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ON A TWO-POINT BOUNDARY VALUE PROBLEM
FOR SECOND ORDER SINGULAR EQUATIONS
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Abstract. The problem on the existence of a positive in the interval ]a, b[ solution of the
boundary value problem

W= ft,u) + g(t,u)ul; u(a+) =0, wu(b—)=0

is considered, where the functions f and g: ]a,b[ x |0, +oco[ — R satisfy the local Cara-
théodory conditions. The possibility for the functions f and g to have singularities in the
first argument (for ¢t = a and ¢ = b) and in the phase variable (for u = 0) is not excluded.
Sufficient and, in some cases, necessary and sufficient conditions for the solvability of that
problem are established.
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1. STATEMENT OF THE PROBLEM AND FORMULATION OF MAIN RESULTS

The following notation is used throughout the paper.

R is the set of real numbers, Ry = [0, +oo].

L(Ja,b[; D), where D C R, is the set of functions p: ]a,b] — D which are Lebesgue
integrable on the segment [a, b].

Lioc(Ja,b[; D), where D C R, is the set of functions u: Ja,b] — D which are
Lebesgue integrable on each segment contained in ]a, b].

C(la, b]; D), where D C R, is the set of continuous functions u: [a,b] — D.
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AC'([a,b]; D), where D C R, is the set of functions u: [a,b] — D which are
absolutely continuous together with their first derivatives on [a, b].
ACY| .(I; D), where I C |a,b[, D C R, is the set of functions u: I — D such that
u € AC'(Iy; D) for every segment Iy C I.

Car(]a, b[x D; R), where D C R, is the Carathéodory class, i.e., the set of functions
f:]a,b[ x D — R such that f(t,-): D — R is continuous for almost all t € ]a, ],

f(,2): Ja,b] — R is measurable for all z € D, and

sup{|f(-,z)|: @ € Do)} € L(Ja,b[; Ry)

for any compact Dy C D.

Carjoc(Ja, b x D;R), where D C R, is the set of functions f: ]Ja,b[ x D — R
whose restrictions to [a + &,b — €] x D belong to Car([a + ¢,b — €] x D; R) for any
£€]0,3(b—a)l.

[pl- = 3(Ipl = p)-

u(s+) and u(s—) are one-sided limits of the function w at the point s from the
right and from the left, respectively.

Consider the boundary value problem

(1.1) u' = f(t,u) + g(t,u)u,
(1.2) u(a+) =0, wu(b—)=0,

where f,g € Carpoc(Ja, b[x]0,400[; R). Under a solution of problem (1.1), (1.2) we

understand a function u € ACY .

(Ja,b[;]0,+00[) satisfying equation (1.1) almost
everywhere in |a, b[ and boundary conditions (1.2).

The aim of the present paper is to investigate the problem of solvability of prob-
lem (1.1), (1.2) provided the functions f and g possess singularities both in the
independent (for ¢ = @ and ¢ = b) and in the phase (for u = 0) variable. Singular
problems of such a type arise frequently in applications (cf., for example, [1], [3], [4],
[6]-[8], [22]-[24]). The first essential step in their investigation was made by S. Tal-
iaferro in his work [25] in which he established a necessary and sufficient condition
for the solvability of problem (1.1), (1.2) with g(t,) = 0 and f(t,z) = —h(t)/z",
where A > 0 and h € Lioc(Ja,b[; Ry). Problem (1.1), (1.2) has been more often
considered in the case when the function g does not depend on the second argument,
and f(t,z) < 0fora <t <b, x>0 (cf, for example, [1]-[18], [21]-[27] and refer-
ences therein). In that case, equation (1.1) is in its turn easily reduced to a two-term
equation of the type

(1.10) u” = f(t,u)
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with nonpositive right-hand side. The restriction on the sign of the function f was
overcome for the first time in [19], where criteria for the solvability of problem (1.1¢),
(1.2) were established under the assumption that

b
(1.3) / (s—a)(b—s)fr(s)ds < 4+oco for r>1,

where f7(-) = max{|f(-,z)|: 1 <& <r} for r > 1 (see also later works [12]-[14]).
In [17], the equation of a more general type u”’ = H(t,u,u’) was considered, but
again under the assumption that the function H is nonpositive. So, in spite of a large
number of publications, the question of the solvability of problem (1.1), (1.2) has not
yet been studied throughly enough. Below we will give new sufficient, and in some
cases, necessary and sufficient conditions for the solvability of problem (1.1), (1.2).
Moreover, as it has been noted above, the possibility for both the functions f and g
to have singularities in the first argument and in the phase variabe, is not excluded.
Note also that Theorem 1.2 below enables one to establish criteria for the solvability
of problem (1.1), (1.2) even in the case when condition (1.3) is not fulfilled.

Before we proceed to formulating the main results, we introduce the following
definition.

