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Abstract. We consider the solution operator S: 7, (, ;y — L? (p)(p’q) to the O-operator
restricted to forms with coefficients in %, = {f: f is entire and [¢, 1F(2)|? du(z) < oo}

Here 7, (p,q) denotes (p,q)-forms with coefficients in .7, L?(y) is the corresponding L>-

space and p is a suitable rotation-invariant absolutely continuous finite measure. We will
develop a general solution formula S to 8. This solution operator will have the property
Sv L 35(1,7(1) Vv € f(p,q+1). As an application of the solution formula we will be able to
characterize compactness of the solution operator in terms of compactness of commutators
of Toeplitz-operators [Ts, Tx,] = [T, Ts,]: Fu — L2(n).
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1. PRELIMINARIES

In many cases non-compactness of the solution operator already happens when
the solution operator is restricted to the corresponding subspace of holomorphic
functions. (See [11], [12], [18], [15] and [19].)

It is pointed out in [19] that compactness of the solution operator for d on (0,1)-
forms implies that the boundary of {2—in this case € is a bounded convex domain—
does not contain any analytic variety of dimension greater or equal to 1. The proof
uses the fact that there is a compact solution operator to 0 on (0, 1)-forms with holo-
morphic coefficients. In this case compactness of the solution operator restricted to
(0, 1)-forms with holomorphic coefficients implies already compactness of the solution
operator on general (0, 1)-forms.
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A similar situation appears in [15] where the Toeplitz C*-algebra .7 () is consid-
ered and the relation between the structure of .7 () and the J-Neumann problem
is discussed.

Our work is motivated by the fact that in some cases the solution operator can be
interpreted as a Hankel-operator. See for example [4], [5], [6], [7], [8], [9], [10], [11]
and [12].

In [11] the canonical solution operator restricted to spaces of entire func-
tion is investigated. For (0,0)-forms it is shown that the canonical solution
operator S: Z, = {f: fisentireand [ |f(2)]?e " d\(z) < oo} — {f:
f is measurable and [, [f(2)[%e7*I" d\(z) < oo} is compact for m > 2 and that it
is not compact for m = 2. Here A denotes the Lebesgue-measure. In [17] it is shown
that the canonical solution operator S: %, 1) — L2, is not compact for all m.
Here m corresponds to the measure p with du/d\ = e~ 121" := e~ (=1l ++=nl™)
both cases the solution operator has a quite simple form. In this paper we develop a
solution operator for (p, ¢)-forms. In this general case the solution operator is much
more complicated. We will characterize compactness of the solution operator as an
application and will therefore be able to generalize the results from [11] and [17].

The question of compactness of the solution operator is of interest for various
reasons; see [2] for an excellent survey.

Let 4 be a suitable rotation-invariant absolutely continuous finite measure with
density g, such that 0 < C < gu(z)_1 < oo for all z in arbitrary compact sets.
Furthermore let the monomials be an orthogonal system. Recall that we understand
under the generalized Fock-space .#, the space of holomorphic functions that are
square integrable with respect to the measure y. That is

Fy = {f: f is entire and / If(2)2du(z) < oo}.
cn
We will abbreviate .#,, = .#. Let us consider the following notations:
= [P duce).
cn

Here k = (k1,...,ky) is a multi-index. We will call cz moments. The reproducing
kernel is given by

K(z,w) =Y or(2)en(w),
k=1

where {p}72, is a complete orthonormal system of .%#. It is known [1], that

K(z,w) = K(w, 2),
1) = [ KGew)f)duw) vies.

948



It follows from our assumptions about the measure u that {z™/c,,: m € N"} con-
stitutes an orthonormal system of .%. Inserting this special orthonormal system one
can see, that
2™ o™
K(z,w) = —_—

Cm Cm

Let L%p 9 (1) be the space of (p, q)-forms with coefficients in

L* () = {f: f is measurable and / If ()2 du(z) < oo}.
o

That is
/
L%p,q)(/’l’) = {Z f[”] dzr A dZ]; f["] S L2(u)}.
1,7

Here, the prime denotes summation over strictly increasing g-tuples J and p-tuples I.
Furthermore
dzy; =dz; A...AdZ;, .

The norm is

Z/fLJ dzr ANdZy
1,J

2 , )
3 RENER
1,0 7¢"

Recall that the O-operator acts via

n

5(2/‘]6[”] dzr A dZ]) =
1,J

! 0]
> Jr.1 dz; Adzp Adzy.
; 8zj

j=1 J

The derivatives are taken in the distribution sense, and the domain of  consists of
those (0, ¢)-forms where the right-hand side is in L%O g+1)(1). For a global survey of

the d-operator on the Bergman space see [2], [3].

