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Abstract. Let (A,T) be a locally A-pseudoconvex algebra over R or C. We define a
new topology m(7T') on A which is the weakest among all m-pseudoconvex topologies on A
stronger than 7. We describe a family of non-homogeneous seminorms on A which defines
the topology m(T).
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1. INTRODUCTION

Let A be a locally A-pseudoconvex algebra. This means that A is an associative al-
gebra over K (where K is either the field C of complex numbers or R of real numbers)
equipped with a topology T given by a base {Ux: A € A} of neighbourhoods of zero
in which each U is A-pseudoconvex. So for all A € A, U, is balanced, pseudoconvex
(i.e. for each A € A there is a number 7y € (0, 1] such that Uy + Uy C 2/ Uy) and
absorbs the set Uy U Uz for all x € A. For each A € A let p) be a mapping (the
ry-homogeneous gauge of U) ) defined by

pa(z) = inf{|u|™: x € pconv,, Ux}

for all z € A (here conv,, Uy means the absolutely rj-convex hull of Uy). Now
pa is an ry-homogeneous A-pseudoconvex seminorm on A (here the numbers r) may
vary). The A-pseudoconvexity of a seminorm p) means that for each € A and
A € A there exist positive numbers L(z, \) and R(z, A) (depending on = and \) such
that px(zy) < L(z, \)pa(y) and pr(yz) < R(x, \)pa(y) for all y € A. Denote this
family of seminorms on A by & and the corresponding topology on A by T(2).
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Now we clearly have T(Z?) = T. If every p) € & is m-pseudoconvex (i.e. if each
p» is submultiplicative) then (A,T(Z?)) is called a locally m-pseudoconvex algebra.
In this case (A,T) has a base of neighbourhoods of zero, each element of which
is m-pseudoconvex (i.e. is idempotent, balanced and pseudoconvex). If ry = 1 for
all A € A, then each py is A-convex and (A,T(Z?)) is called a locally A-convex
algebra, and if moreover each p) is submultiplicative, then (A,T(Z?)) is called a
locally m-convex algebra.

For locally pseudoconvex algebras see [1], [2] or [13] and for locally A-convex
algebras see e.g. [3], [4], [5], [6], [7], [9], [10] or [11].

2. MAIN RESULTS

It was shown in [9] that for each locally A-convex topology T on A there exists
on A the weakest locally m-convex topology, say m(T), which is stronger than 7.
We shall give a detailed proof of this fact for the locally A-pseudoconvex case.

Theorem 1. Let (A,T) be a locally A-pseudoconvex algebra, % the set of all
A-pseudoconvex neighbourhoods of zero on A and &' = {eU’: ¢ € (0,1],U € %}
where U' = {zx € U: U U Uz C U}. Then U’ is ry-convex if U is and B’ forms a
subbase of the neighbourhoods of zero for a locally m-pseudoconvex topology m(T)
on A which is stronger than T. In particular, if (A,T) is a locally m-pseudoconvex
algebra, then m(T) =T.

Proof. Let & be the family of all finite intersections of elements of %’. Clearly
& is a basis for a filter on A. It is easy to see that every £ € & is balanced

and absorbent and U’ is ry-convex if U is. Let now E = [ exUju, where v, =
k=1

ex2 Yk g, € (0,1] and Uy, € & for each k € {1,2,...,n}; then F € &. If z; and

xy € F, then for each k£ € {1,2,...,n} there exist elements y(1 ), y2,x) € Uj, for

which 21 = .y k) and T3 = YrY(2,x) and
(@1 + 22)Uk U Uk(21 + 22) C (Us + Ux) C 2"V Uy, C exUs.