Definition 1.1. The continuous function o: Ja,b[ — ]0,+o00[ is said to be a
lower (upper) function of equation (1.1) if o € ACY,.(Ja,b[\{t1,%2,...,tn};]0,4+00]),
where a < t; <ty < ... < t, < b, there exist finite limits o(a+), o(b—), o'(t;+),

O'/(tif)a i = I,—TL,

o' (ti=) <d'(ti+) (o'(ti=) >d'(t:i+)), i=Tmn,
and almost everywhere in |a, b[ the inequality

o'(t) = f(t,o(t) + g(t,o(t)o’(t) (o"(t) < f(t,o(t) + g(t,o(t))o’ (1))

is fulfilled.

Definition 1.1 is a particular case of the definition of lower and upper functions
introduced in [15] (see also [17] and [19]).

Theorem 1.1. Let o1 and oy be respectively lower and upper functions of
equation (1.1) and let

(1.4) o1(t) < o2(t) for a<t<b,
o1(a+) =0, o1(b—) =0, o2(a+) #0, o2(b—) # 0.
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Assume, moreover, that for every 0 < n < min{oz(t): a <t < b} there exist vy € ]a, b]
and functions py, ¢, € Lioc(]a, b[; Ry ) such that

b b
(1.5) / gn(s)ds < +o0, / (s —a)(b—s)py(s)ds < +o0
and
|f(ta :E)| < pn(t), g(ta ‘Z‘) sgn(’y - t) 2 7q77(t)
for a <t <b, o1p(t) <z < o2(t),

where
(1.6) o1n(-) = max{n,o1(-)}.
Then the problem (1.1), (1.2) has at least one solution u such that
(1.7) o1(t) <u(t) <oq(t) for a<t<b.

Remark 1.1. Theorem 1.1 covers the case when both the functions f and g
have nonintegrable singularities with respect to the independent variable. Note that
singularities of the function g may be “sufficiently large”. As an example, consider

the problem

/

A A 12t
(1.8) " ) -

T BT v (1 tTea—n )
u(0+) =0, u(l-)=0,

where A > 0. We can easily see that o2(t) =1 is an upper function of the equation,

and o1(t) =et(1 —t) for 0 <t < 1, where 0 < e < 2+L>\ is a lower function. Putting

now v = 3, by Theorem 1.1 problem (1.8) has at least one solution.

Corollary 1.1. Let a function f be nondecreasing in the second argument and
let there exist r > 0 such that

(1.9) ft,r) <0 for a<t<b,

with the strict inequality on the subset of |a, b[ of a positive measure. Let, moreover,
on the set |a, b[ x 0, +o00[ the inequality

(1.10) lg(t, 2) < ¢"(t)

hold, where q* € L(]a,b[; Ry). Then the condition

b
(1.11) / (s—a)(b—9)|f(s,x)|ds < +o0 for O<z <7
is necessary and sufficient for the solvability of problem (1.1), (1.2).
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Remark 1.2. In the case when the function g does not depend on the second
argument, problem (1.1), (1.2) under the conditions of Corollary 1.1 is uniquely
solvable. Note also that for g(t,z) = 0 the above corollary implies Theorem 1.2
in [19] (see also [17], Theorem 4.34]).

Corollary 1.2. Let a function f be nondecreasing in the second argument and
there exist r > 0 such that conditions (1.9) are fulfilled. Let, moreover, there exist

¢ € la,b] such that the mapping (t,x) — g(t,z)sgn(c — t) is nondecreasing in the
second argument, and

b
/|g(s,x)|ds<+oo for x> 0.

Then condition (1.11) is necessary and sufficient for the solvability of problem (1.1),
(1.2).

As an example, consider the equation

(1.12) u” = h(t) ((Su“ - i) + Mu’ —o(t),

u? uk
where § 2 0, « >0, A >0, u >0, h, ¢ € Lioe(Ja,b[; Ry ), h(t) £ 0, ¢ € ]a, b, and
b
gt)sgn(c—1t) <0 for a<t<b, / lg(s)|ds < +o0.

Then by Corollary 1.2, for the solvability of the problem (1.12), (1.2) it is necessary
and sufficient to have

(1.13) /b(s —a)(b—s)h(s)ds < +oo and /b(s —a)(b—s)p(s)ds < +o0.
Consider now the equation

(1.14) ur = M

where h € Lioc(]a, b[; R) can, in general, change its sign.

Corollary 1.3. Let the function h admit the representation

W(t) = p(t) — qt), p(t) >0, ¢(t)>0 for a<t<b,
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where

’ p(s) b
/a mds<—|—oo7 /a(s_a)(b—s)q(S)ds<+oo

and

(1.15) (b—1t) / (s —a)q(s)ds + (t — a) /t (b—s)q(s)ds

b
> (ta)(bt)\/ba\// (s—a)(b—s)q(s)ds

xexp{bza/llb(s_zgfz_s>ds] for a<t<b.

Then problem (1.14), (1.2) has at least one solution.

According to Corollary 1.3, for example the problem

" o_ kt(l_t) _ l U — u(l=) =
u _<7m )\)u, (04+) =0, u(l-)=0,

where £ > 0 and A > %egk, has at least one solution.

