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Abstract. In this paper we extend the notion of n-weak amenability of a Banach algebra &/
when n € N. Technical calculations show that when &7 is Arens regular or an ideal in .&/**,
then «* is an & (®*_-module and this idea leads to a number of interesting results on
Banach algebras. We then extend the concept of n-weak amenability ton € Z.
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1. INTRODUCTION

Let o/ be a Banach algebra, X a Banach .&/-bimodule. Then we denote by X* the
topological dual space of X; the value of z* € X* at x € X is denoted by (z,z*).
We recall that X* is a Banach «7-bimodule under the actions

(5, a%) = (wa, "), (5,0%a) = (az,5") (a€ o, zEX, 2* € X*).
A derivation D: & — X is a (bounded) linear map such that
D(ab) = D(a)b+aD(b) (a,be o).

For each = € X, 0,(a) = ax — za is a derivation, which is called inner. The first
cohomology group H'(<7, X) is the quotient of the space of derivations by the in-
ner derivations, and in many situations triviality of this space is of considerable
importance. In particular, </ is called contractible if H!(<7, X) = {0} for every
Banach «/-bimodule X, < is called amenable if H!(«/, X*) = {0} for every Ba-
nach o/-bimodule X, A is called n-weakly amenable if H'(</,.o/(™) = {0}, and
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weakly amenable if .o is 1-weakly amenable. For the theory of amenable and weakly
amenable Banach algebras see [1], [2], [4], [6], [8] and [9] for example.

Let o7 be a Banach algebra. Given a* € &/* and F' € &/**, then Fa* and a*F are
defined in &7 by the formulae

(a,Fa*y = (a*a, F), (a,a*F)={aa",F) (a€ ).
Next, for F,G € &**, FOG and F /A G are defined in &/** by the formulae
(¢, FOG) = (Ga*,F), {(a",FAG)={(a"F,G) (a" € d™).

Then &/** is a Banach algebra with respect to either of the products [0 and A. These
products are called the first and second Arens products on &7**, respectively. The
algebra 7 is called Arens regular if the two products [0 and A coincide. For the
general theory of Arens products, see [5] and [10], for example.

Let </ be a Banach algebra, n € NU {0} and let P,,: &/ — &7("*2) be the
natural embedding, i.e., (¢n 11, Paon) = (@n, Pni1) (on € X, ppiq € o)
where o7 (©) = & and /(™ is the nth dual of «7/. We shall require the following
standard properties of the Arens products. Suppose (ao) and (bg) are nets in &/
with Pya,, — F and Pybg — G in (/**,0), where 0 = o(&/**, &/*) is the weak™
topology on &7**. Then F O G = liénlién Py(aabs) and F A G = liglli(l}nPo(aabﬁ)
n (&**,0). Also, for a € & and F € o&/**, we have Py(a) A F = Py(a) O F and
F A Py(a) = FO Py(a).

By easy calculations we can obtain the following properties of the P,, maps.

Lemma 1.1. Let m € N and n € NU{0}. Then
(i) PPy = PoyaPn;

( ) P* Pn+1 1d
111) 2m+1 n+2m+1 Pn+3pn+l = Pn+2m71 cee Pn+3Pn+1;
(IV) n+2m—2 - Pn+2mP7g2m72)-

Lemma 1.2. Let o/ be a Banach algebra, n € N and let D: o/ — o/(™ be a
derivation. Then P;_ P ... Pf o sDC™Py, oPs, 4...Py=D (meN),

Proof. It is enough to show that P* it (2m )D(Qm)Pgm_Q = D@m=2) {51 all
m € N. For p € o7/(?™=2) and ¢ € o7 ("+2m=3) we have
<wa +2m SD( 2m—2((p)> = <D(2m_1)P’n+2m—3(w)a P2m—2(80)>
(o, D™D Py o1 (¥)) = (b, D™D (),

and so P* pemp, = pem-2) .

+(2m—3)
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2. WHEN (™) 15 AN &7/ (2")_MODULE?

