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To the memory of Laurent Schwartz

Abstract. In this paper we use a duality method to introduce a new space of generalized
distributions. This method is exactly the same introduced by Schwartz for the distribution
theory. Our space of generalized distributions contains all the Schwartz distributions and
all the multipole series of physicists and is, in a certain sense, the smallest space containing
all these series.
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1. INTRODUCTION

Distribution theory was introduced by Laurent Schwartz [16] in order to allow the
derivation of any order in the space of locally integrable functions in an open (non
empty) subset © of RV . For this purpose Schwartz extended the concept of function
and completely justified the use of the so called Dirac function (and its derivatives)
introduced by Heaviside [8], [9] and largely used by Dirac in quantum mechanics [3].
The distribution space 2'(Q) is defined by Schwartz as the strong dual of the space
2(Q) of C* functions with compact support in 2, equipped with an appropriate
topology. This topology, which is not an easy one, uses some properties of inductive
limits established previously by Dieudonné and Schwartz [2]. The space 2'(f2) is a
Montel space and, in particular, is reflexive, its dual being 2(2), and a sequence
(Th)nen tends to zero in 2'(12) iff the scalar sequence T, () tends to zero for all
v e D).
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In order to define the Fourier transform, Schwartz introduced also the space .’ of
tempered distributions: it is the strong dual of the Schwartz space . of C'> rapidly
decreasing functions in RY, equipped with an appropriate topology. The classical
Fourier transform is a vectorial and topological isomorphism of .% onto itself and
Schwartz extended it, by duality, to the space .#’ of tempered distributions.

The motivation for the generalization of distributions is the series of multipoles

> a0,

aeNN

used by physicists, where the a, are scalars and J, is the Dirac distribution at the
point a € €. This series is not convergent in 2'(Q) (except in the trivial case where
all but a finite number of the a, are null) and therefore we may be tempted to
use other spaces than 2'(Q2). One way to do this is to modify the test function
space Z(Q2), the main difficulty being the construction of subspaces still dense in
2(Q). One attempt done by Lions and Magenes [11], using functions introduced
by Gevrey [5], led to the so called Gevrey classes of ultradistributions. Komatsu
[10] did the same with the classes of ultradifferentiable functions. Guelfand and
Chilov [7] replaced 2(Q2) by the space of analytic functions; the disadvantage is
that this space is not included in 2(£2). Another way established by Sebastido e
Silva [17, 18] and developed by Oliveira [13] is to extend the Fourier transform to
a space bigger than .¥’, maintaining, if possible, the isomorphism property in that
bigger space; unfortunately this space does not contain 2'(Q2). We remark that
an extension of the Fourier transform to 2’(€2) was done by Ehrenpreis [4], but the
automorphism property is lost. A space close to that of Sebastido e Silva and Oliveira
was axiomatically introduced by Menezes [12] and revisited by Luisa Ribeiro [14].
For other generalizations of the distributions see the book of Lions and Magenes [11]
or the thesis of Luisa Ribeiro [15] and the references presented in these works.

Our approach is the construction of a very simple subspace of 2(2), much simpler
than those introduced by Gevrey or Komatsu. The advantages of our method are:
(1) our space includes 2’(2) and we very easily characterize the distributions (The-
orem 1); (ii) our theory is closely related to the well-known Schwartz theory; (iii)
the notion of ultra-support localizes the singular behavior of our generalized distri-
butions; (iv) the definition of support is quite natural and has nice properties (which
is not the case with the spaces of Sebastido e Silva, Oliveira and Luisa Ribeiro); (v)
the extension of the theory to differentiable manifolds seems straightforward; (vi) we
think that the extension of the Fourier transform to a subspace of our space can be
done by linearity and continuity in a natural way (we hope to publish a paper on
that matter in the future).
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We are grateful to the late prof. Laurent Schwartz who read the manuscript and
made very useful suggestions in a letter dated 24 June 1993. In particular the
theorems in Section 6 were established by prof. Schwartz.

