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Abstract. We define Bernstein-type operators on the half line [0, +o00[ by means of two
sequences of strictly positive real numbers. After studying their approximation properties,
we also establish a Voronovskaja-type result with respect to a suitable weighted norm.
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1. INTRODUCTION AND NOTATION

In [4] Chlodovsky introduced and studied a sequence of positive linear operators
(C)p>1 on the space C([0, +o00[) of all real valued continuous functions on the half
line [0, +o00[, defined by

(L) Cif(x) = kiof <¥)(Z)(b_)k(1‘b£)k H0<e<bn,

f(x) if > by,

where (b,,)n>1 is a divergent sequence of strictly positive real numbers.

Roughly speaking, the above operators, known as Bernstein-Chlodovsky operators,
behave basically like the classical Bernstein ones on [0,b,], interpolating, in the
meanwhile, the function f elsewhere.

A deeper analysis of their approximation properties was subsequently carried out
in [8], [10] with respect to functions belonging to particular subspaces of C([0, 400]).
In this framework and without the assumption of completeness, it seems also useful
to refer the reader to [6], [7], [9], [11] for general results concerning the approximation
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of continuous functions on unbounded intervals and for some interesting extensions
of the classical Korovkin’s Theorem.

The purpose of this paper is to consider a generalization of Bernstein-Chlodovsky
operators (1.1) by using two sequences (by)n>1 and (c,)n>1 of strictly positive real
numbers, satisfying particular assumptions.

As a consequence, our definition (2.1) actually turns out to be more flexible
than (1.1), allowing to state, beyond classical approximation results, a Voronovskaja-
type formula, which, as far as we know, cannot be stated for the classical C}.

The corresponding differential operator is a rather general second-order one de-
generating at the boundaries with coefficients depending on the sequences (b,,)n>1
and (¢p)n>1, and may be readily shown to be the generator of a strongly continuous
positive contraction semigroup, due to some classical results stated in [5] and [12].

It would be perhaps interesting, falling, actually, within a wide program of in-
vestigation which has been inspiring the authors and other researchers in the last
years, to prove that such a semigroup may be represented in terms of powers of the
operators C,, as an application of the classical Trotter representation theorem [13]
(see, also, [1], Proposition 1.6.7, p. 67): this may virtually justify further analysis in
the concern.

As for the notation, throughout the paper, besides C([0, +o0[), we will sometimes
deal with the subspace UCy([0, +00[) of all bounded uniformly continuous functions
on [0, +oo[ which is a Banach lattice, if endowed with the sup- norm]||-||.

For every a > 0 we will be mainly concerned with the weighted space

1.2 B0 = {f e C(o+oc) 13 tim LU o),

which becomes a Banach lattice with respect to the norm

.7 |f ()]
(1.3) I flla == SUD 1T e

Such spaces have been already considered in [2], [3] in which a worthy generalization
of the classical Baskakov operators is studied.

As usual, for every integer m > 1, C™([0, +o0[) is the vector space of all real
valued m-times continuously differentiable functions on [0, +oo[. For every p > 0, e,
is the test function defined by e,(z) := 2P (x > 0), whereas, for each x > 0, ¥, is
the function defined by 9, (t) ==t —x (¢t > 0).

The symbol w(-,-) will denote the classical modulus of continuity, as usual.
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2. THE OPERATORS C,,

Let us consider two sequences (by,)n>1 and (¢, )n>1 of strictly positive real numbers
satisfying the following assumptions:

1) b, — 400 as n — +o0;

2) bp/n—0, by, —c,—0asn— +oo;

3) bn < ¢, for every n > 1.

It immediately follows that, correspondingly, ¢, — 400 and ¢,/n — 0 as well,
and, in addition, b,, ~ ¢, as n — +o0.

For every n > 1 and for every f € E? we set

- cnk\ (n z \* z\" "
E n i I 1 <z <
k—0f< n )(’f) (bn) (1 bn> HO< o< by

flen) if b, <x < cp,
f(x) if > cp.

(2.1) Cpnf(x):=

Since C,,(f) = f in [cn, +00[ by definition, we may refer to C,, as to a positive
linear operator acting from E? into itself. Moreover, C)(eg) = eg and therefore

ICn|l = [|Cr(eo)|| = 1; in addition, a very simple computation shows that
(22) Cnel(x) = Ccn if bn <z < Cn,
x if z> Cn,
é 2
b—;xz + #x(bn —z) if 0 <z < by,
n n n
(2.3) Crea(z) = l if b, << cp,
2 if > ¢y,
(Z_"—1)x if 0< o< by,
(2.4) Cotho(r) = § ¢ _ 4 if b, <o < ey
0 if x> ¢y,
and
c 2 2
(b_n_1> P4 (b, — ) i 0<T< by,
20,0\ _ " "
(2.5) Cntz(@) =\ (¢, — )2 if by <z < cn,

0 if x> c¢yp.
An approximation result is indicated below.
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Theorem 2.1. For every f € EY (a > 2) we have
26) lim[Culf)  flla =0,

i.e., the sequence (C},),>1 is a positive approximation process.
) =

More precisely, for n large enough we have

c2

(2.7) 1Cn(f) = flla <2w<f7 \/(Cnbn)ZJrﬁ).