Let </ be a Banach algebra. Clearly 7 is a Banach algebra with four Arens
products. We denote these algebras by («/4,00) = ((&/**,0)**,0), (&4, AD) =
(7=, A=, 0), (&4, 0A) = ((&*,0)*, A), (4 AN) = (&, AN)**,\). For
ae o and ¢ € /¥ it is easy to check that

PyPy(a) D0 ¢ = PaPy(a) DA o = PaPy(a) AU p = P Py(a) AL ¢,
QDDDPQP()(G) == (pDAPQP()(G,) == (pADPgPO(a) :@AAPQPO((L)

Let <7 be a Banach algebra and n € N. Consider the maps (a*, p2,) — a* - p2, and
(a*, @an) > Yo - a* from o/* x o/ ™) into o7* defined by

(a,a” - on) = (Pap—3... PsPi(aa”), an),
<a; Yan 'a*> == <P2n73~-~P3P1(a*a)7902n> (QGJZ{)'

Then a* - po, = a*PyP;... Py, _s(p2n) and @o, - a* = PPy ... Pf,_5(pan)a*.
Clearly these maps are continuous and bilinear. Note that with respect to these
actions &7* is not necessarily a Banach 7 (®”-module. By dualizing these actions
we obtain continuous bilinear maps from 7 (™) x &7(2") into o7 (™) for every m € N.
For example, for F € &7** and @, € &/ (®™) we have

(%, F - pan) = (pan - ", F)
= <P1*P3;k "'P2*n73((p2n)a*’F>
=(a", FOPP;... Py, _5(pa2n)) (a" € ™),

and so F-pg, = FOP}Ps ... Py, _5(pa2n). Similarly, po,-F = PFPy ... P, _s(0an)\
F. From now on we regard these actions as <7 (?")-actions on &7 (") induced from .7 *.
Now consider the maps (F, w2, ) — F-@a, and (F, pa2,) — pa,-F from &/ ** x of (2n)

into &/** defined by

(a*,F - pon) = (Pan—3... P3P1(a" F), pan),
<CL*,(,02n'F>: <P2n,3...P3P1(FCL*),g02n> (CL* E%*)

Clearly these are continuous bilinear maps, F' - @2, = F A PfP§ ... Py, _4(p2,) and
similarly @o, - F = P{Ps ... Py, _s(p2,) O F. Note that these actions are different
from the actions induced from «/*. Again by dualizing these actions we have con-
tinuous bilinear maps from o7 (™ x o7 (") into /(™) for every m > 2. So we have
o/ (?™)_actions on .7 (™ (m > 2) induced from .o/ **.
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Let o be a Banach algebra and let n,k € N be such that n > 2k. Set & =
(o7 (%) ), where - is one of the 2¥ Arens products on <7(**). Then Z is a Banach
algebra and #* is a Banach %-module. By a similar argument we have continuous
bilinear maps from %* x o7 ") into %* and from B** x &/ ®™) into %**. Therefore
for every m > 2k + 1 we have o7 (®®)-actions on /(™) induced from %* and for every

> 2k + 2 we have /" -actions on /(™) induced from ZB**.

Proposition 2.1. Let &/ be an Arens regular Banach algebra and n € N. Then
/* is a Banach «/®*™-bimodule with actions induced from «/* and any of Arens
products on «7?"). In particular, /™ is a Banach </®")-bimodule by actions
induced from <.

Proof. When n = 1, one can immediately see that «/* is a left Banach
(«7**,0)-module and a right Banach (&7**, A)-module. Since & is Arens regular,
7™ is a left and right Banach &7**-module. For a € &7, a* € o/ and F,G € &/** we
have

(a,(Fa*)G) = {((aF)a*,G) = (a*,GO (aF))
={(a"G,Py(a) OF) = (F(a"G), Py(a))
= (a, F(a"G)),

and so (Fa*)G = F(a*G). Hence «7* is a Banach &/**-bimodule. Now suppose the
result has been proved for n. We may assume that o7 (?"+2) = ((o7 ™)) 0O). Let
a € o, a* € * o€ ZH2) and let (pa) , (1) be nets in .o7?™) such that
Po,(pa) — ¢ and Pay,(¢g) — 1 in the weak* topology. Then