Theorem 1.2. Let o7 and oy be respectively lower and upper functions of
equation (1.1) satisfying conditions (1.4). Assume, moreover, that for every 0 <
n < min{os(t): a <t < b} there exist functions py,q, € Lioc(]a,b[; Ry) such that
conditions (1.5) and

ft2) = =py(t), gt 2)] < gy(t) for a<t<b, o1(t) <z <ol
are fulfilled, where o1, is the function defined by (1.6). Then problem (1.1), (1.2)

has at least one solution.

Remark 1.3. Theorem 1.2 covers also the case when condition (1.3) is not fulfilled
for the function f. Indeed, consider the problem
1 A1-2t) , o

" _ .
(1.16) u —u—m—i— 3 u+t2(17t)27

u(04+) =0, u(l—)=0,

where a > 0 and A € R. Tt is easily seen that o1 (t) = et(1—t), where 0 < & < 1+++|>\\’
is a lower function and o5 (¢) = 1 is an upper function. Consequently, by Theorem 1.2,
problem (1.16) is solvable. It should also be noted that in the case A < 0 and a < 0,
problem (1.16) by Corollary 1.2 has no solution.
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From Theorem 1.2, for the equation

(1.17) u” = h(t)u® — == + p(t),
where A > 0 and p > 0, we obtain the following

Corollary 1.4. Letr>0,n>0, po >0, p,h,p € Linc(Ja,b[; Ry), and

b
/ (s —a)(b—s)p(s)ds < +oo,

po < p(t), (o) +h()[(t—a)b—t)]"<r for a<t<b.

Then problem (1.17), (1.2) is uniquely solvable.

As is readily seen from this corollary, the functions h and ¢ need not satisfy
conditions (1.13).

2. SOME AUXILIARY PROPOSITIONS

In this section, lemmas on a priori estimates and a lemma on the solvability of
problem (1.1), (1.2) will be established in the case when f, g € Carjoc(Ja, b x R; R).
Everywhere in what follows, functions h1,he € Lioc(]a,b[; Ry ) will be assumed to
satisfy the conditions

b b
(2.1) / (s —a)(b—s)hi(s)ds < +o0, / ha(s)ds < +o0.

Lemma 2.1. Let rg > 0, and let hy, ha € Lioc(]a, b[; Ry ) satisfy conditions (2.1).
Then there exist co > 0 and functions Hy € C([a, “E2];Ry), Hy € C([%5L,0]; Ry)
satisfying the conditions Hy(a) = 0, H(b) = 0 and such that for any a; € Ja, 2£2],
by € ]%E [ and u € AC’([a1,b1]; R) satisfying the inequalities

(2.2) u'(t) = —hi(t) — ha(H)W/(t)] for ay <t < by,
lu(t)] <ro for a; <t < by,
the following estimates hold:
(23) (t — al)(bl — t)|u’(t)| < Co for a <t< bl,
a+b
u(t) <wu(ar) + Hi(t) fora; <t< 5
(24) a+b
U(t) < U(bl) + Hz(t) for g t g bl.
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Proof. Let a function u € AC’([a1,b1]; R) satisfy the conditions of the lemma.
Suppose

Po(t) = —ho(t)sgnu/(t), wi1(t) =u"(t) + ha(t)|u'(t)] for a3 <t < by.

Clearly, u is a solution of the equation

(2.5) u” = ho(t)u' + 11 (t)
and
(26) 1/)1(75) = 7h1(t) for ay <t<bs.

Let tg € Jay, b1[ be an arbitrary point such that u’(tg) # 0. Then either

(2.7) u/(tg) > 0
(2.8) u/(t) < 0.

Suppose that (2.7) ((2.8)) is satisfied. Put

b1 s
u(t) :/t exp [/t (&) d{} ds for tog<t<b

(,u(t):/(:exp[/tsz/)o(f)df} ds for a1<t<t0).

Multiplying both sides of (2.5) by p and integrating from ¢y to b; (from ay to to),
we obtain

b1

—lto)u (to) — u(by) + u(to) = / (s (s) ds

to

(mo)u’(to) + ulte) — u(ay) = / " u)n ) ds).

al

Hence by (2.2), (2.6) and (2.7) ((2.8)) we get

b1
w(to)|u' (to)] < 2ro —|—/ hi(s)u(s)ds
(2.9) fo

(nteote < 2r0+ [

ay

(n(s)ds ).
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We can easily check that

hot(by —t) < p(t) < ho(by —t) for to<t<ty
(hg'(t —a1) < p(t) < ho(t —a1) for a1 <t<tg),
where
b
(2.10) ho = exp [/ hg(s)ds].

Taking this into account, from (2.9) we find that inequality (2.3), where

211) o= [2r0(b—a)—&—/ab(s—a)(b—s)hl(s)ds} exp[2/abh2(s)ds},

is fulfilled.