Proof. Indeed, let us fix n > 1. On account of (2.2) and (2.3), we get

CTL .
[Cuer(2) —al _ (b,, ) o

14z S ) en—by

T+ if b, < x < cp,

02 C2

— — 1]+ = f0<z<by,
[Cnea(a) =% _ (b% ) nb, "
142> = 2¢n(cn — bp)

140 if b, <z < cp.

Now observe that each member on the right-hand side in the above estimates tends
to 0 as n — 400, as a consequence of the assumptions on the sequences (b, )n>1 and
(¢n)n>1. Moreover, by definition, |Cpe;(z) — e;(z)| = 0 whenever z € [¢,, +oo[ and

therefore, since obviously C,,(eg) = eg, we have just shown that
lim ||Cpn(e;) —e€illa =0 for i=0,1,2,
n—-4o00

which implies (2.6) on account of Korovkin’s theorem (see, e.g., [1], Proposition 4.2.5,
p. 215).
In order to establish (2.7), let us first note that by virtue of [1], Proposition 5.1.2,

p- 268, a pointwise estimate

Cnf(x) — f(2)] < 2w(f, VCrib3(2))

2 2
B 2w<f,\/<z—n1> x2+%x(bnx)> if 0 <z <oy,

2w(f,en — ) if b, <z < cp,
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holds true for any f € EY. The uniform estimate (2.7) now immediately follows,
since a straightforward computation yields for n large enough

sup YOnU@ oy e

X n
0<z<en 1 + ¢ len

The following two lemmas will be very useful in the sequel.

Lemma 2.2. Let (0n)n>1 be a divergent sequence of strictly positive real num-
bers such that

(2.8) gnc—n—>2a and Qn<lc)—n—1)—>b as n — +oo,
n n

where a > 0 b > 0. Then, if « > 4, we have

0 n n x k x n—=k k 4
2o = () () (i) (ene) =0

uniformly on [0, +00].

Proof. Foranyn > 1 and x > 0 a direct computation shows that

SO (-5) ()

[1 46 e S =2)  cin- 1>4<n2>]

be D2 b2 n2b3 n5bl
n an—1) Lcn—1° -1  ,cn—1
{6nb - 12 n2b2 3 n3d 3 n3b3 3 ndb3 ]
3 An—1) ctin—-1)> ck
2 —4 Cn 6071(” n n_
e { n2by, * n3b2 ndb2 * n3b,

Let us denote by &, Bn, Yn, 0n the coefficients of the powers z*, =3, 22 and =z,

respectively, in the above equality; since a > 4 by assumption, for any n > 1 and
x > 0 we have

0 n n 2 k T n—k k 4
n el 1__ — —
= ()(E) (-5) (n-2)
k=0
4 3 2
g n“-tn nH~Mn n/n n5
1+g[/,algalJrH a|9ﬂ|+1+ algvlJrlJr ~[0ndn|

< Jonom| + |0nBn] + |00 Yn| + |0n0n].
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Now the assertion easily follows, because all sequences in the above last term tend
to 0 as n — 400 on account of (2.8) and the conditions on (by,),>1 and (¢p)n>1
stated just before the definition (2.1). O

Lemma 2.3. Under the assumptions (2.8), if « > 2, we have

(2.10) REIEOO |0nCr () — berlla—1 = ngrfbo ”ann(wi) — 2aeq||o = 0.

Proof. Let us choose n > 1; then, on account of (2.4) and (2.5), we get the
estimates

gn<c—"—1)—b‘ if 0< 2 < by,
|ann¢z(fl7)*b$| < b”
1 a-l = n n_bn b n
e Q(Cl—i_ba)_j— b <<
2 2 2
Cn OnC OnC .
| — —1 . T —2 f0< 2 <oy,
|0nCutp2 (@) = 202] _ ) © (bn ) N TS a’ BUS
1+xo¢ h mn n*bn 2 2 mn
one 1+3)a+ ac if b, < x < cp,

and all terms on the right-hand sides tend to 0 as n — +oco0. Now, in order to find
out an estimate for z > ¢, let us first observe that the function g(x) := z/(1+2°71)
(z > 0) attains its maximum at a point, say xo, in |0, +oo[. Of course there exists
k € N such that ¢, > z¢ for any n > k and g is strictly decreasing in [y, +00[. It
immediately follows that for n > k and = € [¢,, + 0]

bey,

|annww(w) - bl‘| —
1+ g1

bg(x) < ———
g() 1+C%—1

where again the term on the right-hand side tends to 0 as n — 4o00. Arguing
similarly for C,92(x) gives (2.10). O

Now we are ready to prove our main result, which states a Voronovskaja-type
formula for the operators C,,.