2. THE SPACE %y (£2)

Let Q2 be an open non empty subset of RY ; we write .# (£2) for the set of all compact
subsets of RY included in Q and #/(2) for the set of all subsets W of Q such that
K NW is finite for each K € #(€2). Note that #(Q) is closed under intersections
and finite unions. If W € #/(Q), then W is countable, closed in €, all its points are
isolated, all its limit points belong to the boundary of Q and Wy € #/(2) for all Wy
included in W. If K € JZ(Q2) and W € #/(2), there exists an open neighbourhood
0 of K such that 0 € #(Q) and 0 \ K is disjoint from W. For W € #(9) and
m € N, we define %y, () as the subset of 2(2) of all ¢ such that 9%p(z) = 0 for
all « € NV |a| > m, and all x € W. It is a closed vector subspace of 2(f2) and we
have Ywm(Q) = 2(Q) iff W = (). We denote by % (©2) the union of all %y, (Q),
when m € N; as 4y, (2) is included in %y, () whenever m < m/, we see that
WUy () is a vector subspace of Z(1), equal to 2(Q) iff W = 0.

Proposition 1. The space Zy (§2) is dense in 2(Q).

Proof. Let ¢ € 2(Q); we know, by the Weierstrass theorem, that there is
a sequence of polynomials (p,)nen such that, for all K € # () and all a € NV,
the sequence (0%p,)nen converges uniformly in K to 0%p. Fix a neighbourhood
O of supp ¢, with O € #(£2), such that O \ supp ¢ is disjoint from W and choose
Y € 2() such that ¥ = 1 in supp ¢ and supp¥ C O; we have ¥p, — ¢ in 2(Q)
and ¥p, € Zw (), and this shows that %4 () is dense in 2(Q). O

We introduce in %y, (?) the topology induced by 2(€). Recall the following
result on inductive limits (for a proof see Grothendieck [6]; for a brief study of
inductive limits see Viegas [19]): Let E be the inductive limit of a sequence of
locally convex spaces (Ep,)nen such that E,, C E, 1, the topology of E, is the one
induced by E,+1 and E, is closed in F,1; then, if all the E,, are Montel spaces, F
is also a Montel space.

Proposition 2. The space %w,m(?) is a Montel space.

Proof. Let (Q,)nen be a sequence of non void relatively compact open subsets

of Q such that Q = |J €, and, for all n € N, Q,, C Q,,4; and 9Q, N W = ). Write
neN

K, =Q,.
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We first prove that the topology of %, (£2) is the inductive limit topology of the
spaces Zw.m () N Pk, () equipped with the topology induced by Pk, (2). From a
general result on inductive limits (see [1]) we know that the inductive limit topology
of the spaces Zw,m(2) N Pk, () is finer than the %y, () topology. We have to
show that the %y, (£2) topology is also finer than the inductive limit topology of the
spaces Zw,m(Q2) N Dk, (). Let V be a closed absolutely convex neighbourhood in
the inductive limit topology of the spaces Zw,m (2) N Pk, (2); then, for each n € N,
VN Pk, (Q) is a neighbourhood in %y, (1) N Pk, () and, as the topology of these
spaces is the one induced by Pk, (), we know that (see [16]), for each n € N, there
exist €, > 0 and k, € N such that, if ¢ € %y, (Q) verifies |0%p(x)| < &, for
all @« € NV |a| < k,, and suppyp C K, then ¢ € V. Obviously we may choose
the sequence (g, )nen strictly decreasing converging to 0 and the sequence (ky,)nen
strictly increasing.

Now we fix once for all a sequence (¢, )nen of functions such that:

Un € Uwm(Q); supp vy C (Knpa \ Q)i ¥n =05 Yt = 1.
n=0

The existence of such a sequence is a consequence of the fact that the intersection of
W with each K, is finite. For ¢ € %y, (€2) we have

=1
. n+1
wa 2n+12 Ynp
n=0

and, since V is closed and convex, this equality shows that ¢ € V whenever each
function 2"*14),,¢ belongs to V.

Let (A )nen be a decreasing sequence of strictly positive real numbers, converging
to 0, and let (r,)nen be an increasing and unbounded sequence of positive real
numbers. As the topology of % ., () is the one induced by Z(Q2), we know (see
[16]) that the set Vp of functions of %y ., () satisfying

Ve g K, Va e NV Ja| <rp,  [0%(x)] < A
is a neighbourhood in %y, (2). But, if ¢ verifies the above condition, then
Ve g K, YaeNY, ja| <r, [27710%($n)(2)] < cndn

where, for each n € N, ¢,, is a constant > 0.

