Czechoslovak Mathematical Journal

Jéan Jakubik
On some interpolation rules for lattice ordered groups

Czechoslovak Mathematical Journal, Vol. 54 (2004), No. 2, 499-507

Persistent URL: http://dml.cz/dmlcz/127906

Terms of use:

© Institute of Mathematics AS CR, 2004

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/127906
http://dml.cz

Czechoslovak Mathematical Journal, 54 (129) (2004), 499-507

ON SOME INTERPOLATION RULES
FOR LATTICE ORDERED GROUPS

JAN JAKUBIK, Kosice

(Received November 1, 2001)

Abstract. Let o be an infinite cardinal. In this paper we define an interpolation rule
IR(«) for lattice ordered groups. We denote by C(«) the class of all lattice ordered groups
satisfying IR(«), and prove that C(«) is a radical class.
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1. INTRODUCTION

Darnel and Martinez [4] studied the relations between radical classes of lattice
ordered groups and classes of compact Hausdorff spaces. In Section 8 of [4] the
following condition (called the o-interpolation property) for a lattice ordered group G
was considered: for each pair of sequences (a,)nen and (by,)nen in G with

ap < ag <...<by<b

there exists ¢ € GG such that a,, < ¢ < b, for each m and n. The authors remark
that this condition had been dealt with for Boolean algebras by Walker [10].

In the present paper we consider analogous interpolation rules for G with the
distinction that transfinite sequences can be also taken into account. For each infi-
nite cardinal o we define an interpolation rule IR(«) concerning the lattice ordered
group G.

We prove that for each infinite cardinal « the class C(«) of all lattice ordered
groups satisfying IR(«) is a radical class. The correspondence o — C(«) is an
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injective mapping of the class of all infinite cardinals into the collection of all radical
classes of lattice ordered groups.

For a lattice ordered group H let k(H) be the class of all infinite cardinals « such
that H satisfies the condition IR (). We distinguish the following cases:

a) k(H) = 0; in this case we put f(H) =0.

b) k(H) is the class of all infinite cardinals; then we set f(H) = oo.

¢) In the other cases we put f(H) = sup k(H).

Let ¢ be the class of all lattice ordered groups and G € ¢4. We prove that

{Greg: f(Gh) = f(G)}

is a radical class.

We remark that a different type of interpolation rule (denoted as the Riesz in-
terpolation property) for partially ordered groups was studied by Goodearl in the
monograph [5]. Further, the term “o-interpolation” for lattice ordered groups was
used in a different meaning by Darnel [3] and the author [8].

The notion of a radical class of lattice ordered groups was introduced by the
author [7]. In what follows, we always write “radical class” meaning a radical class
of lattice ordered groups.

From the result of Holland [6] it follows that each variety of lattice ordered groups
is a radical class. Conrad [2] dealt with K-radical classes; these are defined to be
radical classes which can be characterized by using merely the lattice properties of
the corresponding lattice ordered groups. A problem on radical classes proposed
in [7] was solved by Medvedev [9)].

2. PRELIMINARIES

For lattice ordered groups we apply the terminology and notation as in Conrad [1].

Let G be a lattice ordered group. The system of all convex ¢-subgroups of G will
be denoted by ¢(G). Under the partial order defined by the set-theoretical inclusion,
¢(@) is a complete lattice.

A nonempty subclass A of 4 is a radical class if it satisfies the following conditions:

a) A is closed with respect to isomorphisms;

b) if G € A, then ¢(G) C A4;

c) if G €¥ and {G,}cs C¢(G)NA, then \/ G, € A.

Let § be a limit ordinal. We denote by [ (JE)] the set of all ordinals less than .
Let G € ¢ and g; € G for each i € I($8). Then (g;)ic1(p) is a transfinite sequence

(of type (). This transfinite sequence is strictly increasing (strictly decreasing) if

500



gi(1) < Gic2) (0T gi(1) > gi(2), respectively) whenever i(1),i(2) € I(5) and i(1) <
i(2). Further, (g:)icr(p) is increasing (decreasing) if g;1) < gi2) (9i1) = gi2)) for
i(1),i(2) € I(B) with i(1) < i(2).

Instead of (g:)icr(3) We apply also the notation (g;)i<gs.

Let o be an infinite cardinal and let G be a lattice ordered group. We define the
condition IR(«) for G as follows.

