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Abstract. In this paper we consider the optimal control of both operators and parameters
for uncertain systems. For the optimal control and identification problem, we show existence
of an optimal solution and present necessary conditions of optimality.
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1. INTRODUCTION

Many physical systems arising from thermodynamics, electrodynamics, and pop-
ulation biology are modelled by differential equations, integrodifferential equations,
and nonlinear evolution equations with uncertain parameters or undetermined oper-
ators.

In this paper we consider differential equations on Banach spaces as follows:

{ T+ A(t,x) = g(t,x),
x(0) = xo,

where A is a nonlinear monotone operator from a Banach space V into its dual V*
and g¢(t,z) is a nonlinear but not necessarily monotone operator. An associated
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control system may be described as

(CP) { i+ A(t,z,\) + Bz = g(t,z, \),

2(0;0) = 20(A), A€ Qm, BE Py,

where @, is a compact metric space and &, is a suitable subset of .Z(V,V*).
Define the cost functional J(-,-) by the form

J()\,B):/f(t,:z:(A,B)(t),A)dt7

where I = [0,T], T < oo and x(\, B) is a solution function of (CP). The problem is
to find (A%, B?) € Q,,, x £, (admissible set) so that

(P) J\°, B < J(\, B) for all (\,B) € Qu X Pap.

In recent years optimal control and identification problems have been extensively
studied by many authors (see [5], [6], [10], [12], [11] and the references therein) and
more generally, functional differential inclusions have been studied by Ahmed and
Papageorgious (see [1], [2], [7], [8] and the references therein). These studies were
mainly concerned with the question of existence of optimal controls in the uncertain
systems.

In this paper, we study the existence of the optimal solution for problem (CP) as
well as the optimal pair for the identification problem (P). We also derive necessary
conditions of optimality for the identification problem (P).

2. EXISTENCE AND UNIQUENESS OF SOLUTIONS

Let H be a separable Hilbert space and let V be a subspace of H having the
structure of a reflexive Banach space, with the embedding V <— H being compact.
Identifying H with its dual, we have V — H — V* where V* is the topological
dual of V. The system model considered here is based on this evolution triple.

Let (z,y) denote the pairing of an element x € V and an element y € V*. If
x,y € H, then (x,y) = (x,y). The norm in any Banach space X will be denoted by
- lx.

Let {e1,ea,...} be a basis of V and set

H, = span{ej, ea,...,en}.

In the n-dimensional space H,, we introduce the scalar product of Hilbert space H.
Note that H,, CV C H.
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Let 0 <t < T < o0, It =1[0,t], I =[0,T], and let p,q > 1 be such that
1/p+1/¢g=1 and 2<p< oo

For simple notation, we write L!.(X) = L, (I}, X), L.(X) = L.(I,X) for » > 1 and
a set X. For p, ¢ satisfying the preceding conditions, it follows from the reflexivity
of V that both L! (V') and L} (V*) are reflexive Banach spaces (see Theorem 1.1.17
of [3]). The pairing of L{ (V) and L} (V*) is denoted by ((-,-)¢. In particular, we
use ((-,-)) = (-, ). Clearly, for u,v € La(H), {u,v)) = ((u,v)), where ((-,-)) is the
scalar product in Hilbert space Lo(H). Let & = %:17. Define

Wyg={z: 2 € Ly(V), @€ LV} Naliy,, = l2lL, o) + 12017,

Then {Wp 4, - |lw,,} is a Banach space and the embedding W, , — C(I,H) is
continuous. If V. — H is compact, then W, , — L,(H) is compact (see Proposi-
tion 23.23 of [13]). Let Z(X,Z) denote the space of all bounded linear operators
from X to Z and A* the dual of the operator A. Let