2. THE QUASI-CANONICAL SOLUTION OPERATOR

Several solution formulas to 0 are known at the moment. See for instance [14]
for a solution formula restricted to (0, ¢)-forms with Bergman-space coefficients on a
bounded pseudoconvex domain. Furthermore solution formulas can be found as well
in [12]. There the special case of (n,n — 1)-forms is considered and n is the number
of different variables on which the coefficients depend and only the restriction to
Bergman-space coefficients is considered. The aim of this paper is to develop a solu-
tion formula to O restricted to (p, q)-forms with generalized Fock-space coefficients.

949



It will have the property
(+) S0 L F
and
0Sv=v Vv e Fyqt1)-

Here S denotes our solution formula and the second condition just means that S is
a solution formula to O restricted to (p, q)-forms with Fock-space coefficients. Con-
dition (x) is quite similar to the condition that the operator is the canonical solution
operator—but it is not quite the same.

We will need some facts about Hankel operators with unbounded symbols.

Definition 1. A linear operator
S = Sq: L*(1) p.q) NKer(9g) — L (1) (p,g-1)
is called a solution operator to éq_l if
9g-1S¢f = f. Vf € L*(1)(p,q) N ker ().

If we have
Sqf L y(p,qfl)

we call S; a quasi-canonical solution operator.

Definition 2. Let 0 < p < 1 and k € N. Then we define

fo(2) := f(02)
and
fre(2) = 21 fo(2).
The following Propositions are the more-dimensional analogue of [16].

Proposition 1. Let f € #. Furthermore assume that {cZ,, ¢; >0*} is bounded
and 0 < p < 1. Then we have

fre(2) = 21fo(2) € L(C", o).

Remark 1. Generally multiplication operators with unbounded symbols are not
globally defined.
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Proposition 2. Let n € N. Furthermore assume that the sequences c%+llc;2 —
czclﬁll and c?+lci_292i V0 < ¢ < 1 are bounded. Then the Hankel-operator with
symbol z}

H2l1: y — yj_
is bounded.

Proof. We only carry out the proof for I = 1. Let k = (k1,...,k,) a multi-

o0
index. Then k+1; = (k1 +1,k2,...,k,) and > means summation over all positive
k=0

o0
multi-indices. Y means summation over all positive multi-indices except those with
k=1

k1 =0. For f(z) = Y. axz" it follows by the methods from [16] that
k=0

| Vel = PGP dut2)

2
2k 2 2 2k Sk+14 Ck

~ Jao*E, 1,0 +§j|ak| 2o ( - 7).
o k-1,

It follows from the boundedness of the sequence c3 ch,ﬁ - czclﬁh that

/ lim |£,(2) = P(f)(2)2 du(z) < sup / 1Fol2) — P(F)(2) 2 dpu(2)
Cn Cn

o—1 0<p<1

<c/ £ ().

Hence

| s <c [ 17e)R aue)

and therefore the Hankel-operator is bounded. O

Remark 2. The above result is still valid if one replaces the multiplication with z;
by the one with Z;.

Remark 3. It can be shown that in our case the Hankel-operator Hz, has the

form

f—F
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where

f2) =) ar
k=0

and

N N 2
F(z)= lim [z E apz® — E ap—2— k1),
N=ee\ 30 k=1

2
Ck—1,

Remark 4. Let us define Hz,: F(, 4y — L*(1)(p,q) by

! /
H:, Z frxdzr Ndzr = Z H;, frxdzZg ANdzr.

[I|=p,|K|=q |I|=p,|K|=q

It is clear from the proof above that even Hz,: F(, ) — L?(11)(p,q) is bounded if the
assumptions about the moments are fulfilled.

Remark 5. The assumptions about the moments are fulfilled in the case where

dp/d\ = e 1" := e~ (=" ++[z2[")  Here ) is the Lebesgue-measure and m € N.

/
Theorem 1. Let f = Z fr,ydzr NdZy € F(p g41). Then
1,7

sf=(rt Y Y s~ )

1|0~ |=q—1 J~J~

< ([ K EFD) s fr) a0 ) dor 125
Ol

is a quasi-canonical solution operator to 0. Here J~ = G sdqia) ~ J =
(Jrs-eosdq) T g1y Ui} = {41, .-+, g} for some i € {1,...,n}. Further-
more |J~ ~ J| = g, if (§7°, -, G715 8 s -5 Jqe1) = (J1,- -, Jq)- In this case we

define sgn(J~ ~ J) as (—1)"~!. We will use the following definitions:
/
gr,g~ = Z (—1)psgn(J ~ JN)<Z|.]N.]N‘fIJ)
I~
and
~ / ~
91,0~ = Z (=1)"sgn(J ~ J™)(Hz,_,~ f12)-
I~

Then S can be written as

1 /
Sf=- Z gr,g~dzr ANdz ~.
I,|J~|=¢—1
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Proof. Making the ansatz

~ 1 a
u:Sf:qZZ DNz frg) der Adzy, AL A [AZ )AL AdE,
I,J r=1

leads to Ou = f since

O((z5; frr)dzr Adzj, A A [dZ AL AdZ,
= fr7dz;, ANdzp AdZ; AdZ; AL A[AE AL AdE,
= (1) frydep AdZy, AL AdE,.