(IR(c)) Assume that

(i) f1 and [y are limit ordinals with card I(51) < «, card I(f2) < o

(i) (a;)i<p, is a strictly increasing transfinite sequence of elements of G;
(iii) (b;)i<gp, is a strictly decreasing transfinite sequence of elements of G;
(iv) @i(1) < biay for each i(1) € I(f1) and i(2) € I(B2).

Then there is an element of ¢ of G such that a;(1) < ¢ < a;(9) for each i(1) € I(31)
and i(2) € I(f2).

Further, we denote by IRg(«) the condition which we obtain from IR(«) if we
perform the following modifications: in (ii), we suppose that (a;);<g(1) is increasing;
in (iii), we suppose that (b;);<g(2) is decreasing; in (iv) we have a;1) < bi2); and,
finally, for the element ¢ we get a;(1) < ¢ < by(2)-

Lemma 2.1. Let G € 4. Then the conditions IR(«) and IRg(«) for G are
equivalent.

Proof. a) Assume that the condition IRg(«) is valid for G. Further, suppose
that the assumptions of IR(«) (i.e., (i)—(iv)) are fulfilled. Then in view of IR¢(c),
there exists ¢ € G such that a;(1) < ¢ < a;(9) for each i(1) < 1, i(2) < fa.

We have to verify that a;1) < ¢ < a2 for each i(1) < 31 and each i(2) < fa.
By way of contradiction, suppose that there exists i(1) < #1 with a;;) = c¢. There
exists 4(3) < (1 such that i(1) < i(3). Then a;s) > a;1), whence a;(3) > ¢, which is
a contradiction. Thus a,) < ¢ for each i(1) < 3;. Analogously, ¢ < a;(2) for each
i(2) < B2. Therefore IR(«) is valid for G.

b) Conversely, assume that the condition IR(«) holds for G. We distinguish the
following cases.

bl) Suppose that there exists i(1) < (1 such that a;q) = max{a;: i < f1}. We
put ¢ = a;1y) and we have a;1) < ¢ < ay(2) for each i(1) < 1, i(2) < (2. Hence
IRy («) holds for G.

b2) Assume that there exists i(2) < (B2 with b;o) = min{b;: i < (2}. Then,
similarly as in bl), IRg(«) is valid for G.

b3) Suppose that neither the assumption bl) nor the assumption b2) is satisfied.
Then there exists a strictly increasing transfinite sequence (a;);<p; of elements of G
such that
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(i) for each i < 3] there exists i(1) < 31 with aj = a;(1);
(ii) for each i(1) < (3; there exists i < 3] such that a;1) < a;;
(i) 7 < 6.
Similarly, there exists a strictly decreasing transfinite sequence (b});<p, such that
(i1) for each i < 3y there exists i(2) < B2 with b = b;(2);
(iiy) for each i(2) < (2 there exists i < (35 such that b2y > bj;
(iliy) B3 < P
Then we have aj) < b}, for each i(3) < f; and each i(4) < f3. Thus in view
of IR(c) there exists ¢ € G such that aj; < ¢ < b}, for each i(3) < ] and each
i(4) < B5. According to (ii) and (ii;) we obtain a;q) < ¢ < b2 for each i(1) <
and each i(2) < (2. Hence the condition IR¢(«) is satisfied for G. O

3. THE cLAss C(«)

Let a be an infinite cardinal and a,b € G € ¢4, a < b. We say that the interval [a, b]
of G satisfies the condition IRg(«) if IRo(«) holds whenever the elements a;, b; under
consideration belong to the interval [a, b].

Lemma 3.1. Let a,b € G*. Assume that both the intervals [0, a] and [0, b] satisfy
the condition IRg(«). Then the interval [0, a + b] also satisfies this condition.

Proof. Since the interval [a,a + b] is isomorphic to [0,b] we conclude that
[a,a + b] satisfies the condition TRg(«).

Let 51 and B2 be as above. Assume that (a;)i<g,, (bi)i<g, satisfy the conditions
from IR () and that these elements belong to the interval [0, a + b].

For each = € [0,a + b] we put 2! = z Aa, 22 = 2 vV b. Consider the transfinite
sequences

(azl)i<ﬁ17 (bzl)i<51'
From the assumptions concerning a; and b;, and from the fact that [0, a] satisfies
IRo () we infer that there exists y € [0, a] such that

(1) ajy <Y < by

for each i(1) < 1 and each i(2) < fs.
Analogously, there exists z € [a, a + b] such that

(2) ajyy < z < by
for each i(1) < (1 and each i(2) < fs.
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For each z € [0,a + b] we have
r=a'+ (—z' +2) =2' + (—a + 2?).