Let us now show that estimates (2.4) are satisfied, where

47“0

H(t) = [b a(t—a) —l—/at(s —a)hy(s)ds

a+b

+(t—a)/ ’ hl(s)ds]hg for a<t<a;b,
(2.12) . K ,
Hy(t) = [ 1o (b—t)+/ (b—s)hi(s)ds
b—a ¢
t
+(b—t)/ hl(s)ds}hg for a+b<t<b.
atb

2

Here the number hg is defined by (2.10).
Let us denote by w; a solution of the boundary value problem

W = e’ —ha0) e =0, w(“L) =2,

and show that

(2.13) w(t) =u(t) —ular) —wi(t) <0 for a1 <tp< e ;— b.

Assume the contrary. Let (2.13) be violated. Then there exist ¢, € [aq, “T'H’[ and
t* € Jt., “F2] such that
(2.14) w(t) >0 for t.<t<t', wt.)=0 and w(t*)=0.
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Taking into consideration (2.5) and (2.6), we obtain
W' (t) = Po(t)w' (t) for t, <t <t"

However, this contradicts condition (2.14). Thus (2.13) is valid.
We can directly verify that

a+b

U)l(t)ng(t) for algtg 5 y

where H; is the function defined by (2.12). Consequently, the first of inequalities (2.4)
is valid.

Analogously one can prove that

a+b

u(t) < u(by) + wa(t), wa(t) < Ha(t) for 5

<t < by,

where ws is a solution of the boundary value problem

w” = Po(t)w’ — hi(t); w( ) =2rg, w(by)=0.

O

Lemma 2.2. Letrg >0, a € ]a, “TH’[, g€ ]“T'H’,b[, v € Ja, B[, and let hq,hy €
Lioc(]a, b[; Ry) satisfy conditions (2.1). Then there exists a function ¢ € L(]a,b[; Ry)
such that ¢ is bounded in la,b|, and for any a; € Ja,al, by € |3,b[, and a function
u € AC'([a1, b1]; R) satistfying condition (2.2) and inequalities

(2.15) W' (t)sgn((y —t)u'(t)) = — ha(t) — ho(t)|u'(t)| for a3 <t < by,
(2.16) u'(t) = —hi(t) — ha(t)|u'(t)] for a<t<p,
the estimate

(2.17) [u'(t)] < p(t) for a1 <t<b

holds.

Proof. Let u € AC'([a1,b1]; R) satisfy the conditions of the lemma. By virtue
of (2.16), (2.2) and Lemma 2.1, the estimate

Co

(2.18) [/ (7)] < m
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is fulfilled, where ¢y is the number given by (2.11). Let us show that
(2.19) [u' ()] < po(t) for a1 <t <7,

where

€o

(2.20) o(t) = (W%W B (s) ds) exp[/ab hz(s)ds] for a<t<n.

Assume the contrary. Let (2.19) be violated. Then by (2.18) and (2.20), there
exist t. € |ay,y[ and t* € Jt., [ such that

(2.21) [u'(t)] > @o(t) for t.<t<t",
Y Co
= G =

For the sake of definiteness we assume that «’(¢t) > 0 for ¢, < t < t*. Then by virtue
of the lemma on the differential inequality, from (2.15) we find

)l < (e + / x| /| Ra(€) ] 1(5) ds ) < o).

However, the last inequality contradicts condition (2.21). Consequently, esti-
mate (2.19) is valid.

Analogously we can show that
(2.22) [u' ()] < p1(t) for <t <by,

where

€o

or(t) = <W+Lth1(s)ds)exp[/abhg(s)ds] for 4 <t<b.

Suppose now
wo(t) for a<t<ry
p(t) = :
p1(t) for y<t<b

It is evident from (2.19) and (2.22) that estimate (2.17) is satisfied. It is not also
difficult to see that the function ¢ is bounded in ]a,b], and ¢ € L(]a, b[; Ry). O
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Lemma 2.3. Let f,g € Carjoc(]a,b[ x R;R), and let o1 and oo be lower and
upper functions of equation (1.1) satisfying conditions (1.4). Moreover, let there
exist functions po, o € Lioc(]a, b[; Ry) such that

b b
/ (s —a)(b—s)po(s)ds < o0, / qo(s)ds < +o0

—po(t), gt z)| < qo(t) for a<t<b, o1(t) <z <o2t),
po(t), g(t,x)sgn(c—t) = —qo(t) fora <t < b, 01(t <z < oa(t)).

Then problem (1.1), (1.2) has at least one solution w satisfying (1.7).