<(1, a* . ((p D w)> = hg(nhﬁ P2n 3. P3P1 (aa*), <Pa¢6>

= 1imhén a,a” (@oﬂ/’ﬁ»

(
(
= lim hén<a, (@ - @a) - Vp)
(a,
(

a*PP3 ... Py 3(pa) P P5 . Poy3(1))

= hmhm Pyp_3...PsPi(aa* PPy ... Py, _3(va)), ¥s)

lim lim
a B

hm(aa PrP; ... Py 5(¢a), P[Ps ... Py, (1))
= Mm(Py ... Py, (Y)aa™, PYP5 ... Py, _s(pa))
=(a,a"Pl ... Py, (p)Pl ... Py, 1 (1))

= (a,(a” - ¢) - ),
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and so a* - (¢ O) = (a* - ¢) - 9. Similarly (¢ O¢) - a* = ¢ - (¢ - a*). On the other
hand,

(p-a*)- Y= (P ... Py, _1(p)a”)P ...Ps, ()
=P/ ... P, (o) P ... Py, (1))
=p-(a" ).

Hence «7* is a Banach <7 ?"*2)-bimodule. So we are done by induction. O

Proposition 2.2. Let o/ be an Arens regular Banach algebra and n € N. Then
with any of the Arens products on o7 (®™) | the o7 ™ -actions on «/** induced from 7 *
and «/** coincide. In particular, o/** is a Banach <7 ®")-bimodule with any of these
actions.

Proof is straightforward. |

Let </ be a Banach algebra and m,n € N. Then «/(®*™ is a Banach algebra
with one of the 2™ Arens products. We recall that every closed subalgebra of an
Arens regular Banach algebra is Arens regular. In particular, when 7™ is Arens
regular for a Banach algebra </ and m € N, then &**, o7 ... &/(?™~2) are Arens
regular, and these algebras have only one Arens product. The following proposition
is a generalization of Proposition 2.1 and Proposition 2.2.

Proposition 2.3. Let &/ be a Banach algebra and let n,m € N be such
that n > 2m. If o/®™) is Arens regular, then o/ ®™*1) and «/(*"+2) are Banach
o/ ?™) _bimodules with actions induced from o/ ™tV Moreover, the o ®™ -actions
on o ?"+2) induced from o/ >+t and o/ ?™+2) coincide.

Definition 2.4. Let o/ be a Banach algebra. « is called completely Arens
regular, if for every n € N, &7(®*™) is Arens regular.

It is well known that every C*-algebra is Arens regular and the second dual of a
C*-algebra is a C*-algebra. Therefore, every C*-algebra is completely Arens regular.

Proposition 2.5. Let &/ be a completely Arens regular Banach algebra. Then
/™) is a Banach o *")-module with actions induced <7 (™).

Proof. A direct consequence of Proposition 2.3. a
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Lemma 2.6. Let o/ be a Banach algebra and Py(</) a left (right) ideal in o7 **.
Then o/* is a Banach (&/**,0)-module((e/**, N\))-module).

Proof. Fora* € o/* a€ o/ and F,G € o/** we have

(a,a”(FOQ)) = (G(aa™), F) = (G A Py(a)a™, F)
= {(a*,F A G A Py(a)) = {(a"F)G, Py(a))

= (a,(a"F)G)
and
(a, F(a*G)) = (a*G O Py(a), F) = (a*, GO Py(a) O F)
= (F(a*G), Po(a)) = (a, F(a*G)).
Therefore /* is a Banach (&**,0)-module. O

Lemma 2.7. Let o/ be a Banach algebra. Then Py(</) is an ideal in «/** with
any of the Arens products if and only if Py Py(/) is an ideal in .o/ *) with any of the
Arens products.

Proof. Let Py(«/) be an ideal in &/**. For a € o/ and ¢ € &/, one can
immediately see that

P,Py(a)O00¢ = Py (Py(a) O Pf(p)) and ¢ OOPPy(a) = Pa(Py () O Py(a)).

