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Abstract. In [5] and [10], statistical-conservative and o-conservative matrices were char-
acterized. In this note we have determined a class of statistical and o-conservative matrices
studying some inequalities which are analogous to Knopp’s Core Theorem.
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1. INTRODUCTION

Let K be a subset of N, the set of all positive integers. The natural density § of K
is defined by

0(K) :1171111%|{k§n: ke K}

where [{k < n: k € K}| denotes the number of elements of K not exceeding n. A
sequence x is said to be statistically convergent to a number I, if §({k: |xx — 1] >
e}) = 0 for every €. In this case we write st-limz = [, [3]. By S and Sy we denote
the space of all statistically convergent sequences and the space of sequences which
statistically convergent to zero, respectively. Note that a convergent sequence is also
statistically convergent and a statistically convergent sequence need not be bounded.

Let ¢, and ¢ be the Banach spaces of bounded and convergent sequences x = (xx)
with the usual supremum norm. Let o be a one-to-one mapping of N into itself and
T: loe — Lo a linear operator defined by Tx = (Txy) = (751)). An element
p € L., the conjugate space of £, is called an invariant mean or a o-mean if and
only if i) ¢(x) > 0 when the sequence x = (xy) has x > 0 for all k, ii) ¢(e) =1
where e = (1,1,1,...) and iii) p(Tx) = p(z) for all z € £. Let M be the set of
all o-means on /.. A sublinear functional P on /., is said to generate o-means if
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p €l and ¢ < P = ¢ is a o-mean, to dominate o-means if ¢ < P for all p € M
where ¢ < P means that ¢(x) < P(z) for all z € £.
It is shown [7] that the sublinear functional

V(z) = sup limsup ¢, ()
nop

both generates and dominates o-means where

tzm(x)

= Tp + Toin) + -+ Torn)), t_1n(x)=0.

Pl (n) ) t-1n(2)
A bounded sequence z is called o-convergent to s if V(z) = —V(—z) = s. In this
case we write o-limx = s. Let V,, denote the set of all o-convergent sequences. We
assume throughout this paper that o?(n) # n for all n > 0 and p > 1, where o?(n)
is the pth iterate of o at n. Thus, a o-mean extends the limit functional onto ¢ in
the sense that ¢(z) = lim« for all = € ¢, [8]. Consequently, ¢ C V.

By (iii), it is clear that (Tz — z) € Z for x € l, where Z is the set of all
o-convergent sequences with o-limit zero.

For x € (., we write

I(x) =liminfz, L(z)=Ilimsupz, W(z)= ingL(:r + 2).
ze

It is known that V(z) = W(z) on s, [7].

Let A = (anr) be an infinite matrix of real numbers and = = (x)) a real sequence
such that Az = (A, (x)) = (Z ankxk> exists for each n. Then the sequence Az =

k

(A, (z)) is called an A-transform of z. For two sequence spaces F and F we say that
the matrix A map E into F if Az exits and belongs to F for each « € E. By (E, F)
we denote the set of all matrices which map F into F. If E' and F are equipped with
the limits E-lim and F-lim, respectively, A € (E,F) and F—lirrln An(x) = E—li}in Tk
for all z € E, then we say that A regularly maps E into F' and write A € (E, F')yeg.

We will call the matrices (¢, ¢), (¢, V) and (¢, SN{y) conservative, o-conservative
and statistical (st-) conservative matrices. It is known [6] that A is conservative if
and only if ||A|| = sup > |ank| < 00, ar = limayy for each k, and a = lim > apg. If

n & n nog

A is conservative, the number x = x(A4) = a — > ay called the characteristic of A is
k

of importance in summability.
Schaefer [10] has proved that A is o-conservative if and only if |A|| < oo, aj =

o-limay,y for each k, and o = o-lim 3" ayy.
n
k
Kolk [5] has shown that a matrix A is st-conservative if and only if [|A] < oo,

ty, = st-lim a,y, for each k, and ¢t = st-lim > any.
n k
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In the case A is o-conservative or st-conservative, similarly, we can define numbers
Xo = Xo(A) = a—> ag or xst = xst(A) =t — > tr. If xo # 0, A is o-coregular;
otherwise, it is o-conull. The matrix A is called st-coregular if ys # 0; otherwise,
we call it st-conull.