Pap =B LV, V") |Bllewy- <b and (B, §) +alléllg =0, forall eV}

Consider the space of operators £ (V,V*) and suppose that is equipped the strong
(weak) operator topology which we denote by 7y (Two). Given this topology,
Z(V,V*) = (ZL(V,V*),7s) is a locally convex linear topological vector space which
is sequentially complete. Similarly, %, (V,V*) = (L(V,V*), 7o) with the weak
operator topology Ty is also a sequentially complete and locally convex topological
space. We shall suppose that @, is algebraically contained in a linear topological
vector space and that ()., is a convex and we will denote (),,, a compact metric space
with a metric 7,,,. We introduce the following assumptions:
H(A) A: I xV X @, — V* is an operator.
(1) t — A(t,z, \) is measurable.
(2) x — A(t,z,A) is uniformly monotone and hemicontinuous; i.e., there exists

a constant ¢ > 0 such that

(A(t, 1, N) — A(t, 22, ), 1 — 22) > cf|xr — z2||}),
Ve, a0 €V, tel, \€Qm;
Alt,z 4 sy,\) = A(t,z, \) € V*,
Vez,yeV, € Q,, as s — 0.

(3) There exist positive constants ¢; and ¢y such that
(A(t,z,\),x) = cr||z||}, —c2, Yz eV, tel, A€ Qnm.
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(4) There exist a positive constant ¢z and a function c4(t) € Ly(I, Ry) such
that

At 2, \)|lv- < ea(t) +esl|z|F, Yz eV, tel, A€ Qm.

(5) At +7.2,A) = Atz Allv- < O()(1 +||z][77), Vo €V, A € Qp and
O(r1) is independent of A\ and z.

g: I x HXQp+— V*is amap.

2) x +— g(,x,) is continuous.

)

)

) t— g(t,-,-) is measurable.

)

) There exist « > 0 and h € Ly(I, R} ) such that

lg(t, 2, Nlv- < h(t) +allzl|3?, Yz eV, tel, A€ Qpn.

(4) (g(t,z,\),xz) <0ae z€H.

(5) g is locally Lipschitz continuous with respect to z and for any b > 0
there exists L(b) such that z1,x2 € H, ||z1|m,||z2lla < b, |lg(t, 21, A) —
g(t,z2, N)||v+ < L(b)||x1 — 22f|u, VEETL, A€ Qm.

6) A—g(-,- )\) is continuous.

(t,x,\) — f(t,z,\) is measurable.
2) x +— f(-,x,-) is continuous; i.e., if A, — Ain @y, then f(¢, -, A,) — f(¢, -, \)
a.e.

)
)
f) f: I x HxQpm+— Ry is an integrable function.
1)
)

Under the above assumptions we consider the following initial value problem:

o () + A1) + Ba(t) = g(0.2(0). ),

' 2(0) = 20(A), A€ Qm, BE Pay.
For given xo(\) € H, we seek a function z € W), ; such that (2.1) is satisfied in a
weak sense. For z € L,(V), A € @, we set

Az, N)(t) = A(t,z(t),N), Gz, \)(t) = g(t,z(t),\), te€l.

Note that A: Ly(V) x Qm +— Lg(V*) is bounded, uniformly monotone, hemicontin-
uous and coercive and also the operator G: L,(V) X Qu, +— Lq(V*) is bounded.
The purpose of this section is to prove the existence and uniqueness of solution
for equation (2.1) based on Galerkin approximation.
Let XA € Q,,, be an arbitrary fixed parameter. We get the following lemma.
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Lemma 2.1. If 2" — 2° weakly in W, 4, then G(z",\) — G(2° ) in L,(V*).

Proof. Since the embedding V' < H is compact, the embedding W), ; — L,(H)
is compact as well. Since 2" =% 20 € Wp.q, there exists a constant b > 0 such that
12l c(r,m) < b, [|2"||c(r,) < b. By virtue of assumption H(g) and the embedding
L,(H) — Ly(H) — Ly(V*), we have

1/q
Ve dt)

I6(2",3) = G M-y = [ late.a" 0.0 - .20, 0)

o ( [ 1a0 -l dt)w
v ([ e - a0l dt)w,

where L* is a constant depending on p, ¢, b and the Lebesgue measure of I. Hence
the conclusion follows. |

Remark. It is convenient to write system (2.1) as an operator equation in

z+ A(z,\) + Bx = G(z, \),

0 ={z s = :
(2.2) Wp,q()‘) = {2 € Wy 2(0) o)} {x S W;E),q()‘)» B &€ Pap, A€ Qm.

Lemma 2.2. There exists b > 0 such that

lzllcr,m <0, |zlo,ov) <0, |l#lp,ve <b
for any solution x (if one exists) of equation (2.1).