Therefore PyPy(7) is an ideal in 7(Y) with any of the Arens products on .7 ().
Conversely, let PyPy(/) be an ideal in .o/(Y). Take a € & and F € &/**. It is easy
to see that Py (Py(a)OF) = P, Py(a)O0Py(F) € PoPy(f). Hence Py(a)OF € Py()
and similarly F'0O Py(a) € Py(</). Therefore Py(<7) is an ideal in o/**. O

Proposition 2.8. Let <7 be a Banach algebra and Py(</) an ideal in o7**. Then
o/* is a Banach </ (*")-module with any of the Arens products on o/ ®® (n € N).

Proof. When n =1 the result is true by Lemma 2.6. Now suppose, inductively,
the result has been proved for n—1. We may assume that o7 (?"+2) = ((&7®™))** O).
Let a € &, a* € &* and ¢,9 € &/®**2) and let (¢,), (¥3) be nets in &> such
that Pap(pa) — ¢ and Pay,(¥g) — ¢ in the weak™ topology. Now we have

(a,a* . (gDD’L/J)) = <P2n_1 .. .P3P1(aa*),g0D1/1)
limlim(a*, P P; ... P, 5(¢a) & PIP; .. Py 5(5) & Pof@)

= lim{aa™ Py Py ... Py _s(pa), PPP - Pay 1 (4))
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= lim{a*, P{P} .. By _y(pa) O PY P ... Py (1) O Po(a))
— (aa", P{P; ... P}, 4(¢) DP{ P ... B3, 1 ()
— (a,(a" - ) - ),

and so a* - (¢ OvY) = (a* - ¢) - 9. Similarly (¢ O¢)-a* = - (- a*). Since &* is a
Banach &7**-module,

(p-a”) = (PP;y...P5,_1(p)a”)PP;...P5,_1(¥)
=P'P; ... Py, (@)@ PyPs ... Py, 1 (¥))
=p-(a" ).

Consequently, 7* is a Banach &7 (?")-module. O

Proposition 2.9. Let </ be a Banach algebra. Then P»((</**,0)) is a left (right,
two-sided) ideal in (o/®),000) if and only if Py is an .o/ *-module homomorphism
between left (right, two-sided) Banach <7 *)-modules.

Proof. Let Py((«/**,0)) be aleft ideal in (o7, 000). For F € &7**, ¢4 € &/Y
and o5 € &7®) we have

(F, Py (paps)) = (Pa(F), paps) = (P2 (F) OO w4, ¢5)
= (P5 (5), Po(F)) OO @4) = (F, 04 Py (5)).

Hence Pj is an «/Y-module homomorphism between left Banach < (¥)-modules.
Conversely, for F € a/**, p4 € o/ it is easy to see that

Py (F) 00 @y = P(Py(P(F) 00 ¢4)),

so Py((e7**,0)) is a left ideal in (or ), 00). O

3. N-WEAK AMENABILITY FOR N € Z

Lemma 3.1. Let o/ be a Banach algebra and D: o — o/ a derivation. Then
(i) D**: (&/**,0) — (A**)* is satisfied in

D*™(FOG)=D"(F)G + P}*(F)D™(G) (F,Ge o),
(il) D**: (™, \) — (/**)* is satisfied in
D™(FAG) =D (F)F™(G) + FD™(G)  (F,G € ™).
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Proof. (i) Let F,G € &/** and let (aq), (bg) be nets in &7 such that
Py(aq) — F and Py(bg) — G in the weak* topology. We have

(H,D*(FOG))=(D*(H),FOG)
= lmlin(D(aa)bs + aaD(vs), H)
= limlim(hs, HD(aa) + D" (Haa)
— lim(a, D*(G O H) + P(D™*(G)H))
— (H, D™ (F)G 1 P*(F)D™(G))

and so D**(FOG) = D**(F)G + P§*(F)D**(G).
(ii) The proof is similar to (i). O

Corollary 3.2. Let o/ be a Banach algebra and D: &/ — &/* a derivation.
Then

(i) D**: (o**,0) — (&**)* is a derivation if and only if P{*(F)D**(G) =
FD**(G) for F,G € &/**;
(ii) D**: (**,A) — (&/**)* is a derivation if and only if D**(F)P}*(G) =

D**(F)G for F,G € o/**.