(cf. Fig. 1). Put c =y + (—a+z2). Then 0 < ¢ < a+b. In view of (1) and (2) we
obtain

ai(l) - all(l) + (*(111(1) + ai(l)) = all(l) + (*a + 113(1)) < Y+ (—a + Z) =c
for each i(1) < (.
a+b

Fig. 1

Analogously, we get b;o) > c for each i(2) < 2. Hence IRo(c) is valid for the
interval [0, a + b]. O

The following assertion is an immediate consequence of the definition of C'(«).

Lemma 3.2. Let a be an infinite cardinal. The class C(«a) is closed with respect
to isomorphisms. If G € C(a), then ¢(G) C C(a). If G,G' € 9, G € C(«) and if the
underlying lattices of G and G’ are isomorphic, then G’ € C(«).

The following result is well-known.

Lemma 3.3. Let G € 4, 0 # {Gj}jcs Cc(G), V G; =G, 0< z € G°. Then
JjeJ
there exist j(1),7(2),...,j(n) € J and elements a1 € Gy, .. .,a, € Gj,) such that

r=a1+ax+...+an,.

Lemma 3.4. Let G€ 4,0 # {G;}jes C ¢(G)NC(a). Then \ Gj € C(a).
JeJ

Proof. Let G° be as in 3.3. It is obvious that G satisfies the condition IR¢(c)
if and only if, for each a,b € G° with a < b, the interval [a, b] satisfies this condition.
Since the interval [a, b] is isomorphic to the interval [0, b—a], we can restrict ourselves
to the intervals of the form [0,z] for 0 < z. Let ay,as2,...,a, be as in 3.3. By
using 3.1 and the obvious induction on n we obtain that [0, 2] satisfies IRo(«); hence
GY satisfies this condition. Then according to 2.1, GY belongs to C'(). O
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Theorem 3.5. Let « be an infinite cardinal. Then C(«) is a K-radical class.
Proof. This is a consequence of 3.2 and 3.4. O

Example 3.6. Let a be an infinite cardinal and let G be a complete lattice
ordered group. Further, let (a;)i<p, and (b;)i<g, be as in the definition of IR(«).

Then \/ a; exists in G; we denote this element by c. Then, with this element c
<[

under consideration, IR(«) is satisfied for G. Hence G € C(a). Therefore for each

infinite cardinal «, C(«) is a proper class.

It is obvious that if a; and g are infinite cardinals with o1 < g, then C(as) C
C(a1). Let @ be the additive group of all rationals with the natural linear order. It
is easy to verify that Z does not belong to C'(Xy). Hence, for each infinite cardinal «,

7Z ¢ C(a); thus C(a) £ 9.

Example 3.7. Let a be an infinite cardinal. Let T be a linearly ordered set which
is isomorphic to the first ordinal whose cardinality is equal to a.. Hence for eacht € T’
we have card{t; € T: t; <t} < a. Let G(«) be the set of all real functions x defined
on T having the property that there exists t,, € T with x(¢) = x(t,) for each t > t,.

Let a1 be an infinite cardinal; assume that oy < «. Further, let §; and (32 be
limit ordinals with card 5; < a1 (¢ = 1,2). Suppose that (a;)i<g, and (b;)i<g, are
transfinite sequences of elements of G(«a) such that the conditions (ii), (iii) and (iv)
from the definition of IR(«) are satisfied.

There exists tg € T such that tg > t,, for each ¢ < 81 and to > tp, for each ¢ > [s.
Hence a; (i < 1) and b; (b; < (2) are constants for ¢ > ¢.

Let t € T. The set {a;(t): i < 1} is upper bounded, hence there exists a real

¢t =sup{a;(t): i < B1}.

Consider a real function y on T such that y(t) = ¢; for each t € T. Then y is a
constant for t > to, whence y € G(a). Further, we have

Yy = \/ai.

i<f1

Hence a;(1) < y for each i(1) < 1 and y < b;(2) for each i(2) < .

We have verified that G(«a) satisfies the condition IR(a1). Now we want to show
that G(«) does not satisfy the condition IR(«).

Put 81 = B2 = T. We define elements a; and b; (i < (1) as follows.

Let t € T. Then t can be uniquely expressed in the form ¢ = t; + t2, where

(i) t1 =0 or tp is a limit ordinal,

(i) t¢o is a non-negative integer.
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We have to define a;(t) and b;(t). Recall that both ¢ and t are elements of T'; let
i =t +to (under the notation as above).
a) If ¢ > i, then we put

b) Let ¢t < i. We set

1 if t is even,

2 if ¢ is odd.
Then the conditions (ii), (iii) and (iv) from the definition of IR(«) are satisfied. But
there is no ¢ € C'(«) such that a; < ¢ < b; for each i < 1. Hence G(«) does not
satisfy IR(«).