Proof. If x is any solution of (2.1), then for each t € I,

<<i"w>>t + <<A(.1‘, )‘)’ m»t + <<B.Z‘,.1‘>>t = <<G(.1‘, )‘)’ m»t

Using the assumptions and the Cauchy inequality, for any € > 0 we have

23 (I - 12O + [ @l - ) do

<a [l ao+ [ lotoa(0) V-

z(0)[lv do.

From (2.3), we have
t t
l=(®) 117 +201/0 ()5 do < 2¢2T + [|2(0)|| % +2a/0 (o)1 7 do
t
+2/0 (h(o) + allz(o) |3 llz(0)lv do.
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Thus we obtain
t t
(6] + 201/0 (o)}, do < 22T + [|2(0) (|7 + 2&/0 (o) |7 do

Sy / (h(@) + allx(0)] %) do

T (22 p) / la(o) & do

Choosing € > 0 sufficiently small and h € L (I, R"), one can easily verify that there
exist positive constants cs;, cg, ¢y such that

t

(2.4) lz@NF + esllz 1z, vy < 6 + 07/0 (o) |7 do.

It follows from Gronwall’s lemma that the above inequality implies
lz(@)|lm < es VEe,

for some constant cg depending on cg and c¢7. Again, by virtue of assumptions (3)—(4)
of H(A), (3) of H(g), definition of &, ; and inequality (2.4), it is easy to verify that
there exist positive constants cg, c1g such that

lzllz, vy <co, Nz, (ve) < cro-

Choosing b = max{cg, ¢g, c10}, the assertion follows. O

Lemma 2.3. The solution of (2.1), if one exists, is unique.

Proof. Let z1,22 € W), (\) be two solutions of (2.1). Using integration by
parts and the monotonicity of the operator A and the definition of &, ;, we obtain

s (1) — a0 + elles — a2l < / l21(0) — 22(0)|f3 do
" / (9(0,21(0), A) — 9(0,22(0), A), 21 (0) — 22(0)) v v dor
0
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By virtue of assumption H(g), Lemma 2.2, and the Cauchy inequality, for any & > 0
we have

1 t
sllza(t) = 22Ol + cllzr — wallf, (1) < Ial/0 lz1(e) = 22(0) |7 do

+/ lg(o,z1(0),A) — g(o,22(0), N[lv<[|[21(0) — 22(0) ||V do
0

< lal / 21(0) — 22(0)% do
+L(b)/0 |z1(0) — z2(0) || l|z1(0) — 22(0) |V do

< lal / 21(0) — 22(0) |3 do + (L(b)/22) / 21(0) — 22(0) % do
T+ (L(b)e/2) / la1(0) — 22(0) 2 do

Using the compact embedding L},(V') < L5(V), we obtain
¢
l1.(t) = 22(®)|[5 + 2¢llon = 22017, (1) < (2la] + L(b)/E)/O lz1(0) = @2(0)|[3; do

t
L / l21(0) — z2(0)|1% do
0

where L, is a constant depending on b and the embedding constant. Consequently,
for sufficiently small ¢ > 0, there exists a constant ¢’ > 0 such that

t
lz1.(8) = 227 + ¢ll21 = a7, ) < (2lal + L(b)/é‘)/0 |lz1(0) — z2(0) |7 do
Using Gronwall’s lemma, uniqueness follows from the above inequality. (I

Theorem 2.1. Under assumptions H(A) and H(g), problem (2.1) has a unique

solution.

Proof. Let a sequence {zj} be an approximation of the given initial state
xo(A) € H, ie., zf(N) € Hp, 2j(A) — 29(N\) in H as n — oo. We consider the
n

sequence " (t) = Y Ckn(t)er and seek a function z™ such that
k=1

(@"(t), e5) + (A(t, 2" (t), M), €5) + (Bx"(t), €5)
= (g(t,x"(t),N),e;), 7=1,2,....m;

2" (0) = x5 (A);

o € Ly(I,Hy), @" € Lo(I, Hy).