Definition 3. 3 Let o be a Banach algebram,n € N, and 1 < m < 2n. The Ba-
nach algebra o7 ?") is called (—m)-weakly amenable, if .7 (>»~™) is a Banach &7 (®™)-
bimodule with actions induced from 7"~ and H' (&7 "), o7 (?n=m)) = {0},

Theorem 3.4. Let o be a Banach algebra and Py (<) a left (right) ideal in o/ **.
If (o7, 0)((&/**, A)) is (—1)-weakly amenable, then <7 is weakly amenable.

Proof. By Lemma 2.6, &/* is a Banach (&**,J)-module. Let D: & — o&/*
be a derivation. Put d = PfD**: (&/**,0) — &*. For F,G € &/**, a € &/ we
have

(a, P5 (D™ (F)G)) = (GO Py(a), D™ (F)) = (d(F),G A Py(a)) = (a, d(F)G)
and
(a, Py (P (F)D™(G))) = (P5 (D™ (G) Po(a)), F) = (d(G) Po(a), F) = (a, Fd(G)).

Therefore, by Lemma 3.1, d is a derivation. Since H'((&/**,0), «*) = {0}, there
exists a* € &* such that d = §,+. Using Lemma 1.2 we obtain

aa* —a*a = Py(a)a™ —a*Py(a) = dPy(a)
= P;D*"*Py(a) = D(a) (a€ ).

Hence D = §,+ is an inner derivation. O
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Theorem 3.5. Let & be a Banach algebra. If Py(</) is an ideal in «/** and the
Banach algebra </®™ (n € N) with one of 2" Arens products is (—2n + 1)-weakly
amenable, then < is weakly amenable.

Proof. Let D: &/ — &* be a derivation. We claim that

dp = PrR; . PP Den . A g

is a derivation. By Proposition 3.4, the result is true for n = 1. Now suppose,
inductively, that the result has been proved for n. We may suppose that o7 (?7+2) =
(@@= 0). For a € o, a* € &*, g, € "2 let (p,) and (15) be nets
in 7" such that Py, (ps) — ¢ and P, (¢)5) — 1 in the weak* topology. Then
we have

(@, dns1 (9 O 9)) = limlim{a, du(pa)is + Padn (V)
= hénhén<P2n73 e P3P1(adn(<)0a))7 ¢5>
+ lim lim (15, DD P perapr L P a(9a)))

= lim{ady(pa), Py .. Py, 1 (¥)
+hin<dn+1(’¢))a7 Pl* cee P2*n—3(500¢)>
= (a,dny1(0) - ¥ + ¢ - dns1 (1)),

S0 dp, 41 is a derivation. Since H'(«/(®™, A*) = {0}, there exists a* € &* such that
dp = §4-. Using Lemma 1.1 (iv) and Lemma 1.2, we conclude that

aa*—a*a:Pgn_g...PgPo(a)-a*—a*-Pgn_g...PgPo(a)
:anQn_g...PQP()(a) :D(a) (a S 42{)

Hence D = §,~ is inner. O

Lemma 3.6. Let o/ be a Banach algebra, n € N and let D: o/ — o/ ®") be a
derivation. Then for every F,G € &/ **
(i) D**: (&**,0) — ((«/®™)**,0) holds in

D*(FOG)=D™(F)OPs: ... PPy (G)+ Py, ... Py Py (F)O D™ (Q).
(i) D**: (@**, A) — ((&/®™)** A) holds in

D™ (FAG) = D™ (F)AP .. Py P (G)+ Py, ... Py PP (F) AD™(G).

Proof is straightforward. O
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Proposition 3.7. Let o/ be a Banach algebra, n € N and let D: of — o/ (?™)
be a derivation. If o7 ®") is Arens regular and

D**(,Q{**),Q{(ZHJFD U ,!Z{(ZnJrl)D**(,Q{**) C P2n—1 o P3P1(,Q{*),

then D**: o/** — (o/(?"))** is a derivation.