Choose (Ap)nen such that ¢, A\, < &, for all n € N and put r, = ky; if ¢ € V,
then 2714, € V, and consequently ¢ € V. We see that V; C V and so V is a
neighbourhood in %y, m (£2).
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We have just proved that the topology of %y, (€2) is the inductive limit topology
of the spaces Zw,m(2) N Pk, (V) equipped with the topology induced by Zk, ().
But the spaces Zw,m (2) N Pk, () are Fréchet, thus they are barrelled; the Pk, (£2)
are Montel spaces, thus the %, (2) N Pk, (1) are also Montel spaces. For each
n € N the topology of %, (Q) N Pk, () is the topology induced by Zw,m(2) N
Pk, (), and the first space is closed in the second one. This shows that the
inductive limit %y, () of the Montel spaces Z4y.m (2) N Pk, () is a Montel space.

O

Note that, for all m,m’ € N, m < m/, we have Zw,m () — Yw.m (Q) — 2(Q),
where < means continuous injection (we use — for continuous injections, < for
compact injections and 4 for continuous and dense injections). We equip Zw (92)
with the inductive limit topology of the sequence (Zw,m (2))men -

Proposition 3. The space %y (?) is a Montel space.

Proof. For each m € N, %y, (2) is a Montel space (Proposition 2),
Uw,m+1() induces in %y, () its topology and Zw,m, () is closed in Z4y m+1(£2).
O

We remark that a sequence (¢, )nen tends to zero in %y () iff the following three
conditions are satisfied:

(i) peNVReNVze WVaeN |a| >p d%,(z) =0

(i) 3K € ' (Q) Yn €N suppp, C K (1)
(iii) Yo € NV 9%p,, — 0 uniformly in Q.

The proof of this statement is very easy. First, if (i), (ii) and (iii) are satisfied,
then ¢, tends to zero in % () and, a fortiori, in % (). Conversely, if ¢,, tends
to zero in %y (), then ¢, is bounded and, as %y () is the strict inductive limit of
the spaces Zw.m () and each %y, () is closed in %4y m+1(§2), there exists p € N
such that ¢, belongs to Zw,,(£2); for this kind of inductive limits the topology of
each %w,m () is the one induced by Zw (2), and so ¢, tends to zero in %y, (),
that is (i), (ii) and (iii) are satisfied.

Let Wy, Wy € #/(Q), with W, C Wa; then we have %y, () — Zw, (), and we
are able to prove that this injection is dense.

Proposition 4. Let W1, Wy € #'(Q2), W1 C Wa; then Zw,(Q) is dense in

Proof. If W is empty we are reduced to Proposition 1. Suppose that W3
is not empty; given ¢ € %y, () choose a neighbourhood & of supp ¢y, with & €
A (), such that & \ supp ¢ does not intersect Ws, fix ¢ € 2(Q0) with ¢ = 1 in
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an open neighbourhood of supp ¢ and supp ¢ C &, and choose a sequence (py)nen
of polynomials such that, for each o € NV, 9%p,, — 9%¢ uniformly in the compact
subsets of {2. Choose disjoint open neighbourhoods €2; and €5 of W; Nsupp ¢ and
(Wo \ W1) Nsupp ¢, respectively, with Qy, Qs € #(Q), write Qo = Q\ (WaNsupp ¢),
and let (v, 11, 12) be a partition of unity subordinate to the open cover (29, 21, Q2)
of Q. The sequence Y19 + Yothp, + Yotp, is in Zw,(2) and converges to ¢ in
Uw, (Q). O

3. THE SPACE %, ()

Let 243,(£2) be the strong dual of %y (€2); we shall denote the duality product
between 1" € %, (S2) and ¢ € %w (Q) by (T, )y or simply by (T',¢). The space
U, () is a Montel space, because it is the dual of the Montel space Zw (). A
sequence (T,)nen tends to zero in the space %4, () iff (Th,,¢) — 0 for all ¢ €
Uw (). From Zw () <, 2(Q) we see that 2'(Q) — %3, () and (T, ¢)yq =
(T,0) g1 (q),2(0) for all T € 7'(Q) and all p € %y (). From %w (Q) C %y, (?) and

from the reflexivity of % (2) we conclude that % () R U, (), which implies
2'(Q) <% W, (Q). Thus, for Wy, W € #(Q), with Wy C Wa, we may write the

inclusions:
d d d _, d , d ,
U, () — Uw, () — 2(Q) — D'(Q) — Uy, () — Uy, ().