For any real A\ we write AT = max{0,\}, A= = max{—\,0}. Then A = A" + A\~
and |\ = AT — A~

Fridy and Orhan [3] have introduced the notions of the statistical boundedness,
statistical-limit superior (st-limsup) and inferior (st-liminf), and also determined
necessary and sufficient conditions for a matrix A to yield L(Az) < (B(zx) for all
2 € loo, where B(x) = st-limsupx. Recently, Lie and Fridy [4] have characterized
the class of matrices A such that (Az) < fB(x) for all z € £.

Das [2] has characterized a class of conservative matrices in terms of inequalities
involving sublinear functionals on {.,. In this paper, we shall determine a class of
conservative, o-conservative and st-conservative matrices using the same technique.

Now, we list some known results:

Lemma 1.1 [2, Theorem 1(c)]. Let & = (anr(i)) be conservative. Then, for
some constant A > |x| and for all x € £,

. . A4 x A—X

1 nk(?) — < —5— -

in sup sup Zk:(a k(1) — ar)zr, 5 La) - —5—l(2)
if and only if
(1.1) limsupsqu |ank (i) — ag] < A

k

Lemma 1.2 [2, Lemma 1]. Let o/ = (ani(i)) be conservative and A > 0. Then
(1.1) holds if and only if

A
1imnsup81;p gk (ank(i) —ax)t < ;LX
and
lim sup sup E (ank (i) —ag)” < A—x
. : nk k X 9

k
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2. MAIN RESULTS

Theorem 2.1. Let A be conservative. Then, for some constant A > |x| and for
all x € l,

. A+ A—

(2.1) lim sup Z(ank —ag)xp < —Xﬁ(x) + —on(f:c)
n . 2 2
if and only if
(2.2) lim supz lank — ar| < A,
" k
(2.3) lim Z |ank — ar| =0
" keE

for every E C N with §(E) = 0, where 3(z) = st-limsup z and a(x) = st-liminf z.

Proof. Necessity: Since f(z) < L(x) and a(—z) < —I(x) for all z € l, we

have At )
limnsup ;(ank —ap)ry < TXL(x) - Txl(x)
Hence, the necessity of (2.2) follows from the special case of Lemma 1.1.

To show (2.3), define b, = anr — ay for k € E; otherwise, let it be zero for all n,
where E is any subset of N with §(E) = 0 . Since A is conservative, the matrix
B = (bni) satisfies the conditions of Corollary 12 of [11]. So, there exits a y € £
such that |ly|]| < 1 and

(2.4) lim sup Z |brk| = lim sup Z bk k-
" k " k

Now, for the same E we can choose a sequence (y) as

1, keFE,
y:
"o, k¢E

Thus, since st-limy = 5(y) = a(y) = 0, combining the supposition and (2.4) we have

A A—
timsup 3 Jans — arl < 22 2A() + 2 Xa(-2) =0,
" keE

which implies (2.3).

794



Sufficiency: Let © € {. If we write By = {k: z; > f(z)+¢c} and Es = {k: 21 <
a(x) —e} then 6(Fy) = §(F2) = 0. Hence the set E = E; N E5 has also zero density.
It can be written that

Z(ank — ak)TE = Z(ank —ag)xk + Z(ank —ag)Tay — Z(ank —ag)” T.
k keE k¢E k¢E

Thus, since (2.3) implies that the first sum on the right-hand side is zero, from the
special case of Lemma 1.2 we get

. A+ A—
lim sup Z(ank —ag)Tk < Txﬂ(ir) + TXG(*SC),
" k

which completes the proof. O

In the case x > 0 and A = x we conclude from Theorem 2.1 that for all z € £,

(2.5) lim sup Z(ank —ap)rr < xB(x)
" k

if and only if (2.3) holds and
1i1rlnz |ank — ak] = x.
k

Moreover, if A € (¢,¢)reg and A = x, then since x = 1 and ar = 0 for each £,
Theorem 2.1 is reduced to the Lemma of Fridy and Orhan [3].