(2.5)
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It follows from the existence theorem of Carathéodory for the ordinary differential
equation in R™ (see [13]) and Lemma 2.2 that, for each n € N, the finite dimensional
system (2.5) has a unique solution ™. It can be seen from Lemma 2.3 that {z"} is
contained in a bounded subset of W ()). Hence, by assumption H(A), {A(z", \)}
is bounded in Ly(V*). Since B € P44, {Bz"} is bounded in Ly(V*) and also
since L,(V) and Ly(V*) are reflexive Banach spaces, there exists a subsequence,
again denoted by {z"}, an element x € L,(V) with its distributional derivative
& € Ly(V*) and W € Ly(V*) such that

" 5 2% e Ly(V),
i 530 e Ly(V*),
Az \) B W e L,(V*),

Bax" % Ba® € L,(V*) asn — .
Combining the assumptions with Lemma 2.1, we have

G(2™, \) — G(2",\) € Ly(V*),
2™ (0) — xzo(\) € H,

" (T) % 2€ H asn — oo.

Let ¢ € C*°(I,R) and v € H,. Using equation (2.5) and integration by parts, one
can obtain

Letting n — oo, we have

(2, 9(T)v) = (2o(A), ¥(0)v) = (G (2, ) = W — Ba®, ¢w)) + (v, 2°).
Using this, one can easily verify that the limit elements z°, W, z, Bxz? satisfy

¥+ W + Ba® = G(2°, \),
2(0) = zo(N\), 29(T) =2, 20 ¢ Whp.q-

Again using equation (2.5) and integration by parts, we have
1 n n n n n n
5l (D)7 = lz" (0)[|7) = (G, A) = A(a™, A) = Ba", ™).
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By virtue of the fact that liminf ||2™(T)| g > ||2°(T)| &, we obtain

(W,2") < liminf(A(2", A), ")
< limsup{(A(z™, A), ™)

n—oo

/N

(G2, 2),2%) = (Ba®,a") + 5 ([l=° ()17 — l=°(T)I[3)
(W, 2%).

Since A is monotone and hemicontinuous, W = A(z° \) (see [13]). Thus the limit
element ¥ satisfies equation (2.2) and hence is a solution of (2.1). The uniqueness
follows from Lemma 2.3. This completes the proof. g

3. EXISTENCE OF OPTIMALITY FOR BOTH OPERATORS AND PARAMETERS

In this section, we consider the identification problem (P) of nonlinear system (2.1).
Find a pair (A%, BY) € Q, X P,, such that J(A\°, BY) < J(\, B) for all (\,B) €
Qm X P, where

T
(3.1) INB) = [ ftan BN de
0
In the following, we assume that the initial datum x(\) = x¢ is fixed.

Lemma 3.1. Consider the identification problem (P). Suppose that assumptions
H(A), H(g), H(\), and H(f) hold. Then the mapping (A, B) — z(\, B) is conti-
nous from Q,, X Zs(V,V*) to C(I, H) and the functional (\, B) — J(\, B) is lower

semicontinuous on @, X Zs(V,V*).

Proof. Suppose \* — X0 € @, and B" — B° € Z,(V,V*). Let {2"}

and {2°} denote the solutions of the system (2.1) corresponding to (A", B") and

0

(A%, BY), respectively. Defining y™ = 2™ — 2, one observes that y" is the solution of

the problem
g (t) + (A(t, 2 (1), A") — A(t,2°(t), \")) + B"y"(t)
= —(A(t, 2°(t), \") — A(t,2°(¢), \°)) + (B® — B™)2°(¢)
+g(t, (), \") — g(t,2°(t), \?),
z™(0) — 2°(0) = 0.
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Scalar multiplying the first equation of (3.2) on either side by y™ and using Young’s
inequality, we have

SO+ el 2y, <ol [ 15 @)lydo+ L) [ @)l (@)l do
0

T / I(B° - B")a"(0))

t

+ [ o500 0% = g10,2°(0), 39 v 19" (@) do
0
o L) [t Lo [

<lal [ W@l do+ 52 [l @l do+ 25 [ @)l a0

0 € Jo 0
1 ‘ 0 n\ .0 2 ! n 2

o [ 1B = B0 dot < [ (@)} do
€Jo 0

+ 32 [ Nalena®(@).47) = o). X
< (1 + 22) [t do+ LOED [ o)) ao
b [ 1B~ B

+ 32 [ Nlalena®(@).47) = a(0.a”(0). X

v-lly"(@)llv do

~do

2
Vo do

«do.