Proof. Let conditions (2.23) be fulfilled. Choose sequences (t;;);>5, (sik)i=3,
and (cix);29 (i = 1,2) such that

a+b
a <tigg1 <t1k<T<t2k<t2k+1<bv k=1,2,3,...,

a+b
Stk41 € Jtk+1, tikl, Sort1 € Jtor, topta[, 11 < s11 < 5 < 821 < to1,

(2.25) Cik ZUl(tlk), Cok ZUl(tzk) k=1,2,3,...,
(2.26) kEI—Poo tix = a, EI_POO tor = b.
Let ro = max{|o1(t)| + |o2(t)]: @ < ¢t < b} and let ¢y be the number defined
by (2.11), where hq(t) = po(t), ha(t) = qo(t) for a <t < b,
Co
I =3 for t € |s1x41,s16[ U 52, S2041 ],
(2.27) (1) = 1k:01 2k+1
—_ for ¢
(t—t)(ta — 1) or t € ]si1, 21,
(2.28) o(t) = @(t) + o1 ()| + |o5(t)| + 1 for a <t <b,
F(t,x,y) = f(t,z) + g(t,x)y for a<t <b, z,y € R,
F(t,z,y) for |y| < o(t),
229) Fltoo) = { (2= Z5)Flten) for o(0) < o] < 2000,
0 for |y| > 20(t),
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q(t) = lg(t, 1)) + [g(t, 0a(1))]  for a <t <,

F(t,o1(t),y) + %q(ﬂ for x < o1(t),
(2.30) Folt,z,y) = § F(t,z,y) for o1(t) < z < o2(t),
~ x — oa(t)

F(t,o2(t),y) + )|q(t) for x > o9(t).

14|z — o2t

We can easily see that Fy € Car(]t1x, tax[ x R?; R) and for any natural k there exists
a function F} € L(]t1x, tax[; R4) such that

|Fo(t,z,y)| < Fp(t) for t1p <t<to, xy€R
Therefore the boundary value problem

(2.31) ' = Fy(t,u,u’),
(2.32) u(tix) = cik,  ultar) = con

has at least one solution wuy, (cf., for example, Lemma 2.1 in [17]).
We will show that

(2.33) v(t) = o1(t) —ur(t) <0 for t1p <t < tog.
Assume on the contrary that for some ¢ € Jt;, tox| the inequality v(t) > 0 holds.

Since v(t;;) = 0, i = 1,2, there exist t. € [t«,tox[ and t* € Jtg,tax] such that
v € AC'([t., 1) R),

(2.34) v(t) >v(ty) >0 for t.<t<t', wv(ts) =ov(t"),
(2.35) [ (t)] < : i(?(t) for t.<t<t*.

Then

(2.36) luy, (t)] < o(t) for t.<t<t".

In view of (2.29), (2.30) and (2.34)—(2.36), the inequality

v"(8) 2 F(t,01(t), 01 () = F(t,o1(t), uj () + a(t) § i(i)(t)
= g(t,o1(t))v'(t) + q(t)% >
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is satisfied almost everywhere in Jt,,t*[. Since v € AC’([t.,t*]; R), the above inequal-
ity contradicts conditions (2.34). Consequently, inequality (2.33) holds. Analogously
we can see that ug(t) < oo(t) for t1x <t < tar. Thus

(2.37) o1(t) Sup(t) <o2(t) for t1p <t < tog.
Taking this into account, by (2.30) we have

(2.38) up(t) = F(t,ug(t),uy(t)) for t1p <t < tog,

whence in view of condition (2.23) we conclude that the function wy satisfies the
conditions of Lemma 2.1 for a; = t1; and b; = to;. Hence,

(2.39) (t — tig)(tar — O)|ur(t)] < co for tip <t < to
and
a-+b
uk(t)<01k+H1(t) for t1 <t < ,
(2.40) - 2
uk(t) < cop + HQ(t) for <t < tog,

where H; and Hs are the functions appearing in Lemma 2.1. Due to (2.27)—(2.29)
and (2.39), from (2.38) we find

(2.41) up(t) = F(t,ug(t),up(t)) for sip <t < so.

Now (2.37), (2.39) and (2.41) imply uniform boundedness and equicontinuity of
sequences (uy) 25 and (u},){25 in ]a,b] (ie., on each compact contained in ]a, b]).

Therefore without loss of generality we assume that

Jim ) =uolt), limu () = (1)
uniformly in ]a, b]. Clearly, ug is a solution of equation (1.1). Moreover, from (1.4),
(2.25), (2.37) and (2.40) we conclude that ug satisfies boundary conditions (1.2) and
inequalities (1.7).

In the case when (2.24) is satisfied, the lemma can be proved analogously. The
only difference is that there is no need to introduce sequences (slk):ﬁ, i=1,2,
but we must put $(t) = p(t) for a < t < b, where ¢ is the function appearing in
Lemma 2.2 for the case a = 232, 3 = 22 and hy(t) = po(t), ha(t) = qo(t) + G(t).
Here ¢(t) = 0 for t € Ja,a[U]B,b], and ¢(t) = max{|g(t,z)|: 0. < x < o*} for
a <t < f, where o, =min{o1(¢): a <t < g}, 0" =max{oz2(t): a <t <G} O
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Finally, for the sake of convenience we give without proof some lemmas on prop-
erties of solutions of the linear equation

(2.42) W = plt)u + gt

where p, ¢ € Lioc(]a, b[; R).