Therefore
_ 1 ' _
Ou==>"S (=10 (5 fry)dzr Az, AL A[dZ AL AdE,)
q I,J r=1
e
= - Z(—l)r+p_1(—1)r+p_1f]JdZ[/\de1 /\.../\d,qu
q I,J r=1
=S fydea Adz AL AdE, = T
I.J
We have
~ 1 / g
Sf=- S (=) G fra) dar AdE AL AR AL AdE,
©11715gr=1
1 /
== Z Z Psgu(J ~ J7) (21 mg~ fro) dzr AdZg~
9~ mg—1 T~
1 ’
= - gr,J~ dzy ANdzZ ~.
q I,|J~|=q¢—-1

Since u = S, f it follows from above that

_/1 /
8(— Z 91,0~ dzt /\dZJ~> = f.

q L|J~|=q-1

Since we have 7= I Pf=0 Vi, feL*(u)

1
Sf:; Z Z SgnJ J )( Z\JNJN‘fIJ)dZ[/\dZJN
LI~ |=q=1 J~J~
1 .
- Z gr1,g~dzr ANdz s~
qI,\J~|:q71
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is a solution operator as well. Using the identity

f2)= | K(zw)f(w)du(w)

Ccn

yields

Sf=1 S ST P sen(d ~ TN (H, e fr) dar A dE

1|7~ |=g=1J~J~

= (71)171 Z/ Z/ sgn(J ~ J7)

I|J~|=q—1 J~J~

x ( /@ K (2,0)(FT3) yosm, fU)du(w)) dzy Adz)-.

3. APPLICATIONS OF THE QUASI-CANONICAL SOLUTION OPERATOR

In this section we will use our solution formula to characterize compactness of
the quasi-canonical solution operator in the case of (p,q)-forms with generalized
Fock-space coefficients without any restrictions on p and ¢. As an application we
will consider the measures p where du/d\ = e *I". Tt will turn out, that the
quasi-canonical solution operator is not compact in the case of several variables,
dp/dXN = e 1#1" and p, ¢ without any restrictions. Furthermore we will be able to
characterize compactness of the quasi-canonical solution operator restricted to forms
with generalized Fock-space coefficients in terms of compactness of commutators of
certain Toeplitz-operators.

Corollary 1. The quasi-canonical solution operator S: F, i1y — L*(1t)(p.q)
to 0 is compact if and only if the commutators [Tz, T:,| = [T7,T.,]: F — L*(n)
are compact Vi € {1,...,n}. Here T; = PMj3, is the Toeplitz-operator with the
symbol Z;.

Proof. Tt is clear, that [T5,T,,] is compact if and only if Hz is compact since

and
Pz (I - P)z = H;‘—HZ—
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So it is clear from Theorem 1 that compactness of the commutators [Tz, T,] implies
compactness of the quasi-canonical solution operator. Conversely an easy argument

shows
/
[I - Plzf = S( > fI,Kdz—iAdz—K/\dz,),
[I]=p,|K|=q

/

where f = Z fr,xkdZx A dzr has holomorphic coefficients. So the restriction
[I|=p,|K|=q
/
of S to (p,q+ 1)-forms of the form Z f1,kdz; AdZg A dzr coincides with the
[I]=p,|K|=q

Hankel-operator. This finishes the proof. g

Lemma 1. Ifthe Hankel-operator Hzi : % — L?(u) is compact then the sequence

n

2 -2 _ 2 -2 _ _

Cott,Cm- — CmCpy—y, tends to 0 as [m[ =] 1mz — 00.
i=

Proof. With calculations of [16] it follows that

A A
H gy () ) = (25— 2 ()
i 2, o,
if m; > 1. Here u,, = 2™ /cpm.
Since the set {um(z)} = {z™/cm: m = (m1,...,my),m1,...,m, € N} is or-
thonormal the result follows easily. O

Corollary 2. The quasi canonical solution operator S: F, ;) — Lz(e_‘z‘m)(p,q)

is not compact if n > 1.
Proof. This follows easily. O

Remark 6. For (0,0)-forms—n = 0—it is shown in [11] that the canonical solu-
tion operator is compact if m > 2 and for (0, 1)-forms it is shown in [17] that the

canonical solution operator is not compact for all m.
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