Choosing ¢ > 0 sufficiently small and the compact embedding L}, (V) < L5(V) with
an embedding constant b’, we obtain

ly™ O +2elly™ 15, vy < 2IaIJr /II "(0)|l% do

+L2s-:/ l™ (@)l do + 1 /H ()|

b2 / lo(a:2°(0), X") ~ g0, 2°(0), A7)

%/* do

¥ do,

where Ly = (L(b) + 2)V'. Taking € = =, we have
IOl + el 0 < (21 + Z22) [yl a0
& BO_Bn 0 2 d
2 2( [ 18 - Bl a0

+ / l9(0,2°(0), ") — g0, 2°(0), A°)|

. dO’).
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Defining
t
P (1) = lly" ()7 + 0/0 ly" (@)I5, do,

it follows from the above inequality that

Lo L(b K

00 < (2ol + ZE) [0 (o) do+ Ko
0

where

2
Vo do

Kot =2 ([ 18 - 300

v l9(0,2%(0), A7) = g(0,2(0), )|

T da).

Using Gronwall’s lemma, one concludes that

Ly L(b
(3.3) () < exp((2|a| + 27()>T) Ka(t)
for all t € I. Since A" — A\ € Q,,, B" — B? € Z(V,V*), and 2° € L,(I,V), it is
clear that |(B° — B"™)a"
number v such that

v+ — 0 almost everywhere on I and there exists a finite

1(B® — B2 (t) ||y~ < v|2°(#)|ly forall ¢ e I.

On the other hand, since A — g(-,-, \) is continuous, we get

||g(0’, xO(U)’ )‘n) - g(U, mo(U)’ )‘0)|

V*—>O

almost everywhere on I. Thus by the Lebesgue dominated convergence theorem, it

follows that 9" (t) — 0 as n — oo uniformly on I. Hence one may conclude from (3.3)

that 2 — 2% in C(I, H) as well as in L,(I, V), and in particular 2" (t) — 2°(¢) in H

for all ¢ € I. This proves the continuity of the map (A, B) — x(\, B) as desired.
Define

J()\",B"):/If(t,:c”(t),)\")dt and J(/\O,BO):/If(t,zo(t),AO)dt,

where 2" and z° are the solutions of the system (2.1) corresponding to (A", B™) and
(A%, BY), respectively. Since, by assumption H(f), for almost all t € I, z — f(¢,,")

is continuous on H, we have
f(t,2°(t), A% < liminf f(t, 2™(t), ™) almost everywhere on I,
n
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and consequently, by Fatou’s lemma,

/1 £(8.2°(8),X%) dt < lim in /1 £t 2™ (1), \) dt.
Clearly, this is equivalent to
J(A\Y, B < lim inf J(A", B").
This completes the proof of the lemma. O

Lemma 3.2. The set P, considered as a subset of .£(V,V*) is sequentially
compact in the strong operator topology 7.

Proof. For proof, see Lemma 1.2 of [3]. O

Theorem 3.1. Suppose that assumptions H(A), H(g), H(\) and H(f) hold. Then
there exists (A\°, BY) € Q,, x P, such that

J(A\°,BY) < J(\,B) forall (\,B) € Qu X Payp.

Proof. Define ! = inf{J(\,B), (A\,B) € Qm X Pqp}. Since f(t,z,\) > —c0
for (t,z) € I x H, the infimum is well defined and [ > —oo. Let {(\¥, B¥)} be a
minimizing sequence from @, X Py, i.€., 111?1 J(A\*¥, B¥) = [. Then by Lemma 3.2,
there exists {(\*i, B¥)} C {(A\¥, B¥)} relabeled as {(\*, B¥)} and a (\°,B°) ¢
Qm X Payp such that Ak — \0 € Q,,,, B¥ — B% € 2, (7). Since (\, B) — J(\, B)

is lower semicontinuous on @, X Y, (see Lemma 3.1), we have
1< J(\, BY) < hgnan(Ak,Bk) < lim JOF, BYy =1.