An element T' € %y, (Q2) belongs to %y, (Q2) iff T' can be extended to %y, () as
a linear continuous (for the %4y, () topology) functional; T belongs to 2'(Q2) iff T
can be extended to Z() as a linear continuous (for the Z(Q2) topology) functional.

We denote by %’(£2) the union of all %;,(2), when W € #'(Q2). It is a vector
space that we call the space of generalized distributions in €.

Lemma. For all Wi, Wy € #/ () we have %y, (2) N Uy, () = Uy, ow, (2)-

Proof. AsW;NWs isincluded in W and in W5, we have %V/Vmw2 (Q) included
in both spaces %y, () and %y, (Q2), that is %y, Ay, () C (%, () N Uy, ().

We have to prove that (%, (2) N %y, () C %y, aw, (). Let Q1 C Q and
Qs C Q be such that: Q; is an open neighbourhood of W; disjoint from Wy \ Wh;
) is an open neighbourhood of Ws disjoint from Wy \ Wy, Write Qo = Q\ (W U
W) and let (vo,11,%2) be a partition of the unity subordinate to the open cover
(Q0,91,Q02) of Q. Let T' € %y, (Q) N Uy, (Q); for each p € %y, nw, (§2), we define

<T7 Sﬁ>%v/vmw2 (), 2wy nw, () by:

<T7 50>@//

‘Winwy

Q. 2wy oy () = (L 002)w, uw 0 (T 010)w, o + (T b20)w, o -
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The previous equation shows that 7" can be extended as a linear continuous functional
on %y, nw, (), and thus T' € %y A, (). O

An immediate consequence of the previous lemma is that, if T € %’ (Q) belongs to
Uy, Q)N Uy, (2), where W and Wy are two disjoint sets in #/(Q2), then T' € 2'(Q).

Theorem 1. Let I be a nonempty index set and, for each i € I, let W; € # (Q);
write W = () W;. Then we have (| %y, (Q) = %y (Q).
iel iel
Proof. For each i € I we have W C W;; this implies that, for each i € I,
Uy (Q) C Uy, (Q), that is %y, () C () Xy, ().
il
It remains to prove that () %y, (2) C %y (). Let T € ) %y, (Q); we have
icl il
to prove that we can extend T as a linear functional in %4 (£2), continuous for the
Uw () topology.
Let ¢ € Zw () and let K € () be such that suppp C K. As the set K N W
is finite we may fix a finite subset Jx of I such that KN W = K N ( N Wj>.
Jj€JK
From ¢ € Zw(§2) we see that ¢ € Zxnw () (because (K N W) C W), that is
Y € Ukn(n . w;)(22). As K contains the support of ¢, this function is identically
JIeJK
null outside of K. This implies that ¢ € %ijJK w,(Q2). Now, as T belongs to

(\ %y, () and this set is included in the finite intersection (| %, (€2), we have

i€l JjE€JK

T e () %y,(Q). By the lemma, taking into account that Jx is a finite set, we
JjE€JK

have T € %ﬁj@}( W, (€2). So far we have proved that 7' is in %4 W, (Q) and ¢ is

jedk

in %ﬂjEJK w, (2); thus we may write, by definition,

<T7 SD>W,Q = <Ta sﬁ>ﬂjEJK Wj7Q .

The previous equality shows that T' can be extended as a linear continuous functional

on %w (), and thus T' € %), (). O

Next we give an important example of a generalized distribution which is not a
distribution. Let a € Q, W = {a} and (84 )aen~y a given multi-sequence of complex
numbers. We define T' € %;,(Q2) by

(2) (T,0) = > (=1)*B,0"¢(a)
aeNN

for all ¢ € %w (). Note that (2) defines indeed an element T' of %4, (€2) that
cannot be extended as a linear continuous functional to Z(2) unless all but a finite
number of the scalars (3, are null; note also that the previous series reduces, for each
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© € Uw (), to a finite sum with a number of terms depending on ¢. The generalized
distribution T' defined by (2) is called the multipole series at the point a associated
with the multi-sequence (84 )aenn -