Definition 2.1. Equation (2.42) is said to be oscillatory on the segment [a, b] if
every its nontrivial solution has at least one zero in the interval ]a, b].

Lemma 2.4. Let
(2.43) p(t) <0 for a<t<b,
b b

/ lg(s)|ds < +o0, / (s —a)(b—9)|p(s)|ds < +o0,
and

b b

== Plpte) s = 6~ afexn|s [l

Then equation (2.42) is oscillatory.

Lemma 2.5. Let (2.43) be fulfilled and

b b b
[ lalds < oe, [ alps)]ds < +o0 (/ (b— 8)lp(s)| ds < +oo),
a X a a/b
= apolds < 0= ayexp| -3 [ )l
b b
([ 0-slas < @-aew|-s [ lalas]).
Then equation (2.42) has a solution vy (a solution vy) satisfying the conditions

vi(t) >0 for a<t<b, wvi(at)
(v3(t) <0 for a<t<b, wy(b—)

1
1

).

The above two lemmas immediately follow from the results obtained in [20].

Lemma 2.6. Let p(t) > 0 for a < t < b, and fab(s —a)(b — s)p(s)ds < +oc.
Then Green’s function G of the problem

u =pt)u; u(0+)=0, ulb—)=0
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admits the estimates (cf., for example, [16]).

1 112

m(tfa)(bfr) < =Gt < g (t—a)(b—7)
for a<t<rt<b,

%(Tfa)(bftw —G(t,7) < i (r—a)(b—1)
(b — a) b S bh—a

for a<7T<t<b,

where pu = exp[(b—a)™* f:(s —a)(b— s)p(s)ds].

3. PROOF OF MAIN RESULTS

Proof of Theorem 1.1. Let

|2

o =min{oa(t): a <t <b}, o' =max{oa(t): a<t<b}, &=

— N

Choose ag € |a, [ and by € ], b[ such that o1(t) < € for ¢ € ]a, ag[ U ]bo, b[. Denote

by v and v respectively solutions of the boundary value problems
o = g — pe(t); vlat) =, vlag) = 0" +1,
T=qe(tv = pe(t); v(bo) =0T+ 1, v(b-) =
Obviously, there exist a1 € |a, ao[ and b1 € ]bg, b] such that
e <wi(t) <oa(t), vi(t)>0 for a<t<a,
vi(a1) = 02(a1), vi(ar) > oh(ar+),
e <wa(t) < oa(t), vh(t) <0 for by <t<b,
va(b1) = 02(b1),  v5(b1) < o5(bi—).

Taking this and the conditions of the theorem into account, we conclude that

of (1) < = [f(t,v1() + g(t, va(t))vi(t)] _ for a<t<ay,
vy (£) < = [f(t,v2(t)) + g(t, va(t))vh(t)] _ forb; <t < b.

Choose sequences (tlk)k 1 and (t%) 1 such that t11 € ]a, a1, ta1 € b1, b[, tixg1 <
tlk, tor < t2k+1, k= 1,2, cey
Ul(t) < Ul(tlk) for a<t< tik, Ul(t) < O'l(tQk) for top <t < b,
o1(tikt1) < o1(tin), o1(tik) =0, o1(targ1) < o2(tar), o1(tar) <O,

o1(tik) = o1(tar), kglfw tix = a, Elfoo tor = b.
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Suppose

tlk for = < o1 (tlk)

for > o1(t1x)

{ k=1,2,...
{ [f(t Xk (x ))+g(t,Xk(x))y]_ for t € la,t1x[ U ]tak, b,

HEPD 2 foe) +olton@y for 1€ et

o1(tie) for a <t <t
(3.1) o1k (t o1(t) for t1x <t < tog,
(tar) for tor <t < b,

vi(t) for a <t < ay,

01

ga(t) =  o9(t) for a; <t < by,
va(t) for by <t <D,

and consider the boundary value problem

(3.2x) u' = Fy(t, u,u’),
(3.3k) u(a+) = o1(t1k), w(b—) = o1(tax).

It is easy to see that Fy, € Caroc(]a, b[ x R?; R), and 717 and 75 are respectively lower
and upper functions of equation (3.21). Therefore, by Lemma 2.3, problem (3.21),
(3.31) has at least one solution u; satisfying

511(15) < ul(t) < &g(t) for a < t < b.

Further, 712 is a lower and w; is an upper function of equation (3.25). Therefore, by
Lemma 2.3, problem (3.25), (3.32) has a solution usy satisfying the condition

&12 (t) g ’LLQ(t) g U1 (t) for a < t g b.

Continuing this process, we obtain a sequence of functions (uk);gi satisfying equa-

tion (3.21), conditions (3.3;), and
(3.4) O1i+1(t) Supp1(t) Sup(t) for a<t<b k=1,2,....