As a corollary we obtain:

Proposition 3.8. Let a; and as be infinite cardinals, oy < as. Then C(ag) C

C(O&l).

Corollary 3.9. The correspondence « — C(«) is an injective mapping of the
class of all infinite cardinals into the collection of all radical classes.

Proposition 3.10. Let o be an infinite cardinal. Then the class C(«) is closed
with respect to direct products.

Proof. Let {G,}jcs € ¥, G = ][ G;. Assume that all G, belong to C(«).
jeJ

Then in view of 2.1, all G; satisfy the condition IRg(«). This yields that G satisfies

this condition as well. By using 2.1 again we conclude that G satisfies the condi-

tion IR(«). Therefore G belongs to C(a). O

We conclude this section by remarking that if we replace, in the above construc-
tion of C(«), the infinite cardinal « by a limit ordinal 3, then by applying the same
method we obtain again a radical class; let us denote it by C1(8). But there ex-
ist distinct limit ordinals 3y and (2 such that C1(81) = C1(B2); hence the result
analogous to 3.8 does not hold in this case.
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4. THE MAPPING f

Let f be as in Section 1. We start by giving some examples.

Example 4.1. Let G be a complete lattice ordered group. Then in view of 3.6,
G € C(a) for each infinite cardinal . Hence f(G) = cc.

Example 4.2. Let @ be the additive group of all rationals with the natural linear
order. Then @ does not satisfy the condition IR(Rg), whence @ ¢ C(Rg). Thus
according to 3.8 we have Q ¢ C(«) for each infinite cardinal «. Hence f(Q) = 0.

Example 4.3. Let « be an infinite cardinal, « > Ny. Consider the lattice ordered
group G(a) from 3.7. Then we have o ¢ k(G(«)) and o € k(G(«)) for each infinite
cardinal a; with oy < . We distinguish two cases.

a) « is a limit cardinal. Then f(G(a)) = a.

b) « is a non-limit cardinal. Hence the set of all cardinals less than « has a greatest
element ag. Then f(G(«w)) = ap.

For each H € ¢4 we put

CH) ={Ge9: f(G)= f(H)}.
It is obvious that C(H) is closed with respect to isomorphisms.

Lemma 4.4. Let H € 4, G € C(H) and G, € ¢(G). Then Gy € C(H).

Proof. If « is an infinite cardinal and G € C(«), then Gy belongs to C(«) as
well. Hence k(G1) 2 k(G) and thus f(G1) > f(G). Therefore Gy belongs to C'(H).
O

Lemma 4.5. Let H,G € 4, {G;}jcs C ¢(G)NC(H). Put G° = \/ G;. Then
JjEJ
GY € C(H).
Proof. Let a € k(H) and j € J. In view of the assumption we have f(G;) >
f(H). Our aim is to show that the relation

(1) F(G%) = f(H)

holds. We distinguish the following cases.

a) f(H) = 0. We clearly have f(G°) > 0, whence (1) is valid.

b) f(H) = co. Then f(G°) = oo for each j € J. Thus for each infinite cardinal «
and each j € J we get G; € C(a), yielding G° € C(«). Thus f(G°) = cc.
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c) There are infinite cardinals a; and «p such that f(H) = «ag and «; is the
greatest cardinal which is less than ag. In this case we necessarily have H € C(ay).
Let j € J. If G; ¢ C(a), then f(G;) < a1, which is a contradiction. Thus all G;
belong to C(ap) and hence G° belongs to C(ag) as well. Then f(G°) > ap.

d) f(H) = ap is a limit cardinal, ag # Ro. If @ < a, j € J, then since f(G,) >
f(H), we obtain G; € C(«). This implies that G € C(«) and thus f(G°) > ay.

e) In the remaining case we have f(H) = Xg. If H does not belong to C(X), then
H does not satisfy IR(Rg), thus k(H) = (). Then f(H) = 0, which is a contradiction.
Let j € J. If G; ¢ C(Xg), then we have f(G;) = 0, which is impossible in view
of f(G;) = f(H). Thus G; € C(Xg) and then G° belongs to C(Rg) as well. Hence
F(G%) = Ro. O

Summarizing, we obtain

Theorem 4.6. Let H € 4. Then C(H) is a radical class.
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