Proof. Since .o/(®*™ is Arens regular, o is Arens regular. For o, € o/ 271,
F,G € o/**, there exists a* € &/ such that

Pon+1 D**(F) = P2n—1 .. .Pl(a*).
By Lemma 1.1 we have

(p2n+1, D(F) O Py o . F7H(G)) = (Pop—1 ... Pr(a”), P3y_o ... P57 (G))
= (Pan—2... P2(G), pany1 D™ (F))
= (pan+1, D (F)G).

Similarly, Py¥ ... Py*(F) O D**(G) = FD**(G). Hence D** is a derivation by
Lemma 3.6. 0

Lemma 3.8. Let o/ be a Banach algebra and D: o — /"D (n € N) a
derivation. Then D**: (o/**,00) — ((&/®™)** 0)* is valid in

D*(FOG) = D™ (F)Py ... Py (G) + Pi .. P (F)D™(G) (F,G € o).

Proof is straightforward. O

Proposition 3.9. Let 7 be a Banach algebra and let D: of —s o/ ?7+1)
(n € N) be a derivation. If

D** () - o/ 22 U o O+ L D (o *) C Popyy ... P,

then D**: (&/**,0) — (&**)(?"*1) is a derivation.

Proof. By Lemma 3.8, it is clear. O

872



Lemma 3.10. Let o/ be a Banach algebra and D: o/ — o/* a derivation.
Then for every ¢ and v in oY
(i) DW: (@, 00) — (&®,00)* holds in DW (oO0) = D@ (@) + P (o)
DW(4);
(i) D@ (7@, AN) — (D AA)* holds in DD (p AAY) = D@ ()P (1) +
D@ ().

Proof. (i) Let & ¢,v € &/ and let (F,), (Gg) be nets in &** such that
Py(F,) — ¢ and P2(Gg) — v in the weak™* topology. By Lemma 3.1 we have
(€, DY (0 0Y)) = lim lién<D**(Fa 0Gp),£)
= 1imlién<D**(Fa)G5 + Py*(Fy)D* (Gp),€)
= lm(¢D™ (F,) + DO (€ OO Py (Fa)), )

= (DO (pOO¢) + PP (DD ()€), o)
= (&, DD ()i + P§Y (9) DD ().

(ii) The proof is similar to (i). O

Proposition 3.11. Let &/ be a Banach algebra and D: o/ — &/* a derivation.

(i) If DW (/W) . 74 C P3P (a/*), then DY : (W 00) — (FD)* is a
derivation.

(i) If & - DW(z®) C P3Pi(er*), then DW: (7D AN) — (ZD)* is a

derivation.
Proof. (i) Let & ¢,9 € &Y, there exists a* € o/* such that D (p) - £ =
P;Py(a*). By Lemma 1.1 (iii) we have

(€, P (@) DD () = (P Py Pr(a*), 0) = (0, DD (0)€) = (€, DD (1)),

Therefore D*) is a derivation by Lemma 3.10.
(ii) The proof is similar to (i). O

We recall that an operator 7: X — Y between Banach spaces is weakly compact
if and only if T**X** C Y (considered as a subspace of Y**) if and only if T* is
weakly compact.
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Lemma 3.12. Let o/ be a Banach algebraand D: &/ — &/* a weakly compact
operator. Then D™ (o7?™)) C Py, ... P3Py (a/*) (n € N).

Proof. When n =1, clearly the result is true. Now suppose, inductively, that
the result has been proved for n. Let ¢, & € o7 (?"*2) and let (¢,) be a net in o™
such that Ps,(p.) — ¢ in the weak* topology. Then

(€, D2 () = 1im(DP (), €) = lim(P5,_, (€), D (¢a))

)=
<D(2n 1)P)2 (5)7 271 1( )> = <P2n71(§)5 D(Qn)P;nfl(w»
- <D(2n)P2n 1( )a§> <§ P2n+1D( )P;nfl(cp»
Consequently, D?"*2)(¢) = Py, . 1 D@V Ps.  (p) C Papyy ... P3Pi(a/™). O
Dales, Rodrigues-Palacios and Velasco in [3] proved the following theorem.

Theorem 3.13. Let o/ be an Arens regular Banach algebra and D: of — o™
a weakly compact derivation. Then DU*): o/ *) — (o7**)* is a derivation.