Theorem 2.4. For any f € C?*([0,+00]) N ES (o« > 4) such that f" €
UC(]0,+0o0]) we have

(2.11) lim 0,(Cnf(z) — f(x)) = axf”(x) + bxf'(x) in EY,

n—-+oo
(0n)n>1, a and b being the same as those appearing in Lemma 2.2.
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Proof. First of all, let us note that if f € C?([0,+o0]) N E% with f” €

UCy([0, +o0]), because of the identity

& F@) = O+ [ Feds (@20,
0

for a suitable constant K > 0 one has

o LT

Moreover, if | f”(z)| < M for every x > 0, then obviously

(3) If'(x) = f'y)| < M|z —y| (z,y>0).

We will show that (2.11) holds true on each of the intervals [0,b,], |bn,cy], and

Jen, 00, as suggested by the definition of our operators C,.

To start with, fix n > 1 and note that if « € [0, b,,], by virtue of Taylor’s formula,

for any k =0,1,...,n there exists d,, k , lying between = and ¢, k/n such that

f(ﬁ) — (@) = f'(2) (cn% - w) + fNQ(w) <cnfL

n

+ f//(dn,k,z; - f”(d?) ( k

After setting

(4) u(x, Tk) (k) — @)

2 )

we may therefore write

0n(Cuf (@) = F(2)) = onf (0)Cotbal@) + 500" (D)CHU2(2) + 00 Rn(0),

where

. $)2

mi = (D)) (-5 o) (o)

It follows that

i loalCaf (@) — (@) — (@) — b ()
1 1, "
< T7 2o Qn§f (2)Cntp(x) — axf" ()
1 / / On
+ 1+ 22 |an (‘T)Cn'l/)w(x) —baf ($)| + H—SCG‘

|Rn ()],
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where the first two members on the right-hand side tend to 0 uniformly: simply
apply Lemma 2.3, taking also into account that f” is bounded by assumption and
that
1
1+ 2z«

0ud @Cntn@) ~ b @) < N0, )~ ber s

< NK”QnCn(wx) - belHafl

by virtue of (2) (here N is a suitable positive constant).

Therefore, in order to establish (2.11) in [0,b,], it is sufficient to show that
ngrilw on(1 + 2%)"YRy(x)] = 0 uniformly. To this aim, note that the assump-
tions on f together with the definition (4) ensure that |u(z,t)|] < M for every
(z,t) € [0,by,] x [0, ¢p] and that thlg p(z,t) = 0 uniformly with respect to € [0, b,].

Now fix £ > 0 and choose ¢ > 0 such that |u(z,t)] < € whenever |z — ¢| < §; then
(2.9) and the second limit in (2.10) yield

(06 (-5) (i)«

|Qn0nw%(x) — 2ax| <
1+ x>

aed?
2M

On
1+ x>

and

a/2

for every x € [0,b,] if n is large enough, say n > ng. It follows that for every
x € [0,b,] and n > ng

On
By (@)
£0n i n i}’cl_in—kcﬁ_xQ
S 14z P k) \ b, by "n
lenk/n—z|<8

n k n—k 2

On n T T cnk k

il 1— = o o —
e W) 0-) W) ()

lenk/n—z|26

n k n—k 4

E0n 2 QnM n x €T k
remeto w3 () ) (i) (o)

< €|Qn0n¢325(17) — 2az| 2aex N ae
1+ 14+z> 2

< 3ae.

Therefore lim sup o, (1 + %)~ '|R,,(z)| < 3ae and, consequently, since ¢ is arbitrary,
n—-+o0o

the proof is complete in this first case.
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Now, if x € by, ¢p], since C,, f(z) = f(cy,,) by the definition (2.1), applying Taylor’s
formula together with (2.4) and (2.5) gives

—loa(f(en) = £(a)) — axf" (@)  baf (2)
= o (e)(en — )
— 003 f ) en — )2 = a2 (@) — b (2)
< 0 Cutha () (en) = b f ()
e gnani(x)W —axf"(x)| =1 + I,

dp being a suitable point between x and ¢,,. Next we show that each I; tends to 0
uniformly; indeed, on account of (3), for a suitable N > 0 we have

1 1
I < T 10nCntha (@) f(en) = b (en)| + T b f (en) — buf'(2)
< Tl 50) — el + L0000~ )

1+b, 1+ b2

and the term on the right-hand side tends to 0 due to the first limit in (2.10) and
to (2), because |f'(cn)|/(1 4+ by) = |f'(cn)|/(1 + ¢pn) as n — +o0.
Similarly, since |f”(x)| < M for every x > 0 by assumption, we get

1
1+ x>

anvnwz(x)M - axfll(dn,w) +

I, < >

1T 2 laz f" (dy.) — ax f" (z)|

2Mac,

M
g o n-<n - 2 @ T 1o

which easily yields I — 0, too, because of the second limit in (2.10).
At last, when x > ¢,, and therefore C,, f(z) = f(x) by definition, we have, for n
large enough and a suitable NV > 0 (see the last part of the proof of Lemma 2.3)

1 , ) Mac, ~ N|f'(z)] ben
b < ' ’
1+$a|a:cf () + bxf'(z)| 1+ co 1+z 14271

where again the term on the right-hand side tends to 0 because of (2).
The proof of the theorem is now complete. (]
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