Applying (3.1), (3.4) and Lemma 2.2 (in the case, 7o = 0*, @ = ag, 8 = by, n =

min{o1(a1),01(b1)}, ha(t) = py(t), ha(t) = gy (t)+¢" (t), where ¢*(t) = max{|g(t, z)|:
g0 <z < 0*} and g9 = min{oy(t): ag < t < bo}), we find that sequences (uy){ >3
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and (u},); > are uniformly bounded and equicontinuous in ]a, b (i.e., on each segment
contained in ]a, b[). Therefore without loss of generality we can assume that

Jimwn(®) = wo(t),  Tim_wi(t) = up(t)

uniformly in |a, b|.
Clearly, uo is a solution of equation (1.1), and

0<o1(t) Suo(t) <up(t) for a<t<bd k=1,2,....

This with regard to (3.3x) implies

0 < lim infug(t) < lim supug(t) < o1(tik), k=1,2,...,
k—a+ k—a+
0<

liril infug(t) < klir}r)l supug(t) < o1(tar), k=1,2,....

Consequently, ug(a+) = 0 and ug(b—) = 0. 0

Proof of Corollary 1.1.  First we prove the sufficiency. By Theorem 1.1, it
suffices to show that there exist lower and upper functions o1 and o2 of equation (1.1)
satisfying conditions (1.4).

Choose ¢ € ]0, [ so small that either of the equations

1
(3.5) u' = S f(tr)u+ gt (O
and
" 1 * /
(3.6) u' = <f{t:r)u =g (tu
is oscillatory in the intervals [a, “T'H’] and [‘IT'H’,b], respectively. For this, by

Lemma 2.4, it is sufficient to assume

e s [ 7000

a+b

camin [ 6= (S = sl [ (= S0 0= Plsteas)

0 <

Denote by u; and us the solutions of equations (3.5) and (3.6), respectively, satisfying
the initial conditions

ui(a+)

0
UQ(b—) =0

<
N~
—
S
L
|
|
—_
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(The condition f:(s —a)(b—s)|f(s,r)]ds < +0o guarantees the existence of u; and
us—cf., for example, [16], [17].) Then there exist t; € Ja, 22 and t; € ]2£2, b[ such
that

ui(t) >0 for a<t<ty, uj(t)=0,
up(t) <0 for to<t<b, wuh(te)=0.
Let
0 (t) for a<t<t
[ X X
i) 1
Ul(t): 1) for t1 <t <ty .
0
t) for to <t<b
u2(t2)U2() or 7o

As is easily seen, 01 € AC|,.(Ja,b[;Ry), o1(t) < d <rfora<t<b, and o1 is a
lower function of equation (1.1).
Choose 4 € ]0,7] so small that the equations

7= aff(o2)] o
and

| Rt

have respectively solutions v; and vs satisfying the conditions

b
vi(t) >0 for a<t§a; , v(at) =1,

b
vh(t) <0 for % < t<b, wv(b—) =1

For this, by Lemma 2.5, it is sufficient to assume that

b—1
< b
2exp(3 [ q*(s)ds]

x min{ <1 +/aaz+b(s —a) [f<s, %)]_ds)l, (1 +/:b(b ) [f<s, %)]_ds)l}.

Let

1
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where

Ai = vl(%) (v1(a;b> +v2<a;rb>><7‘+%>, 1=1,2.

Clearly, o5 is continuous, o1 € ACY, (], b[\{“T'H’}; Ry),

b b
rog(t) > poa(t) > 1, o9(t) >r for a<t<b, 0/2<a42r *>>a§<a;r +>7

and oy is an upper function of equation (1.1). Consequently, problem (1.1), (1.2)
has at least one solution.

Now let us prove the necessity. Let u be a solution of problem (1.1), (1.2). Suppose
0 < 2 < r and choose ag € ]a, b[ such that

(3.7) u(t) <z for a<t<aop.
Since the function u is bounded in [a, ag], we have
(3.8) tlim+ inf(t — a)|u'(t)] = 0.

Multiplying both sides of equation (1.1) by

q(t)/:exp[/:g(&u(f))dé} ds for a<t<b

and integrating from ¢ to ag, we obtain for ¢ € ]a, b[ that

ap

(3:9) B0 = (@) + ulao) ~ult) = [ al)f s u(s) ds

a

Owing to (1.10), we can easily see that

1
—(t—a)<q(t)<c(t—a) for a<t<b,
c

where ¢ = exp| ff q*(s)ds]. Moreover, taking into account condition (3.7) and the
fact that the function f is monotone, from (3.9) we easily find

[%@@u@w>M<c@mumwwmwm%»
+ (t—a)|u'(t)] for a<t<ap.

This, due to (1.2) and (3.8), implies
ao
(3.10) / (s —a)|f(s,z)|ds < 4o0.

