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Abstract. Let N be the set of nonnegative integers and Z the ring of integers. Let B be the
ring of N x N matrices over Z generated by the following two matrices: one obtained from
the identity matrix by shifting the ones one position to the right and the other one position
down. This ring plays an important role in the study of directly finite rings. Calculation
of invertible and idempotent elements of B yields that the subrings generated by them
coincide. This subring is the sum of the ideal F consisting of all matrices in B with only
a finite number of nonzero entries and the subring of B generated by the identity matrix.
Regular elements are also described. We characterize all ideals of B, show that all ideals
are finitely generated and that not all ideals of B are principal. Some general ring theoretic
properties of B are also established.
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1. INTRODUCTION AND SUMMARY

A ring R with identity 1 is said to be directly finite if for any a,b € R, ab = 1
implies ba = 1; otherwise R is directly infinite. Let N be the set of nonnegative
integers. Also, let B be the ring of N x N matrices over the ring Z of integers
generated by two elements: one obtained by shifting the ones of the identity matrix
one position to the right, say x, and the other one position down, say y. This ring
appears in ([2], p. 263). If in the ring R there is a pair of elements a, b such that
ab = 1 # ba, then we have seen in [4] that there exists a homomorphism of B onto
the ring R(a,b) generated by a and b whose kernel does not contain the matrix
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with 1 in the (0, 0) position and 0 elsewhere. Conversely, any homomorphism of this
kind produces a pair of elements a,b € R such that ab = 1 # ba. Therefore such
homomorphisms characterize directly infinite rings.

It is the purpose of this paper to study the ring B especially concerning its ideals
as these play a central role in the above argument. We have already collected some
of its properties in [4] in order to establish the result mentioned above. The set F
of all matrices in B with only a finite number of nonzero entries is an ideal of B
which plays an important role in our considerations. The stage is thus set for a more
extensive investigation of the ring B with the aim of characterizing all its ideals with
the above property, equivalently those that do not contain F. The ring B seems to
deserve our scrutiny in its own right.

Section 2 contains the minimum of notation and terminology needed in the paper.
Invertible and regular elements of the ring B are characterized in Section 3, the main
result of the section being a multiple characterization of the subring of B generated
by its group of units. Section 4 contains a construction of all ideals of B as well as
the proof of the assertion that all ideals are finitely generated. We also show that not
all ideals of B are principal. The paper is concluded in Section 5 with the discussion
of some other properties of the ring B.

2. NOTATION AND TERMINOLOGY

For symbolism and concepts in rings, we follow [1]. In addition, we shall need the
following.

Let N ={0,1,2,...}. For n € N we write m = {0,...,n}. The letter 7 stands for
the ring of integers; Z, for the ring of integers modulo k; M,,(Z) for the ring of 7 x 70
matrices over Z; I,, for the identity of M, (Z); A for the ring of all N x N matrices
over Z with only a finite number of nonzero entries in each row and each column;
(m,n) for the matrix in A with 1 in the (m 4+ ¢, n + t)-position for t =0,1,2,... and
0 elsewhere; [m, n] for the matrix in A with 1 in the (m, n)-position and 0 elsewhere.
Note that

(1) [m,n] = (m,n) — (m—+1,n+1),

which we shall use frequently. Given a matrix X € A and k € 7, we denote by kX
the matrix obtained by multiplying each entry of X by k. A matrix of the form
k(m,n), with k € Z \ {0}, is said to be a ray matriz. Clearly, (0,0) is the identity
element of A and will be often denoted by 1. Two ray matrices without a nonzero
entry in the same position are said to be disjoint; otherwise they are overlapping. A
usual ™ x 7 matrix A over 7 is a finite matriz; we denote by A° the matrix in A in
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which A takes up the upper left corner and the rest is filled with zeros. Let
F ={A% Ais a finite matrix overZ }

and let B be the subring of A generated by the matrices (0,1) and (1, 0).
We start with two lemmas from ([4], Section 3).

Lemma 2.1. For any m,n,p,q € N, we have
(m,n)(p,q) = (m+p—rnt+q—r),
where r = min{n, p}. In particular,
B ={{m,n); m,n € N}
is a bicyclic semigroup.