If A is o-conservative in Theorem 2.1, we have the following result which can be
proved with the same argument as Theorem 2.1:

Theorem 2.2. Let A be o-conservative. Then, for some constant A > |x.| and
for all x € s,

A - A— Xo
(2.6) lim sup sup Z(a(p,n, k) — ag)zr < +2X B(zx) + 2X al—z)
pon g

if and only if

(2.7) lim sup supz la(p,n, k) — ag] < A,
P n
(2.8) lim sup Z la(p,n, k) — ag] =0
p n
keE

P
for E C N with §(E) = 0, where a(p,n,k) = (p+1)"" > api(n) k-
i=0

When A € (¢, Vo )reg and A = X, Theorem 2.2 gives Theorem 2.3 of [1].
To the proof of the next theorem we need two lemmas:
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Lemma 2.3. Let A be st-conservative and A\ > 0. Then

st-lim su Ank — k| <A
> P;| nk k|

if and only if

. A+ x
st—hm:up ;(ank —t)" < 5 st
and \
. — — Xst
st-lims —t < .
1mn up Z(ank k) 5

k

Proof. By the st-conservativeness of A we get

st-lim sup Z(ank —tk) = Xst-
n
k
Therefore, the result follows from the relations

Z(ank —tr) = Z(ank —ty)t = Z(ank —tr)”

k k k

and

> ank = tel =Y (ank —ti) T+ (ank —tr) "
k

k k

O

Lemma 2.4. Let ||A|| < co and st-lim |a,;| = 0. Then there exists a y € {o such
n

that ||y|| < 1 and

st-lim sup Z Anpyr = st-lim sup Z |ank|.
k k

Proof.  If st-lim|ank| = 0, then 6(E) = d({n: |ank] > €}) = 0 and so

lank| < € for n ¢ E. Since ||A] < oo, (Z|ank|> is a bounded sequence so that
k n

st-limsup Y |ank| < co.
no K

Let v = st-limsup 3 |anx| and let for a given € > 0,
no 'k

N(e) = {n: > lank| > 75}.

k
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Hence there exists an increasing sequence (n,.) in N(¢) — F and a sequence (k) such

that ) .
Z |an, k| < iy Z |an, k| < -

k<ky_1 k>kp_1

Now define a y € £, such that for k.1 < k < k,

1a Qn,. k = Oa
Yk =
-1, ap, 1k <O.

Then by the same argument as in Lemma 2 of [2] we can see that

4
Zanr,kyk 2 Z |an, k| — =
k k "

and applying the operator st-lim sup we have
T

st-limsup » an, kYr =7 —€.
o>

Since (n,) and € are arbitrary, we get
st-lim sup AnkYk = 7,
o Teun>
which completes the proof, because for such a y it is always true that
st-limsup » an, kYr < 7.

O

Theorem 2.5. Let A be st-conservative. Then, for some constant A > |xst| and
for all x € {,

A+ Xst
2

L(z) — A XStl(:E)

(2.9) st—limnsup Z(ank —tg)xg < 5

k

if and only if

(2.10) st-lim sup Z |ank — tr] < A
" k
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Proof. Necessity: Define B = (byi) by bpr = (ank — tg) for all n, k. Then,
since A is st-conservative, the matrix B satisfies the hypothesis of Lemma 2.4. Hence
we have

st-lim su b,k| = st-limsu b
> sz:|nk| 5 pzk: nkYk

<

A + Xst A— Xst
L(y) — ——1
5 L) 5 1)
A + Xst A— Xst

< =\
(55 + 25wl

which is (2.10).
Sufficiency: Let (2.10) hold and x € fo,. Then for any € > 0 there exits a ko € N
such that /() — e <z < L(x) 4+ € whenever k > ko. Now, we can write

Z(ank —ty)xy = Z (ank — tr)ar + Z (ank —tr) Tox — Z (@nk — tr)” k-

k k<ko k>ko k>ko

By the st-conservativeness of A and Lemma 2.3 we obtain

st—lim:up ;(ank —tr)zr < (L(z) +¢) (>\ +2Xst> —(I(z) —¢) (%)

_ A+ Xst
2

L(z) — %l(m) + e,

which yields (2.9), since ¢ is arbitrary. O

Theorem 2.6. Let A be st-conservative. Then, for some constant A > |xst| and
for all x € £,

. A + 5 )\ - Xs
(2.11) st—hmnsup ;(ank —t)zp < %ﬁ(x) + %a(f:c)
if and only if (2.10) holds and
(2.12) st-lim »  |ank — tx] =0

kerE

for every E C N with 6(F) = 0.

