy —4) + (dy —4) > 5, we have d{”) = 2.
It follows from Theorem 2.3 that 75 is graphic.

(2) If dg > 3 and dy < 2, then we assume that © = (dy,ds,4°, dg,2%,1Y) with
r+y=mn-—_8.

If (dy—4)+(da—4) > 6 and da > 7, then dé‘r’) = 2 and 75 has at least three positive
terms; if (dy —4) + (dy —4) > 6,dy = 6 and dg = 4, then 75 = (3,22,27,1¥",0%)
with 2/ + ¢/ + 2/ = n — 8 if (dy — 4) + (dy —4) > 6, dy = 6 and dg = 3, then d) = 2
and 75 has at least three positive terms. By Lemma 2.2, 75 is graphic.

If (dy —4)+ (d2 —4) = 5, then d; = 7 and dy = 6. If dg = 3, then 75 = (23,2%,1Y).
If dg = 4, then 75 = (3,22,2%,1Y). By Lemma 2.2, 75 is graphic.

(3) If dg > 3 and dy > 3, then 7 = (dy,ds, 4%, ds,dy, 2%, 1Y) with x +y = n — 9.
Since (dy —4) + (d2 — 4) > 5, 75 has at least four positive terms and dé5) <3. If s
has at least five positive terms, then 75 is graphic by Lemma 2.2. If 75 has exact
four positive terms, then dg)) = 2, and 75 is also graphic by Lemma 2.2. O
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