Lemma 2.2. The ring B consists precisely of the elements of the form
p
AO + Z kl <mi, 77,2>
i=1

where A is a finite matrix over Z, k; € 7, m;,n; € N, ¢ = 1,....,p and p > 0.
Moreover, the rays (m;,n;) may be assumed pairwise disjoint.

We will use these lemmas generally without explicit reference.

3. INVERTIBLE AND REGULAR ELEMENTS OF B3

We first find the form of invertible elements of B including their canonical form.
Toward the determination of the subring of B generated by its group of units, we
first prove that the ring M,,(Z) is generated by its group of units. After a multiple
characterization of the subring of B generated by its group of units, we provide an
isomorphic copy of this group.

Let X be the element represented in Lemma 2.2 and set

S={n;—m;; i=1,...,p}
Clearly S # () if and only if X ¢ F. We define functions
(2) a,w: B\F—17Z, o' X —minS, w: X~ maxs5.
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By ([4], Lemma 6.1), B\ F is a multiplicative subsemigroup of B and «,w are
homomorphisms of (B \ F,-) onto (Z,+), that is,

(3) (XY)a=Xa+Ya, (XY)w=Xw+Yw (X, Y €B\F).
Proposition 3.1. The units of B are precisely the elements of the form
A’ +e(n+1,n+1)

where A is a unit of M, (Z),n € N and ¢ = 1.

Proof. Obviously, all elements of this form are units of B. Conversely, let
X,Y € B be such that XY =YX = 1. Since F is an ideal of B and 1 ¢ F, we have
X,Y € B\ F. It follows from (3) that

Xa+Ya=1la=0, Xw+Yw=1lw=0.

Since Xw > Xa and Yw > Ya, we get Xw = Xa=0and Yw = Ya =0 and we
may write
X=A+en+1,n+1), Y=B+nn+1,n+1)

for some A, B € M, (Z) and ¢,n € Z \ {0}. Now
AB 4 enin+1,n+1)=XY =1=YX =B°A° 4+ ne(n +1,n +1)

yields that AB = I,, = BA and ¢, = %1, as required. O

If A is an @ X 7 matrix, we call
o]
0 nxn ifm<n,
At = — =
“Y[A0 mxm ifm>n,
A ifm=n

the augmentation matriz of A.
We now construct all regular elements of the ring B:

Proposition 3.2. The regular elements of B are precisely the elements of the
form
A% or A° +e(m+1,n+1)

where A is an T X 0 matrix, A is regular in M,(Z ) with p = max{m,n} and e = 1.
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Proof. Suppose that A® 4+ e(m + 1,n + 1) satisfies the above conditions. Since
A% is regular in M,(Z), there exists B € Mp,(Z) such that A*BA* = A®. For
k=0,...,p, define I} = (u;;) € M,(Z) by

1 ifi=7j <k,
Ugj = :
0 otherwise.

Straightforward checking shows that A®I) = A® = I/ A% hence A®(I] BI] )A* =
A®. Since the last p — n rows and the last p — m columns of I, BI], are filled with
zeros, we have ACA = A for some 7 x Tt matrix C. It follows easily that

(A +e(m +1,n+ 1) (C° +e(n+1,m+ 1)) (A% +e(m + 1,n + 1))
=A% +e(m+1,n+1)

and A° 4+ e(m + 1,n + 1) is regular.
Conversely, let X,Y € B be such that XY X = X. It follows from (3) that

Xa+Ya+Xa=Xa, Xw+Yw+ Xw=Xw.
Hence Xa = —(Ya) and Xw = —(Yw). Since Xw > Xa and Yw > Ya, we get
Xw=Xa=—-(Ya)=—-(Yw)
and we may write
X=A+em+1,n+1), Y=B"+nn+1,m+1)
for some m X m matrix A, m X m matrix B and €, € Z. Now
A°BOA° fene(m+1,n+1) = A" +e(m+1,n+1)

yields that ABA = A and € € {—1,0,1}, as required. O

Let G,, denote the group of units of M, (Z).

Lemma 3.3. The ring M, (Z) is generated by G,,.