Proof. Necessity: If (2.11) holds, since f(z) < L(z) and a(—z) < —I(z),
(2.10) follows from Theorem 2.5. To show the necessity of (2.12), for any £ C N
with §(E) = 0 let us define a matrix B = (bni) by bnk = ank — ti, k € F; otherwise
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it equals zero for all n. Then, clearly, B satisfies the conditions of Lemma 2.4 and
therefore there exists a y € £ such that ||y|| < 1 and

st-lim su b = st-lim su bkl

Now, for the same F we choose the sequence y as

1, keB,
Vo, kekE.

Hence, since st-limy = B(y) = a(y) = 0, (2.11) implies that

>\+ S )\* S
Xt 3(y) + 2Kt (—y) =0,

st-lim sup Z |ank — tr] < 5 5

" keE
which is (2.12).
Sufficiency: Let the conditions of the theorem hold and let x € ¢,,. Put the set F
as in Theorem 2.1. Now, we can write

Z(ank —ty)x) = Z(ank —tr)xk + Z(ank —t) Ty — Z(ank —tr) Tk

k kcE k¢E kg E
Thus, by (2.12) and Lemma 2.3, (2.11) is obtained since

)\+Xst

Xt () + 2 X o) + e

2

st-lim su Ak — te)or <
> P;( nk k) ES

and ¢ is arbitrary. O
We also should state that Theorem 2.6 is the dual of Theorem 3 in [4] when
A€ (e,SNloc)reg and A = xes.

Theorem 2.7. Let A be st-conservative. Then, for some constant A > |xst| and
for all x € £,

)‘+Xst /\_Xst

(2.13) st—limnsup ;(ank —tg)xg < 5 V(z) 4+ 5 V(—x)
if and only if (2.10) holds and
(214) St—liTILnZ |ank — anﬁ(k) — (tk — ta(k))| = 0

k
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Proof. Necessity: Since ¢,(z) < L(z) and ¢,(—z) < —I(z) for all x € £, the
necessity of (2.10) follows from Theorem 2.5. Define C' = (c,) by cnx = bk — by o (k)
for all n, k where b, is as in Theorem 2.5. Then we have from Lemma 2.4 a y € £,
such that |ly|]| < 1 and

st-lim sup Z |enk| = st-lim sup Z CrkYk-
" k " k
Let us choose y such that y, = 0, & ¢ o(N). Hence, since (yx —¥yok)) € Z, (2.13) im-
plies that

st-lim su Cnk| = st-lim su c
- pzk:| k| 5 sz: nkYo (k)

= st-lim sup Z bk (Yk — Yo ()
n k

>‘+Xs >\sz
5 V(Y — Yory) + 5 -

V(Yok) — yk) = 0,

N

which is (2.14).
Sufficiency: Let the conditions (2.10) and (2.14) hold. By the same argument as
in Theorem 23 of [9], one can easily see that for any = € £,

D bk = To) = Y CarTo(r)
k k

where the matrices B and C' are as above.

Hence, since (2 — Z,(x)) € Z, (2.14) implies that B € (Z, S0 N /). We also see
from the assumption that (2.9) holds. Thus, taking infimum over z € Z in (2.9) we
get that

: : A+ Xst A— Xst
f | st-1 < _ L Ast
inf (st im sup Ek bk (xr + zk)> 5 L(z+2) 5 l(z+2)
A+ Xs A= Xs
- %W(x) + 2X CW ().

On the other hand, since st-lim Bz = 0 for z € Z,
it (st
inf (st 1mnsup zk: bk (z + zk))

> st—limnsup zk: bprxr + Zuelg (St-limnsup % bnkzk>

= st-lim su burxk.

Since g, (x) = W(z) for all z € ¢, we conclude that (2.13) holds and the proof is
completed. O
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