Analogously we can show that fbl:) (b —s)|f(s,z)|ds < 400 for some by € ]a,b].
Consequently, conditions (1.11) are satisfied. O
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Proof of Corollary 1.2. First we prove the sufficiency. To this end, by Theo-
rem 1.1 it suffices to show that there exist lower and upper functions o7 and oy of
equation (1.1) satisfying conditions (1.4). According to Corollary 1.1, the equation

u' = f(t,u)

has solutions w; and us satisfying the conditions

ui(t) >0 for a<t<e, wuilat)

g
=
—~
i
—

I

0
uz(t) >0 for c<t<b, wuz(ct) =0, uzxd—)=

It is evident that there exist t1 € ]a, ¢[ and t2 € ¢, b] such that

ui(t) >0 for a <t<ty, ui(t;)=0,
uh(t) <0 for to<t<b, wuh(ta) =0.
Set 0 = ua(t2)/ui(t1) and
min{l,0}-us(t) for a<t
o1 (t) _ min{l, 5} . ul(tl) for tl <
1
min{l,g}-ug(t) for ty <t <b.

It is not difficult to see that oy is a lower function of equation (1.1).
Choose v > 0 such that

v / " f(s,r)ar(s) ds = / " Flsraa(s) ds,

where

Q1(t)/atexp[/:g(§,7’)d§} ds, qz(t)/tbexp|:/:g(§,r)d§:| ds for a <t <b.

Suppose
max{l,v}- f(t,r) for a<t<ec
h(t) = 1
maxs 1,— ¢ - f(t,r) for c<t<b
v
and consider the equation
u’ = h(t)+ gt,r)u'.
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We can readily see that the above equation has a solution o9 satisfying the condi-

tions
oo(t) > 1+ max{oi(t): a <t <b}, oh(t)sgn(c—t) =0 for a<t<b.

Taking now into account the fact that the functions f and g sgn(c—t) are monotone,
we conclude that o9 is an upper function of equation (1.1) and conditions (1.4) hold.
Hence problem (1.1), (1.2) has at least one solution.

Let us now prove the necessity. Let u be a solution of problem (1.1), (1.2). Clearly,
(3.8) holds. Suppose x € ]0,r] and choose ag € ]a, ¢[ such that

(3.11) u(t) <z, u'(t)>0 for a<t<ao.
Multiplying both sides of equation (1.1) by ¢t — a and integrating from ¢ to ag, we get

(t = a)u'(t) — (a0 — a)u'(ao) + u(ao) — u(t)

= /taO(sa)f(s,u(s))d5+/t“0(5a)g(&u(s))u/(s)ds for a<t<ap.

If we now take into consideration the fact that the functions f and g are monotone,
then due to conditions (3.11) from the last equality we obtain

/tao(s—a)|f(s,a:) ds < (t—a)u/(t) — (ao — a)u'(ag) + u(ag) —u(t) for a <t < ao,

whence according to (1.2) and (3.8) we conclude that (3.10) is satisfied. Analogously
we can see that fbl; (s —a)|f(s,z)|ds < +oo for some by € ¢, b[. Consequently,
(1.11) is valid. O

Proof of Corollary 1.3. Denote by v a solution of the problem
t
(3.12) V" = o) v—2Xq(t); wv(a+)=0, v(b—)=0,

where

1
2

eXp{b—la /ab i p(s)ds ] Ny

b
(3.13) A= {/ (s —a)(b—s)q(s) ds}
By Green’s formula (cf., for example, [16], [17]),
b
u(t) = )\/ Go(t,7)q(r)dr for a <t < b,
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where Gy is Green’s function of the problem

" t
o (t—a])g(ﬁ”? v(at+) =0, w(b-)=0.

Applying Lemma 2.6, we can easily find

(3.14) o(t) = bA_an /ab(sa)(b s)q(s)ds for a <t<b,
(3.15) () = g\é)_—oa[(bt) / (s — a)q(s) ds

where 0p = exp[(b—a)~! f;[(s —a)(b—s)]"'p(s)ds].
By (1.15) and (3.13), from (3.14) and (3.15) we obtain

1
(t—a)b—t) <ov(t) < 3 for a<t<b
Owing to this, (3.12) results in
t) —
oy s PO =00 ey
u(t)

Hence v is a lower function of equation (1.14).

Let w be a solution of the problem
w’=—-==; wla+)=1+max{v(t): a <t < b} =w(-).
w
Then it is clear that w is an upper function of equation (1.14). Hence, by Theo-

rem 1.1, problem (1.14), (1.2) has at least one solution. O

Theorem 1.2 is proved similarly to Theorem 1.1.

Proof of Corollary 1.4. Suppose § = 1(b—a)? and k = 1+ &, and choose e > 0
such that

1
edF <1, eF < % e (r+40™)o* < po.

Then it can be readily verified that o1 (t) = ¢[(t — a)(b —t)]¥ for a <t < b is a lower
function of equation (1.17), and o1 (¢) < 1 for a <t < b.
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Assume now that o9 is a solution of the problem

u'=—-—=; wulat)=1, wu(b-)=1.

Evidently, o2(t) > 1 for a <t < b.

Thus o1 and oy are respectively lower and upper functions of equation (1.17)

satisfying conditions (1.4). Hence by Theorem 1.2, problem (1.17), (1.2) is solvable.

The uniqueness follows from the fact that the right-hand side of equation (1.17) is a

nondecreasing function. |
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