Hence J(A\°, B%) = [ implies that J(,-) attains its infimum on Q,, x Z,;. This
completes the proof. O
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4. NECESSARY CONDITIONS OF OPTIMALITY

We consider necessary conditions of optimality for the identification problem (P).
We note that usually the mapping (A, B) — (A, B) from Q,, x Z(V,V*) to L,(I, V)
is unique. In this section we assume that p = ¢ = 2 and LY, = {z(-) € L?: z(-) > 0},
p = 1,2,00. In order to derive the necessary optimality conditions, we need some
additional assumptions

H(A);1 A: I XV x Qpm — V* is an operator.

(1) A satisfies condition H(A).
(2) * — A(t,z, ) is continuously Frechét differentiable and strong uniformly
monotone in ¢ € 1.
(3) 1ALtz N)|lve < ai(t) + bi(t)||z]lv ae. ai(-) € LA,bi(-) € L and
(AL(t,z,\)h,h) = B|h||} ae. B>0,heV.
(4) A — A(t,z, ) is continuously Frechét differentiable and || A} (¢, z, A)||v+ <
01 a.e. > 0.
(5) AL(t,z, ) is continuous on @Q,.
H(g9)1 g: I x H X Qp, — V* is a map.
(1) g satisfies condition H(g).
(2)  — g(t,x,\) is Frechét differentiable, (gl (t,z,A\)h,h) < 0 a.e. and
gy (8 2, Mllve < az(t) + bollzlla ae. az(-) € L7, by > 0.
3) A — g(t,x, \) is Frechét differentiable, ||g4 (¢, z, A)|| < 02 a.e., d2 > 0.
4) (z,\) — g.(t,x, \) is continuous and (z,\) — ¢ (¢, z, ) is continuous.
1 f: I x HxQ,, — R is an integrable function.
) [ satisfies condition H(f).
2) © — f(t,x,\) is Frechét differentiable and (z,\) — f.(¢,x,\) is continu-
ous.
(3) A — f(t,x,\) is Frechét differentiable and (z,\) — fi(¢,z, ) is continu-
ous.
(4) If2@tz,N|la < as(t) + bs(t)||z||F ae. with ag(-) € LL, b3(-) € LS and
| £t 2, N g < d3 ae. d3 > 0.
For the proof of necessary conditions of optimality, we shall make use of the

(
(
H(f
(
(

Gateaux differential of x(\, B) with respect to the parameter and operator (\, B).
Indeed, we show that the Gateaux differential of x at (A\°, BY) in the direction (A—\Y,
B — BY) defined by

2\, B% X -\, B - B
0 _ 0 0 _ ROy _ 0 0
:wim%x()\ +e(A =29, B +¢(B - BY)) —x()\°, B
£— 13

exists and that it is the solution of a related differential equation.
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In the next lemma we present the Gateaux differentiability of the mapping
(A, B) — x(\, B) in the weak sense.

Lemma 4.1. Consider system (2.1) and suppose that assumptions H(A)q, H(g)1
and H(f); hold. Let x(\, B) denote the (weak) solution of the problem (2.1) corre-
sponding to (A, B) € Qm X Pap. Then at each point (A, B) € QX P, p the function
(\, B) — z(\, B) has a weak Gateaux differential in the direction (A — \°, B — B?),
denoted #(\°, B%; A — \°, B — BY), and it is the solution of the Cauchy problem

e+ Al (t, 2% \%)e + B% — ¢..(t,2°, \%)e
(4.1) = AL (£, 20, A% X — X0) + (BO — B)a® + gh (£, 2%, A\ A — A0),
e(0)=0

satisfying & € Lo(I,V) N Loo(I, H), where 2° = x(A\°, B?) is the solution of (2.1)
corresponding to A = \°, B = B°. Here,

)