Now we have the same result for .7 (¥

Theorem 3.14. Let o/ be an Arens regular Banach algebra and D: o/ —
o/* a weakly compact derivation. Then D®: (7Y 00) — (&Z®)* and D@ :
(D AN) — (/D) are derivations.

Proof. Let & ¢,¢ € /@ and (F,), (Gg), (H,) be nets in /** such that
Py(F,) — ¢, P»(Gg) — ¢ and P>(H,) — £ in the weak* topology, let a* € o/*
and let a?, be a net in &7* such that P;(a¥) = D**(F,) and Py (a*) = D**P; (). We
have

(€ D)) = (600 ¢, DO()) = limlimlim(al, Gy O )
— limlim(a} G, P () = lim(P} (4) O P (€), D™ P (o))
= (& Po(Pi (") P} (4))) = (& PyPi(a” P (),

and so D (o7 )7 C P3P (o/*) and by Proposition 3.11, D@ (o™ 00) —
(7 W)* is a derivation. The other part is similar. O
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Corollary 3.15. Let o/ be an Arens regular Banach algebra such that
(o™, 00) or (7™, AA) is weakly amenable and each derivation from A to o/ * is
weakly compact. Then <7 is weakly amenable.

Proof. Let D: &/ — &/* be a derivation. We may suppose that (7, 00) is
weakly amenable. By Theorem 3.14, D®): (&7 0O0) — (&/*))* is a derivation.
So there exists @5 € (&/™®)* such that D@ = §,_. Set a* = P;Ps(p5). Then by
Lemma 1.2 we have

aa® — a*a = Py Py (PaPy(a)ps — w5 PaPy(a))
= PPy DWP,Py(a) = D(a) (a€ o).

Therefore D = §,+ is inner. Hence <7 is weakly amenable. a

Proposition 3.16. Let o/ be a Banach algebra, D: o/ — &/* a derivation
and o/ = ((...((&**,0)>,0)...)*,0) (n €N). Then
(i) D@ o7@m) . (7)) holds in

DE (o 0O4) = D () + P () D) (¢) (.9 € o7 2).

(i) If D™ (o7 (™). 7" C Py, ... P3Py(a/*), then D* is a derivation.
(iii) If «7®"=2) is Arens regular and D is weakly compact, then D(*") is a derivation.

Corollary 3.17. Let &/ be a completely regular Banach algebra such that
o/ ?") is weakly amenable for some n € N, and each derivation from </ to «/* is
weakly compact. Then <7 is weakly amenable.

Lemma 3.18. Let &/ be an Arens regular Banach algebra such that (o7, 00)
or (7™, AN) is (—2)-weakly amenable. Then o/ is 2-weakly amenable.

Proof. Let D: & — &/** be a derivation, and let (&7 *,00) be (—2)-weakly
amenable. Set d = Py D**P;: (&, ,00) — &/**. For a* € &*, ¢, € /¥ let
(Fa), (Gg) be nets in o/** such that P2(F,) — ¢ and P»(Gg) — % in the weak*
topology. Then

(a”, d(e DO )

(PLD*Pi(a”), OO ¥)
lim 1ién<P1 (a™), D" (F, OGg))

= limlim(a*, P{ D (Fa)Gp + FaPy D™ (Gp)
= lim(a" P/ D™ (Fo), Py () + (D" Pr(a” Fa), P ()
= (Pr(Y)a”,d(p)) + (d(¥)a”, P (¢))

= (a*,d(¢) - + ¢ d(¥)).
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Therefore d is a derivation. Since H'(&/®),.o7**) = {0}, there exists F' € &/** such
that d = dp. It is easy to see that D = dp. So &7 is 2-weakly amenable. O

Proposition 3.19. Let &/ be an Arens regular Banach algebra such that
/742 (n € N) with one of Arens products is (—2n)-weakly amenable. Then
o is 2-weakly amenable.

Proof. Let D: &/ — &** be a derivation. By Lemma 3.18 and by in-
duction, d = PyD**P;{P;...Ps, : /"2 — &* is a derivation. Since
H' (o7 ?7+2) o7**) = {0}, there exists F' € &/** such that d = . It is easy to see
that D = §p is inner. O
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