Proof. Let S, denote the subring of M, (Z) generated by G,,. It suffices to
prove that, for all 4,5 = 0,...,n, we have [i,j] € S,. This is trivial for n = 0.
Assume n > 0. Let i, =0,...,n with ¢ # j. Then

(In - [7/7.7])<In + [Z’]]) =1, = (In + [7/7.7])<ITL - [7/7.7])
and [i,j] € Sy,. Therefore we also have [i,4] = [i,j][J,4] € Sn and S, = M, (Z). O
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We are now ready for the main result of this section.

Theorem 3.4. The subring of B generated by its invertible (or idempotent)
elements equals
{X+nl; XeF, nel}.

Proof. Let R={X+nl; X € F, n€ 7} and let R; (or R.) be the subring
of B generated by its invertible (respectively, idempotent) elements. Clearly, R is a
subring of B and it contains all units of B by Proposition 3.1. Hence R; C R. To
prove the reverse inclusion, we only need to show that [i, j] € R; for all 4,5 € N, and
this is performed similarly to the proof of Lemma 3.3. Thus R = R;.

We have seen in ([4], Lemma 6.2) that the idempotents of B are precisely the
elements of B of the form A® or A° + (n + 1,n + 1), where A is an idempotent
m X 7 matrix. Thus all idempotents of B lie in R and R, C R. To prove the reverse
inclusion, we only need to show that [i,j] € R, for all 4,5 € N. This is trivial for
i =j. Ifi # j, then [i,i] +[¢, j] is an idempotent of B and so [¢, j] € R, as well. Thus
R¢ = R as required. O

Our description of invertible elements of B essentially says that they are invertible
elements of various M,,(Z) provided with the “missing tail” of ones or minus ones to
make them elements of 3. Hence the knowledge of invertible elements of B depends
in a transparent way on the knowledge of invertible elements of various M, (Z).
Analogous statements can be made for idempotent and regular elements of B.

However, for the group of units of B we have the following simple statement.

Proposition 3.5. Let G be the group of units of B and
H={A+1; Ac M,(Z), A+ 1, is invertible in M, (Z)}.
Then H is a group and the mapping

(X,0) ife=1,

X=A"4¢1—
(—X,1) ife=-1

is an isomorphism of G onto the direct product H X Z,.
Proof. The straightforward argument may be safely omitted. O

Given a subset S of a ring R, the centralizer of S in R is the subring

{r € R; rs = sr for every s € S}.
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The centralizer of R in R is the center of R.

Proposition 3.6. The centralizer C of the set of all idempotents in B is the
subring {nl; n € 7}.

Proof. Clearly, all elements of the form nl lie in C. Conversely, let
X = (zy) € C.
Let m,n € N with m # n. Then
Tmn[m, n] = [m, m]X[n,n] = [m,m]n,n]X =0,
hence xy,, = 0. Since [m, m] + [m,n] is an idempotent, we have

Tm,m [, M) 4 Tpn[m, n] = ([m, m] + [m,n)) X = X ([m,m] + [m,n])

= Zon,m [, M + T [T, 1]
and SO Ly = Tnpn. Hence X = k1 for some k € 7. O

Corollary 3.7. The center of B is the subring {nl; n € Z}.

4. IDEALS OF B

After introducing an appropriate description of principal ideals, we show that all
ideals of B are finitely generated and construct all ideals of 5. We also prove that
not all ideals of B are principal.

In [4], we introduced the following ideals of B: for k = 1,2, ..., writing k | [ if &k
divides [, let

Ir ={(aij) € B; k|a;; fori,57=0,1,...}, Fpr=IxNZF.
Note that 71 = F and 77 = B.

Lemma 4.1. For every X € B, there exist{ > 1, p > 0 and ko, ..., k, € IZ such
P
that 1[0,0] and >’ k;(i,0) generate BXB.

1=0
Proof. Let X € Band X = BXB. By ([4], Lemma 4.2), there exists { > 1 such
that XY N F = F; and X C Z;. In view of (1) and Lemma 2.2, we may write

X =A0 +iui<i,0> +§:fuj<o,j> + (0, 0)

i=1 j=1
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for some A € M,(Z), r,s > 0, u,v5,t € Z,i=1,...,r, 5 =1,...,s. Let m =
max{n+1,s} and Y = X (m,0). Then

T s
Y = Zuz<z +m,0) + Zvj<m —7,0) + t(m,0).
i=1 j=1

Since Y = X(m,0) € X C I, we have u;,vj,t €lZfori=1,...,rand j=1,...,s.
Let Y be the ideal of B generated by [[0,0] and Y. Since [[0,0] €« F; C X and Y € X,
we have Y C X. On the other hand, we get

X =XI% |+ (m,m))=XI° |+ X(m,0)(0,m) = XI°_, +Y(0,m).