A e 0 — A 0 O
Al (t, 2% \%) = w — lim (¢,2%, A7) (t,27, A7)
z e—0 € — 20

0 ye) _ 0 \0
A',\(t,xo,)\o;)\fAO):w,hmA(tw’ﬂ,>\) A(t,x,)\),

e—0 g
t, 25, \0) — g(t, 2%, \0)
/ t 0 )\0 _ -1 g(a ) ) )
9o(t, 2", A7) = w — lim 2 — 20

and

t 0)\5 _ t 0/\0
g&(t,xO,AO;A—AO):w_m%g(’””’ )69(’$’ ),
E—

Proof. Let (\°,BY),(\,B) € Qu x Pup. Since Qm X P, is a closed convex
subset of @, x Z(V,V*), we have (A°,b°) € Qu, X Py p, where A° = A0 4 g(X — \0),
B = B +¢(B— B, 2° = 2()\°, B%) and 2° = 2(\°, B) for 0 < & < 1. Using (2.1)
and defining ¢° = (2 — 2°) /e, we obtain

A(tazev)\e) 7A(t7$07)\6) g(tvxsv)\e) *g(t,.Z‘O,)\s)

(4.2) o+ + B%p® —
€ €
_ _A(t,wo,/\g) — A(t, 2%, \%) (B B + g(t, 2%, X)) — g(t, 2%, \0)
€ 5
©°(0) = 0.
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Scalar multiplying both sides of the first equation of (4.2) by ¢° and using the
assumptions, we have

@3) 3le Ol + [ 4 0,29(0) + epr(2°(0) — 2°(0)), XY (0, °(9) dr
v [ o
-/ (B~ B)(0), ¢ (0)) do
+ /0t<—A;(o, 22(0), A% +epa(A = X°); A = A0), % (o)) do
+ (6L(,2°(0) + e (a7(0) — 2%(0)), XN (0), 7 (0) dor

+ / (g5 (0, 2°(0), N’ +eva(A = X0); A = \0), % (o)) do,
0

where i1, p2,v1,v2 € [0,1].
Using assumptions H(A)1, H(g); and 2, in (4.3), we obtain

@4 gl Ol +5 [ @)l do

/ Hsf(a)n%{dwjo I(B° - B)®(o)|

/||A’ 0,2%(0), \” + epa(A — A°); A — A0

v-ll¢*(o)llv do

¢ (0)llv do

Vo

/||g>\ox ), A 4 eva(A = A2 A = AN |lv+|l¢% (o) ||y do.

Using the inequality ab = \/> \/>b % a® + %bQ) in (4.4), we have

(4.5) ||¢E(t)|§{+ﬁ/t|<ﬁ€(0)||%/d0
2a/ I (@)% do + > / 1(B° = B)a® (o) - do
+5 i |\A;(aa: (@), A0 4+ epa(A = A0 A = A2 do
+% Ot|gﬁ\(a,:vo(o),)\o+51/2()\—)\0);/\—)\0)|%,* dor.
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Using Gronwall’s lemma in (4.5), we conclude that
t
2
(16) IOl +8 [ 11 (@)1} do

< 3 explelal) ( / I(B° - B)a(o)|

/||A’ a,2%(0), \” + epa(A — A°); A = A ||

for all € € [0, 1]. Since eug,evs € [0, 1], it follows from assumptions H(A); and H(g);
and the definition of &, ; that the right terms in (4.6) are well defined. This shows
that {¢°, 0 < e < 1} is contained in a bounded subset of Lo (I, H) N La(I,V).
Since Lo(I,V) is a reflexive Banach space, we can extract a subsequence {¢"} =
{p"} C {¢°} with g, € [0,1] and &, — 0, and a ¢° € Ly(I,V) such that o™ 5 °
in Lo(I,V). This proves that the Gateaux differential of z exists and is given by
2\, BN — \°. B — BY) = 0. It remains to show that ° is a solution of (4.1).
Indeed, since

2
v-do

2. do

/||g>\ox ), AY Fevn (A — A2 A = 20|

A(t, 2™ A") — A(t, 20, \Y)

13
B"p" = BY%" + ¢, (B — By 5 B in Ly(I, V™),
A(t, 29 A7) — A(t, 20, \9)

= A/x(tvxovAO)@O in LQ(Ia V*)7

Lo AL, 2% NN =AY in Lo (1, V),

13
t.x™ An — t 0 )\O w
92" A") = 9T AT w0 X0V i Lo(1, V),
13
" 0 AT — t 0 )\0 w
gt 2", A") — g(t, ", \°) 52 A% A =A%) in Lo(1,V™),
13

it follows from (4.2) that ¢" € Lo(I,V*) and ¢" > 5 in Ly(I,V*) for suitable
n € Lo(I,V*), and that is the distributional derivative of ©°. Hence (o satisfies the
equality