4. ULTRA-SUPPORT. RESTRICTION. SUPPORT

Let T € %'(Q); we call ultra-support of T', and we denote by usupp 7', the in-
tersection of all W € #/(2) such that T € %, (€2). We have usuppT € #'(2)
and T € 2'(Q) iff usuppT = 0; by Theorem 1 we see that T € %/ Q).
For notational purposes, we adopt the following convention: if T € %’(Q) and

supp T(

¢ € Usupp1(£2), the symbol (T, ¢) means always (T, ) ..o 1.0

Let T € '(2) and let £y be an open non empty subset of RY included in . We
introduce the restriction of T to Qg as the element o1 € %;,(Q), where W € #/ ()
is the set W = Qg Nusupp T, defined by (T, ‘p>W,szo = (T, @o) for all p € %y (o),
where g is the trivial extension of ¢ to Q. The mapping o: %, (Q) — % () just
defined is linear continuous and usupp(eT’) C (usupp T N ).

Let T € ' (2). We write Qp for 2\ usupp 7. We associate to T the distribution
VT € 2'(Qr) defined by (YT, ¥) g 0,),9(00) = (I ¢0), where ¢g is the trivial
extension of ¢ to Q (¢ equals ¢ on Qp and g is zero outside Qr); in other words,
~T is the restriction of T" to the open set 2. We define the support of T' by supp T’ =
usupp 7' U supp(yT'), where supp(yT') is the usual support of the distribution 7.
Obviously, if T € 2'(f2), the support of T as a generalized distribution is the same
as the support as a distribution. For T, S € %’(Q)) and a scalar «a # 0, we have the
relations usupp(7T + S) C (usupp T U usupp S) and usupp(aT’) = usupp T’; for the
supports we have also supp(T + S) C (supp T U supp S) and supp(aT’) = suppT.

Theorem 2. Let T € %' (Q) and let ¢ € 2(Q) be such that supp ¢Nusupp T’ = 0.
Then (T, ¢) = (7T, @)@/(Q),@(Qy

Proof. This is a consequence of the definition of 4T 0

The support of a generalized distribution 7' € %’(€) may be defined without the
help of the distribution yI'. We say that 7" is null on an open subset & of ) if
(T, ) = 0 for all ¢ € Zsupp1(0) such that supp ¢ is included in €. We say that
T,S € %' (Q) are equal on O iff T — S is null on &. Let (€2;);cr be a family of open
subsets of €2, covering , and let (7;);c; be a family (indexed by the same index
set I) of generalized distributions, with T; € %’(£);); then, if T; and T} are equal in
; N Q; whenever this intersection is non void and if |J usuppT; € #/(Q2), there is
one and only one generalized distribution T' € %’(Q) séilll that 7" is equal to T; in §2;.

550



Before the proof of this property, we mention that it is the analog of the “principe
du recollement des morceaux“ for Schwartz distributions, and that it enables us to
given another (equivalent) definition of the support of T": it is the complement of the
union of all open subsets of {2 where T is null.

Now we have to prove the property mentioned above. Let (1;);c; be a partition
of the unity subordinated to the open cover (€;);er of Q. Write W = | usupp T3;
recall that, by assumption, W € #(2). Let ¢ € %w () and write IZ(EI: supp .
Because K is compact we know that there exists a finite subset of I, say Jx, such
that, if ¢ ¢ Jg, 9; is identically null on K. Thus we may write

o= .

Jj€JK

This equation shows that, if there exists a generalized distribution T' € /() with
the required properties, T is in %4}, (Q?) and

3) (T, P)wa = Z (T i) wa = Z (Tj, 950w, 0, -

j€IK JE€JIK
Equation (3) shows the uniqueness of T € %'(2) such that T is equal to T; in ;.
To prove the existence it is sufficient to see that equation (3) defines indeed a linear
and continuous functional T on %4 (2) such that T is equal to T; in ;. This is
straightforward and we leave the proof to the reader.

It is easily seen that (T, ¢) = 0 whenever ¢ = 0 in a neighbourhood of supp T'. As
© has a compact support, this implies that (T, ) = 0 whenever supp T and supp ¢
are disjoint sets.

Let &(2) be the vector space of C*° functions in Q with the (usual) topology of
uniform convergence of the function and its derivatives in the compact subsets of Q.
For W € #(Q), we denote by #3(€2) the vector subspace of & (£2) of the functions v
such that there is m € N (depending on v) with 9% (x) = 0 for all @ € NV | |a| > m
and all © € W. Obviously we have % (2) C 7w ().