Since XI0, |, € X NF = F, and F; is clearly the principal ideal generated by [0, 0],
it follows that X12L_1 €Yandso X € Y. Thus X C )Y and X = ) as required. [

We are now able to prove the first main result of this section.

Theorem 4.2. Every ideal of B is finitely generated.
Proof. Let J be an ideal of B. By Lemma 4.1, J is generated by a set of the

form
P
{1A[0,0]; Xe A}U {Z kxi(i,0); A e A},
i=0
where Iy > 1, py > 0 and kxo,...,kxp, € InZ for every A € A. Let [ denote the
greatest common divisor of all . Clearly, J is also generated by

P

{10, 0} U {Z kxi(i,0); A € A}.
=0

Write z = (0,1) and y = (1,0), and let y° = 1. Since [0,0] = 1 — (1,0)(0,1) and

(i,0) = (1,0), we can state in this notation that J is generated by

P
{I(1—-yx)}U {Z kxiy'; A € A}.
i=0
Since 7 is a Noetherian ring, it follows from the Hilbert basis theorem that the
polynomial ring Z[y] is itself Noetherian (cf. [6], p. 395). As Z[y] is a free unitary
ring on {y} ([6], Chapter 1.3), it follows that every unitary ring generated by a
single element is Noetherian. In particular, the unitary subring U of B generated by
y = (1,0) is Noetherian and so every ideal of U is finitely generated. Hence there
exist X1,...,X, € U such that UX U + ... UX,U is the ideal of U generated by
P>, ,
{Z kxiy'; A€ A}. It follows that J is generated by {I(1 — yz)} U {X1,..., Xn}
i=0
and so J is finitely generated. O
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Corolary 4.3. Every homomorphic image of B is finitely presented.

Proof. By ([4], Theorem 4.4), B can be presented as a unitary ring by (z,y;
zy = 1). Let X = {x,y} and let X* denote the free monoid on X. The semigroup
ring Z(X*) is a free unitary ring on X ([6], Chapter 1.3). Let J be an ideal of
B. Interpreting x as (0,1) and y as (1,0), Theorem 4.2 yields that there exist
UL,y ..., Uy € Z(X™*) such that the set {us,...,u,} generates J when interpreted as
a subset of J. Clearly, B/J can be presented as a unitary ring by

(,y; zy =1, u1 =0,...,u, =0).

Thus every homomorphic image of B is finitely presented. O
The situation is of course completely different when we consider the multiplicative

semigroup of B. For any ring R, we denote by M(R) its multiplicative semigroup.
Proposition 4.4. The semigroup M(B) is not finitely generated.

Proof. Since B can be presented as a unitary ring by (z,y; zy = 1), the
mapping = +— 1, y — 1 induces a ring homomorphism of B onto Z and so M(Z) is
a homomorphic image of M(55). Since M(Z) is not finitely generated, M(B) is not
finitely generated, either. O

Given ! > 1 and a p x § matrix K = (k;j) over [Z, we define

T q p
I(Z,K) :.ﬁ + {ZZZntjkij@Jrutj,vtj); r 2 0, Nty S Z, Utj, Vtj S N,

t=1 j=0 i=0

1=0,....p, 7=0,...,q, t:l,...,r}.
We are now able to describe all ideals of B.

Theorem 4.5. For every | > 1 and every p x ¢ matrix K = (k;;) over IZ,I(l, K)
is a nonzero ideal of B. Conversely, every nonzero ideal of B is of this form. In
particular, every nonzero principal ideal of B is of the form I(l, K) for some l > 1
and a D x 0 matrix K = (k;;) over l7.