@+ AL(t, 2% A" + B9 — g (t, 2%, X%)¢”
= A\, 2%\ A = 20 + (BY — B)a + g4 (¢, 2%, A% A — \%)
in the sense of vector-valued distributions in V*. Since ¢ € Lo(I,V) and ¢° €
Lo(I,V*), it is clear that ¢V € C(I, H) and ¢°(0) is well defined and equals ©™(0) = 0
0

for all n. Hence ¢V satisfies the differential equation (4.1) and one may identify ¢
as e. This completes the proof. ]
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With the help of Lemma 4.1, we derive the following necessary conditions for
optimality.

Theorem 4.1. Suppose that assumptions H(A)1, H(g); and H(f); hold. Consider
system (2.1) and the identification problem (P) with

J(\, B) = /I F(t, (X B)(8), \) dt.

Then in order that (A\°,B°) € Q,, x P, be the optimal pair for the unknown
parameter and the unknown operator, it is necessary that there exist a pair {°, 2°} €
C(I,H) x C(I, H) satisfying the system of equations

&+ A(t,z, \0) + BY% = ¢(t, z, \O),
n { ( ) 9l )

I(O) = Xo, )\0 S me BO S @a,b,
the adjoint equation

L8 —2 4 (AL(t, 2% X0)* 2 + (BY)* 2 — (g (¢, 2°,00))* 2 = fL(t, 20, D),
(48) 2(T)=0,vt €[0,T)

and the inequality

(4.9) /I<*A&(t7x°(t)7 AU X =29, 20 () vv- dt + /1<(BO = B)z’(t), 2°(t))v,v- dt

+/<gg\(t7$0(t)a>‘0;)‘7>‘O)720(t)>V,V* dt+/f;\(tvxo(t)aon)‘fAO)dt> 0
I I

for all A\ € Qm, B € Pop.

Proof. Since (A, B) — z(), B) has a (weak) Gateaux differential on @, X Py,
it follows that J(-,-) as defined above also has a Géateaux differential. Denote x° =
z(A°% BY). Then in order that J(-,-) attain its minimum at (A%, B%) € Q, x Py,
it is necessary that

J(\%,B%) — J(\Y, BY)

J (A, B% A=\ B— B = lim >0
e—0 g

for all (A, B) € Qp, X P4 Using the result of Lemma 4.1, it follows from the above
that

(4.11)  J\,B%A -\, B - BY)
= /<f;(t,w0(t),A°),soO(t)>dt+/f&(t,wo(t),AO;A—Ao)dt >0
I

I
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for all (\,B) € Qu X Pap, where ©O(t) is the Gateaux differential as given by
Lemma 4.1. Using (4.1) and (4.11), we obtain the adjoint equation (4.8). Reversing
the flow of time t — T — ¢, it follows from Theorem 2.1 that the system (4.8) also
has a unique weak solution 2% € Lo(I,V) N C(I,H). Utilizing (4.8), (4.11) and
integrating by parts, we obtain

(4.12) / (@0 (1) + A (£, 2" (), A") 2 (1) + BO° () — g5, (£, 2° (1), \) 2 (), 2° (1)) v-.v dt

—i—/f;(t,xo(t),)\o;)\—)\o)dt >0, VO, B) € Qum X Py
I
From (4.8) and (4.12), we obtain

/<f;(t,w0(t)» X0, @)y v dt + /1 FAC,20(8), A% X = \0) dt

I

= /I<<P°(t) + AL (8, 2°(1), \)" (1) + BY° () — ga(t, 2" (1), A")e" (1), 2° (1)) v- v dt

+ / FAt,20(), A% A = X0 dt
I

- - / (AL (1 20(8), A% A — A9), () v dt + / (B — B)a(t), () v- v dt
I I

+/<g§\(t,x0(t),)\0;)\—AO),zo(t»V*’thJr/f;\(t,xo(t),)\o;)\—)\O)dt20
I I

for all A € Qm, B € P,p. Hence we obtain (4.9), which completes the proof. O
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