Let T € %, (), ¢ € Yw(Q) and K = suppT Nsuppp. We are going to show
that, if K € JZ(Q), we still can define (T, p). We fix an open neighbourhood O C Q
of K and a function p € 2() such that g =1 in O. We put, by definition,

(4) <T7 90> = <T7 [L<,0> .

It is easily seen that the value (T, ¢) does not depend on the choices of O and p. In
fact, if O’ C Q is another open neighbourhood of K and v € 2(f2) another function
such that v = 1 in O’, we have

(T, pp) = (T, wp) = (T, (p—v)p) =0
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because supp(p—v) is included in Q\ (ONO’) which is disjoint form a neighbourhood
of K; a fortiori, supp(u — v)¢p is disjoint from a neighbourhood of the support of the
generalized distribution 7.

5. DERIVATIVES, MULTIPLICATION AND TRANSLATION

Let T € %'(Q) and let « € NV. As the operator 9% is linear continuous from
Uasupp T(82) Int0 Zysupp T(€2), We may extend it, by duality, to the space %, 7(€2),
defining 0°T as follows: (0°T, ) = (—1)11(T,0%p), for all ¢ € Zsupp7(Q2). The
(©) and, on Z'(Q),
equals the usual derivative operator. Note that the generalized distribution 7" defined

operator 0% is linear continuous from %, + () into %,
by (2), that is the multipole series at the point a associated with the sequence

(ﬁa)aeNN 5 Veriﬁes

(5) T= 3" a0

aeNN

This series is convergent in %/, (€2) but is not convergent in 2'((2), except in the
trivial case where all but a finite number of the (3, are null. It is very easy to prove
the following properties of the multipole series T' defined by (5):

suppT C {a};
supp T = 0 iff Yoo € NN 8, = 0;
usupp T = {a} iff there are infinitely many non null scalars [,;

usupp T’ = 0 iff all but a finite number of the scalars 3, are null;

T= 3" 70 iff a=bAYa e NV G, = 7a.

aeNN

As ¢ belongs to Zw () whenever ¢ € %y () and ¢ € ¥y (), we may define,
by duality, the product of ¢ by an element T' € %4, (Q): (YT, ) = (T, v¢p), for all
¢ € %w (). The mapping T' — ¢T is linear continuous from %4, () into itself
and usupp(¢T') C usupp 7. The Leibniz formulas for the derivatives of the product
remain valid.

Let f € C(RY) and let h € RY; the translation operator 7,: C(RY) — C(RY)
is defined by 7, f(z) = f(z — h). Obviously, if f € C(RY), we have 9%(7,f) =
(0% f) for all @« € N¥. This implies that, if W € #(RV) and ¢ € %y (RY),
then 7,0 € % +w(RY), where h + W is the subset of RV of points x of the form
© =y+h with y € W. We define the operator 7, w: %, (RY) — %, w(RY)
by (To T, @) pwrny = (T, T-n@) e~ for all ¢ € Un+w (RY). Obviously 7, 1 is a
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vectorial and topological isomorphism from %4, (RY) onto % ;,(RY), the inverse
being the operator 7_j, n+1w. We now define the operator 7,: %' (RN) — %' (RN)
as follows: for T € %' (RN), 7,7 = Th,usupp 71 - The operator 73, is a vectorial and

topological isomorphism from %/ (RY) onto % +usupp T (RY), the inverse being

usupp T’
7_n. The translation operator in %/(RY) has the following properties:

Thik T = Tyt T for all T € %' (RY) and all h, k € RY;
(i T) = 1,(0°T) for all T € %' (RY) and all « € NV;
usupp(7,T) = h +usupp T for all T € %' (R™).
Theorem 3. Let T € %'(RN) be such that 7.,T = T for some h € RN \ {0} and
all c € R; then T € ' (RV).

Proof. From 7.,7 = T we have usupp(r.;T) = usuppT’; then usuppT =
ch 4+ usupp T for all ¢ € R and, since the intersections of usupp 7" with the compacts
are finite, this implies usupp 7' = (), that is (Theorem 1) T' € 2'(R"). O

Lemma. Let T € %' (RY) be such that 9;T = 0 (9; is the derivative with respect
tox;) forsomej € {1,...,N}. Then ., T =T for allc € R, where e; is the j-vector
of the canonical basis of R .