Proof. First we show that I(l, K) is an ideal of B. Clearly, I(l, K) is a nonzero
additive subgroup of . Let

r q p
X=A+ {Zzzntjkij<i + Utj’”tﬁ}

t=1 j=0 i=0
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with A € F; and parameters as specified above. Since B is generated by (0,1) and
(1,0), we only have to show that

(0,1)X, (1,0)X, X(0,1), X(1,0) € I(i, K).

Since F; is itself an ideal of B, we can assume that A = 0. The distributive law
accounts for further simplification, allowing us to assume that » = 1. Dropping
unnecessary subscripts, we are reduced to the case

a p
X = Zansz+uJ,vj>

J: =0

Again, distributivity provides a final reduction to the case where all n; but one are
zero, and we may even assume that the (unique) nonzero n; equals 1. So we have
worked our way out to the case

p

X:ka<z+u,v>

=0

P
where j € {0,...,q}. Writing > for >, by direct computation we obtain
i=0

0. 1)X =) ki (0, 1)(i + u,0)
= <Zkij<0,1>[i +u,v]) + <Zkij<0,1><i +u+1,v+ 1>) € F
+) kit uv+1) CI(LK),
(L)X =Y kij(1,0)(i +u,0) = > kij(i +u+1,0) € I(I, K),
X(0 Zk‘”z—i-uv)Ol Zk”z—i—uv—l—l)EI(lK)
0) = > kijli +u,0)(1,0) = (Z kijli + u,v](l,O})
(D kil Lo+ 10L,0)) € Fit Y kg u+ 1,0) € 10, K,
Therefore I(l, K) is a nonzero ideal of B.
Conversely, let J be a nonzero ideal of B. By ([4], Lemmma 4.2), there exists [ > 1

such that JNF = F; and J C Z;. By Theorem 4.2, the ideal J is finitely generated.
By Lemma 4.1, we may assume that J is generated by [0, 0] and Xy, ..., X, with

P;
X; = > kij(i,0) for j =0,...,q, where p; > 0 and k;; € Z. Since X; € J C I;,
i=0

we have [ | k;; for all ¢ and j. Adding k;; = 0 whenever needed, we may assume
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that p; = p for every j. Let K denote the p x § matrix whose (¢, j)-th entry is k;;.
Clearly, K is a matrix over [7Z.

It is immediate that [[0,0], Xo, ..., X, € I({, K), hence J C I(l, K). Since F; C J,
to prove the opposite inclusion it suffices to note that

P P
an(z + u,v) = Zkij(iﬁ)(u,v) =X,(u,v) €J
i=0 i=0
for j =0,...,qand u,v > 0. Thus J =I(], K).
Now let J denote a nonzero principal ideal of B. By Lemma 4.1, J is generated

P

by {[0,0] and X, = kio(i,0), where { > 1, p > 0 and k;p € IZ. Viewing K = (ko)
i=0

as a p x 0 matrix, the above argument yields that J = I(l, K), as required. O

Note that F; C I(I,K) C IZ; implies that [0,0] € I(I,K) if and only if | = 1.
Precise identification of ideals with this property is important in view of the already
mentioned characterization of directly infinite rings in [4].

Next we show that not all ideals of B are principal.

Example 4.6. Let J be the ideal of B generated by (0, 0)+(1,0) and (0, 0)+(2,0).
Then J is not a principal ideal of B.

Proof. Suppose that J is principal. By Theorem 4.5, J = I(l, K) for some
[ > 1 and some P x 0 matrix K = (k;o) over [Z. We may thus write

(4) (0,0)+ (1,0) = A+ > Y " nykio (i + up, vy)

with A € Fi, r 2 0, ny € Z and uyj,v,; € N We may assume that = is minimum.
Since (0,0) + (1,0) ¢ F;, we must have r > 1. Suppose that vs — us = v; — uy for

some distinct s,t € {1,...,r}. Then we may assume that us —us = vs — vy = w > 0,
and
P P P
> nskio(i+ s, vs) + > niekio(i 4 un,ve) = > (ns + na)kio(i + s, vs) + W
i=0 i=0 i=0

for some W € F;, contradicting the minimality of ». Hence we may assume that
vy —uy < ... < v, —u, and all n; are nonzero. Since (0,0) + (1,0) ¢ F;, we must
have k;o # 0 for some i. Let m (or M) denote the minimum (respectively, maximum)
i €{0,...,p} such that k;p # 0.