Hence every E defines a F' such that F + F C E. Therefore by Theorem 2.1 of [8],
p. 13, there exists a topology m(T") on A for which (A, m(T")) is a topological vector
space and & is a base of neighbourhoods of zero for the topology m(T). To show

that every E € & is m-pseudoconvex let 21 and zo € E. Since F = ) <€;€U,’C for
k=1
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some ¢i, € (0,1] and Uy, € S, we have

(122)U U Ug(z122) C eg (21U U Uaa) C siUk C erLUp
and

(xl + J?Q)Uk U Uk(J?l + 172) C Ek(Uk + Uk) C 21/TUk€kUk C 21/T€kUk

for all k € {1,2,...,n}, where r = min{ry,,ry,,...,7v, - Thus each E € & is
idempotent and pseudoconvex. This shows that m(T) is a locally m-pseudoconvex
topology on A which is stronger than T', since U’ C U for each U € 4. In particular,
if each U € £ is idempotent (which means that T is locally m-pseudoconvex), then
U’ =U and thus T = m(T). O

Theorem 2. Let (A;,T1) and (A2,T3) be two locally A-pseudoconvex algebras
and ¢ a continuous isomorphism from (A1, T}) onto (Az,Tz). Then ¢ is a continuous
isomorphism from (A1, m(Ty)) onto (A2, m(T3)).

Proof. Let %, and %5 be the sets of all A-pseudoconvex neighbourhoods of zero
of the algebras (A1,T1) and (Az,T»), respectively. Let %, and %) be the subbases
of neighbourhoods of zero for the algebras (41, m(T1)) and (A2, m(T3)), respectively,
defined in the proof of Theorem 1. If E € %) is arbitrary, then there exist a set
V € Py and € € (0,1] such that E = eV’ where V' = {z € V: 2V UVz C V}. Since
¢ is a continuous surjection, U = ¢~ (V) is a neighbourhood of zero in (A, T}) and
p(U) =V. Clearly U is an A-pseudoconvex subset of A1, since ¢ is an isomorphism,
which implies that U € %;. Let now z € U’ be given. Then

p(x)V UVop(z) = p(@)p(U) UpU)p(x) = p(aU UUz) C p(U) =V.

This shows that ¢(U’) C V' implies p(eU’) C eV’ = E. As U’ € %, it follows that
 is a continuous map from (A1, m(77)) onto (Az, m(T3)).

Corollary 1. Let T be a locally A-pseudoconvex topology on A and let T7 be
an arbitrary locally m-pseudoconvex topology on A which is stronger than T'. Then
m(T) is weaker than T;.

Proof. Let I be the identity map on A. Then [ is a continuous isomorphism
from (A,T7) onto (A,T). Therefore I is also continuous as a map from (A4, m(T1))
onto (A, m(T")) by Theorem 2. Since T} is locally m-pseudoconvex, we have m(T;) =
T1 by Theorem 1. Hence m(T) is weaker than T7. O
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Corollary 2. Let T7 and 15 be two locally A-pseudoconvex topologies on A. If
T, is weaker than T, then m(Ty) is weaker than m(T5).

Proof. Let I be the identity map on A. If T; is weaker than T5, then I is a
continuous isomorphism from (A, T5) onto (A,T1). Therefore, I is also continuous
as a map from (A, m(T2)) onto (A,m(T1)) by Theorem 2. Hence m(T}) is weaker
than m(Ty). O

3. SEMINORMS DEFINING m(T)

Let (A, T(Z?)) be a locally A-pseudoconvex algebra, where &2 is a family of all
continuous ry-homogeneous A-pseudoconvex seminorms on (A, T) with ry € (0,1],
defining the topology T(&?). We shall now give a description of seminorms which
define the topology m(7T'(Z?)). To this end it let

pa(z) = sup max{px(zy),pxr(yx)}
pa(y)<1

for each x € A and X\ € A (see [12], p. 19). Then p) is an ry-homogeneous submul-
tiplicative seminorm on A for each A € A and the family & = {Pa: A € A} defines
on A a topology T(ﬁ) which is not necessarily a Hausdorff topology even though
T(Z) is. Let now

A (z) = max{px(z), px(x)}

for each x € A and A € A. Then gy is an ry-homogeneous and submultiplicative
seminorm on A for each A € A. Let 2 = {¢»: A € A}. Then T(2) is a locally
m-pseudoconvex topology on A which is stronger than 7'(%).