Proof. Suppose, for simplicity, that j = 1. Fix ¢ € R and write W = usupp T'U
usupp(7ee, T'). Suppose that 7..,T # T'; then there is a function ¢ € % (RY) such
that

(6) (Tee, T =T, S">W,|RN = (T, T—cesp — ‘P>W,[RN 7 0.
Define ¢: RY — R by ¢(z) = [“}_o(y,za,...,2n)dy ; we have
(T-cerp = ) (x) = (x4 cer) — p(x) = 01 (Y(x + cer) —h(x)) = D1 A()
with A(z) = ¥(x + ce1) — ¥(x). But A € Zw (RY), then, since 9,7 = 0,
(T, T—cerp — @)W,RN = (T, 61)\>W)RN =— (04T, A)W)RN =0
which contradicts (6). O
Theorem 4. Let T € %'(Q2) and let « € NN, If 9T = 0, then T € Z'(Q).

Proof. The theorem is a consequence of the lemma and Theorem 3. O

Note that, if T € %’ (Q) verifies 9*T = 0 for all o such that || is grater then a
given m € N, and if  is connected, then T is a polynomial of degree less then |«|.
If T € %'(Q) verifies 9°T = 0 for some o € NV | then T is a pseudopolynomial of
degree less then |«|.
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Theorem 5. Let T € %'(R) be such that ™ T = 0 for some n € N\ {0}; then
T=a16+...+a,06™.

Proof. Consider first the case n = 1. We know that 0 = (2T, ¢) = (T, zp)
for all ¢ € Zsuppr(R); writing 2 = {Y € usuppr(R);¥(x) = zp(z),p €
Usupp T(R)} we have (T,9) = 0 for all ¢ € . But ¢ € A iff ) € Uysuppr(R)
and ¥ (0) = 0; thus S is a hyperplane of Zusupp 7(R) and T is entirely determined
if we fix its value on a function ¢y € Zusupp7(R) \ €. Let us fix (T, ¢o) = A, with
A € C. Now, for ¢ € Zsuppr(R), we have the unique decomposition ¢ = ¢ + cpg
(c € C) and

(T,) = (L0} + (T, cp0) = A = 2 2 <(00)> ~ (e16,0)

with ¢; = A/@o(0). This shows that 7' = ¢;6. As 26 = —nd(»~1) the theorem
can easily be proved by induction on n. O

6. STRUCTURE OF %, (Q)

In this section we prove a structure theorem for the space %4}, (2). As we men-
tioned in the introduction this theorem was first proved by Laurent Schwartz; our

proof is slightly different.

Proposition 5. Let T € %'(Q) and a € Q. We have suppT C {a} iff T =

> ¢a0%,, where the ¢, are scalars uniquely determined by T.
aeNN

Proof. IfT = 5 ¢,0%, we know that suppT C {a}. Suppose now that
aeNN
suppT' C {a}. Let ¢ € %(4)(9); using the Taylor expansion of ¢ around the point

a, we have
(I A’a) a
plx)= > o 9%la) +¥(a),
aeNN
where ¢ € &(Q) and 0*¢(a) = 0 for all o« € NV. Note that, for each ¢ € %4} (1),
the series reduces to a finite sum. As T has a compact support we may write

() = <T, ) %6%@ (T )

aeNN

S (T - a)) 0% + (T 0)

aeNN
—1)le
= Y -0 DD s+ @) = Y et + (T0)

aeNN aeNN
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where
(-
al

(T, (x —a)*).

Cq =

Now we have to prove that (T,v) = 0.

For each ¢ > 0 we write B. = {x € RY; |x —a| < £}. We fix r > 0 such that
B, C Q. Let u € 2(Q2) be such that suppu C B, and 4 = 1 in B, ;. For each
k € N\ {0} we define ¢, € 2(2) b

(@) = p@)(2)[1 — p(k(z — a) + a)].

We have supp ¢r. C B,/ and ¢, = 0 in B, /3. This last condition implies that, for
all k € N\ {0}, (T, ¢y) = 0.
Now it is sufficient to prove that 1y, — py in %41 (£2) because, in that case,

(T,0) = (1) = lim(T,v) = 0.

Let us prove the convergence ¢y, — p in %;,y(2). We have to show that g — 0
in %q)(€2), where

gi(x) = p(@)P(z) — Pr(r) = ple)p(@)p(k(e — a) + a).