Recall the notation @ and w from (2). In view of (4) and all the above assumptions,
to determine the image of (0,0) + (1,0) by o and w we must compute the minimum
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and maximum values of v; — i — u; for all 4 and ¢ with k;o # 0. It follows easily that
—1=((0,0) + (1,0))or = =M + vy — 1,
0=((0,0)+ (1,0))w = —m + v, — u,.

Since —M < —m and v; — u; < v, — U, one of the following two cases must occur:
(i) M=m, v, —u, =v1 —ug + 1,

(i) M=m+1, v, —u, = v1 — uy.
Case (i). This implies that ko is the unique nonzero k;p and r = 2. Hence

(0,0) 4+ (1,0) = A+ nikmo(m + u1, v1) + nakmo{m + usz, va).

It follows that (0, 0) overlaps with (m + uz, v2), and (1,0) overlaps with (m + uy,v1).
In particular, we obtain nik,,0 = 1 and so k,,o0 = £1. It follows from the definition
of I(l, K) that (m,0) € I(I,K) = J. By ([4], Theorem 4.4), B can be presented as
a unitary ring by (x,y; xy = 1), where = and y correspond to the generators (0, 1)
and (1,0). Since 12 =1 in 75, defining

v: B— 175, (0,1),(1,0)—1

we obtain a homomorphism. Since J is generated by (0,0) + (1,0) = 1 + (1,0) and
(0,0)+(2,0) = 1+(1,0)?, it follows that J C ker ¢; however, (m,0) = (1,0)™ ¢ ker ¢,
a contradiction.

Case (ii). Then r = 1 and we may omit subscripts by writing
(0,0) + (1,0) = A+ nkpo(m + u,v) + nkmt1,0(m + 1 + u,v).

Similarly to Case (i), we obtain nkmno = nkmi10 = 1 and 80 ko = kmt1,0 = 1.
Since J = I(l, K) it follows easily from the definition of I(I, K) that J is generated
by [0,0] and (m,0) + (m + 1,0). Again using the presentation (z,y; zy = 1) of B,
and the identity (—1)? =1 in Z, defining

Yv: B—17, (0,1),(1,0) — —1

we obtain a homomorphism. Taking into account that J is generated by [0,0] =
1—(1,0)(0,1) and that

(m,0) + (m +1,0) = (1,0)™ + (1,0)™*1,
it follows that J C ker; however,
(0,0) + (2,0) = 1+ (1,0)? ¢ kerp,

another contradiction. Therefore J is not principal. O
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5. OTHER PROPERTIES OF B

We collect here all the remaining information we have on B. They amount to a
few salient features which indicate the peculiar nature of the ring 5.

We have seen in ([4], Lemma 4.2) that Fy, for k = 1,2,... exhaust all ideals of F.
It is easy to prove that

Ti = B(k(0,0)B, Fx = B(k[0, 0])B.

Proposition 5.1. Let 1 < k|l and 1 < m|n. Then
(i) B/Fr=B/Fm o F|Fr = F|/Fm < k=m.

Proof. (i) Immediate.

(i) If X € F, then the additive order of X + F, divides k and equals k& in the case
of [0,0] + Fi. If X € B\ F, then the additive order of X + Fj, is infinite. Therefore
B/Fi = B/F,, if and only if k¥ = m, and the same argument yields the remaining
equivalence. O

We now discuss the ring B with respect to some basic ring theoretic properties.
Recall that a ring R is prime if for any ideals I and J of R, IJ = (0) implies that
either I = (0) or J = (0); and that R is semiprimitive if its Jacobson radical is equal
to (0). We show first that B shares these properties.

Proposition 5.2. The ring B is prime and semiprimitive.

Proof. Let I and J be nonzero ideals of B. By Theorem 4.5, there exist
k,l > 1 such that F, C I and F; C J. But then IJ 2 FiF; O Fiy and IJ # (0).
Consequently, B is a prime ring.