In [9] the case has been considered when (A, T(£)) is a locally A-convex algebra
and it was stated without proof that m((T'(#?)) = T(2) where the seminorms g are

defined by ¢y (x) = max{px(z),pr(z)} with px(x) = sup pr(zy) for each z € A.
pa(y)<1
We will show that the results of Oubbi and Oudadess in [9] and [11] are in fact

valid not only for the locally A-convex case, but also for the locally A-pseudoconvex

case.

Theorem 3. Let (A,T) be a locally A-pseudoconvex algebra and let & be the
family of all continuous ry-homogeneous A-pseudoconvex seminorms on (A, T) defin-
ing the topology T. Then m(T(%?)) = T(£2). Furthermore, m(T(Z?)) is separated
if and only if T () is separated.
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Proof. By Corollary 1, m(T(Z?)) is weaker than T'(2). To show that T'(2) co-
incides with m(T(4?)) let O be an arbitrary element in the base of the neigh-
bourhoods of zero for the topology T(2). Then there exist ¢ > 0, n € N and
A1, A2, ..., An € A such that

O=({zecA: g (a)<e}
k=1

Furthermore, for each A € A let Uy be the A-pseudoconvex neighbourhood of zero
which defines on A the rj-homogeneous seminorm py. Let U} be the element of
the subbase of the neighbourhoods of zero for the topology m(T(4?)) defined in
Theorem 1 and let p/, be the ry-homogeneous gauge of Uj. Suppose that x € A is
an element for which p)(z) < 1. For n € N let , = (1 — 1/n)z. Then p)\(z,) =
|1—1/n|™p)(z) <1 for each n € N. Furthermore, let y € A be an element for which
pa(y) < 1 and let v, = (1 —1/n)y for each n € N. As above we have py(y,) < 1
for all n € N. Thus z,, € conv,, U/’\ and y, € conv,, Uy for each n € N. Since
UiUx C U, for each A € A, it follows that conv,, U} conv,, Uy C conv,, Uy. This
implies that px(zny,) < 1 for each n € N. Since

. . 1\2
lim py(Tnyn —2y) = lim p,\((l — —) Ty — xy)
n—oo n— oo n

X

152
= px(zy) lim ‘(1——) -1} =0,

n—oo n
we have py(zy) < 1. So we have shown that py(zy) < 1ifp)(z) < land pa(y) < 1. In
the same way we have also py(yx) < 1 if p) (z) <1 and px(y) < 1. This implies that
the condition p) (z) < 1 yields that p(z) < 1. Let now r = max{rx,,7x,,...,7"x, },
§ € (0,e1/7) and

U=36 ﬁ U,
k=1

Then U is a neighbourhood of zero in A in the topology m(7(4?)). Thus there exists
an element, say V', of the base of the neighbourhoods of zero of A in the topology
m(T(Z)) such that V C U. To show that V' C O let x € V be given. Since
V C 5U§\k C dconvy, U;\k for each k, we have x = duy, for some uy € convy, U;\k.
Therefore it follows from p\ () < 6™ that py, (z) < ™ for all k. As Uy, C Uy,
we have conv,, Us, C convy, U, for each k. Hence py, () < 6™ for each k.
Consequently, it follows from € V that gy, () < 6™+ for all k = 1,2,...,n. But
this means that V' C O and we have shown that T'(2) = m(T(£)).

To show that T'(2) is separated if and only if T'(?) is separated it suffices to show
that ker gy = kerp, for each A € A. Let A € A be given. Clearly ker gy C kerpy. On
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the other hand if = € ker py, then py(zy) = pa(yz) = 0 for all y € A. This implies
that px(z) = 0 and thus also ¢gx(x) = 0. So ker gy = kerp,, which completes the
proof. (I

Let now (A,T(Z)) be a locally A-pseudoconvex algebra. We say that T'(Z?) is
weakly regular if for each \ € A there is a constant my > 0 such that py(z) < mapa(z)
for all x € A. Note that if A has a unit element (denoted by e), then (A, T(Z?)) is
weakly regular (we can take my = py(e) for each A € A, see [4]).

Corollary 3. Let (A, T(Z)) be as in Theorem 3. If T(%?) is weakly regular (in
particular if A has a unit), then m(T(2?)) is equivalent to T'(2).
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