We have to verify conditions (1). Conditions (i) and (ii) are trivial, since 9%g(a) = 0
for all & € NV and suppgr C B, /k C By. It remains to prove condition (iii); for
a € NV we have

o) = 3 (g) (0% (1)) ()9 (u(k(z — a) + a)

B<La

-y ( ) (0 (1)) () (9 ) (k(z — a) + a).

BLa

Now, since ut) =+ in B, /5, we have, for k > 2

sup [0%gi(z)] = sup [0%gk(2)] < D skl sup [0° ()]
z€ TEB, /K B<a zEB, /K

where cg = “ sup [0%p(x)|.
ﬁ €N

All the derivatives of the function v are equal to zero at the point a; the Taylor
expansion of 9® %) around the point a shows the existence of a constant C' > 0 such
that

0% Py ()| < Ol —a **1.
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This implies that

lel+1 D
r
0< sup |0%g(z)] < Z cgkPlC sup |z — a|l¥F < Z cﬁk‘o‘lcﬁ <=
TEB /K B<a 2EB, /1 <o k\a + k
where D = Crl®l*1 3 ¢4, This shows that 9%g; — 0 uniformly in Q. O
B

Proposition 6. Let T' € %'({2) and a € Q; then T € %/, () if f

(7) T=85+ Y cadda

aeNN
where S € 2'(Q)) and the ¢, are scalars.

Proof. If T is of the form (7), then T € ?/{’a}(Q). Suppose now that T €
U, (Q); for m € N, let T), be the restriction of the functional T' to the space
Uay,m(Q2). We have T' € %{’G}W(Q) and, as the topology of %.},m(f2) is the one
induced by 2(2), the Hahn-Banach theorem tells us that 7T}, can be extended to
2(Q) as a linear continuous functional, which we denote by T;,. We write

T =Tp+ (T —Tp)

and, as T}, € 2'(Q) and T — T, € %{’a}(Q), we just have to show, by Proposition 5,
that supp(T — T},) C {a}. But this is obvious because, for all ¢ € Z() with
supp ¢ C Q\{a}, <Tm, gp> = (T, ) = (T, ), and this proves that T — T, is null in
the open set Q \ {a}, that is supp(T — T},) C {a}. O

Proposition 7. Let T € %;,(2) and let (€;),e1 be an open cover of W such that
Q; C Qand Q;NQ; NW = () whenever i # j. Then

(8) T=S+) T
iel
where S € 2(Q), T; € Uynq,(Q2) with suppT; C €Q;, and the series ) T; is conver-
i€l

gent in U, ().

Proof. We see that Q\ W together with (£2;);cr is an open cover of 2. We
consider a partition of unity relative to this open cover, let us say, 1o\ and (¢;)icr-

We define S € 2'(Q) by (S, ¢) = (T, a\we), for all ¢ € P(Q). For each i € I
we define T; € g, () by (T, ) = (Ti, i), for all ¢ € Zynq, (). We have
supp 1; C ;.

The series ) T; is convergent in %4, (€2) because, for each ¢ € % (), it reduces

i€l

to a finite sum. Finally it is easily seen that the formula (8) is true. O
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Theorem 6. Let T € %'(Y) and W € #'(Q0); then T € %}, (Q) iff

(9) T=S5+Y > cwadou

weW aeNN

where S € 2'(Q)) and the ¢, are scalars.

Proof. For each w € W we fix an open subset 2, of ) in such a way that
Qy NW = {w} and, for all K € (), all but a finite number of the sets §,, are
disjoint from K. By formula (8) we see that

T=S+ Y Tu

weWw

with So € 2'(Q), Ty € %], () and supp Ty, C Q. By (7) we see that

Tw="Suw+ Y Cuaddu

aeNN

where Sy, € 2'(Q) and the ¢, are scalars. Then we have

T =25+ Z Sw + Z Z Cw,aaaéw

weWw weW aeNN

and it remains to prove the convergence of the series > S,,. But this is obvious
weW
because, for each p € Z(Q), the series reduces to a finite sum. This proves (9), with

S =5+ Z Sw- O
weWw

From this theorem we can see that (T, ¢) = 0 for all T € %;,(Q2) and all ¢ €
Wy (Q) such that, for all @« € NV 9%p = 0 in the support of 7.
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