By contradiction, suppose that B is not semiprimitive. Then the Jacobson radical
Jac(B) is a nonzero ideal of B and must thus contain Fj for some k£ > 1. We
recall that given a unitary ring R, a € R is quasi-invertible if 1 — a is invertible,
and an ideal J of R is quasi-invertible if all its elements are quasi-invertible. Since
the Jacobson radical of a unitary ring can be characterized as the greatest quasi-
invertible ideal of the ring ([6], Proposition 2.5.4), and since —k|[0, 0] € F;, C Jac(B),
it follows that

1—(—k)[0,0] = (1 + k)[0,0] + (1,1)

is invertible. By Proposition 3.1, this implies that
(1+k)[0,0] +(1,1) = A° + (n+1,n+1)

for an invertible A € M,, (7). Since A has the determinant equal to k + 1, it cannot
be invertible, so a contradiction is reached and B is semiprimitive. O
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Let R be aring. Then R is left Artinian (or Noetherian) if it satisfies the minimal
(respectively, maximal) condition on left ideals. The “right” concepts pertain to
right ideals. In view of ([6], Proposition 2.1.11), R is primitive if and only if there
exists a proper left ideal L of R such that L + J = R for every proper ideal J of R.

Next we prove that B does not satisfy any of the usual chain conditions.

Proposition 5.3. The ring B is not left nor right Artinian or Noetherian or

primitive.
Proof. For every k € N, define
Ly ={(xij) € B; z;; =0foralli >0, j>k}.
It is straightforward to check that Ly is a left ideal of B. Moreover,
LocLiCcLyC...

and so B is not left Noetherian. In fact, the above argument shows that there is no
left Noetherian subring of A containing F.
Dually, we may consider the right ideals

Ry = {(xij) € B; xj; =0foralli >k, j >0}

and prove that R is not right Noetherian.

By the Hopkins-Levitzki Theorem and its dual (see [6], Theorem 2.7.2), it follows
that B is not left nor right Artinian. This can also be checked directly in view of the
fact that

FaoDFo2 DFasD...

is an infinite descending chain of ideals of B.
Let L be a proper left ideal of B. We shall show that L + Fj, # B for some k > 1.
Let S denote the subsemigroup of B defined by

S=|J{A%+ (n+1,n+1); Ac My(7)}.
n>=0

For A € M,(Z), we denote by det A the determinant of A (cf. [3], Section XIII.4).
Given
X=A4+{(n+1,n+1)ecs

with A € M,(Z), we define the determinant of X to be det X = det A. If also
X =B+ (m+1,m+ 1) with B € M,,(Z), say m > n, then

A 0
B =
o w)
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hence det B = det A and det X is well defined. Let
P={detX; X € LNS}.

We shall prove that P C k7 for some k > 1. We may assume P # () and P # {0}.
Let m > 0 denote the greatest common divisor of all elements of P.
Suppose that m = 1. Then we may write

l=rip1+...+7rp:

for some r1,...,7+ € Z and pi,...,p+ € P. By enlarging the finite matrices (if
necessary), we may assume that for ¢ = 1,...,¢ we have p, = det X;, where X; =
A+ (n+1,n+1) and A; € M,(Z). By ([3], Proposition XII1.4.16), there exists
Xi € M, (7) such that XiAi = p;I,,. It follows that

t t
I, = Zripiln = ZriAiAi
i=1 i=1
and we obtain

1=1

3o

+{n+1,n+1)

—~—0
rid; A+ (n+1,n+1)

I
'M“

=1

t
—0 —0
=rmA A+ n+1ln+1)+ E riA; AY
=2

t

—~0 —~0
= <T1A1 + <n +1,n+ 1>)X1 + Z’I“ZAZ X, €L,

i=2
a contradiction, since L is a proper left ideal of 5. Hence m > 1. Since P C m7, we
have P C kZ for some k > 1 in all cases.

Suppose that L + Fr, = B. Then X + A =1 for some X € L and A € Fj. Since
X =1— A, we have X € L NS and so det X € kZ. For every matrix Y over 7, let
Y(1) denote the matrix over Zj obtained by projecting each entry of Y into 7. It
is a simple exercise to check that if Y € S then det Yy, is the projection in 7y of
det Y. In particular, det X(;) = 0 in 7. But

Xy =1y — Ay = 1wy
and we obtain det X(;) = 1 in Z, a contradiction. Thus L+ F) # B as required. [
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