Czechoslovak Mathematical Journal

Eberhard Malkowsky; V. Rakocevié
Measure of noncompactness of linear operators between spaces of sequences that

are (IV, ¢) summable or bounded

Czechoslovak Mathematical Journal, Vol. 51 (2001), No. 3, 505-522

Persistent URL: http://dml.cz/dmlcz/127666

Terms of use:

© Institute of Mathematics AS CR, 2001

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/127666
http://dml.cz

Czechoslovak Mathematical Journal, 51 (126) (2001), 505-522

MEASURE OF NONCOMPACTNESS OF LINEAR OPERATORS
BETWEEN SPACES OF SEQUENCES THAT ARE (N, q)
SUMMABLE OR BOUNDED

E. MALKOWSKY, Giessen, and V. RAKOCEVIC, Ni§

(Received August 26, 1997)

Abstract. In this paper we investigate linear operators between arbitrary BK spaces

X and spaces Y of sequences that are (IV,q) summable or bounded. We give necessary
and sufficient conditions for infinite matrices A to map X into Y. Further, the Hausdorff
measure of noncompactness is applied to give necessary and sufficient conditions for A to
be a compact operator.
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1. INTRODUCTION AND WELL-KNOWN RESULTS

We write w for the set of all complex sequences z = ()52, and ¢, I, ¢ and ¢y
for the sets of all finite, bounded, convergent sequences and sequences convergent to
naught, respectively, and finally, for 1 < p < o0,

I, = {wa: Z\xk\p < oo}.

k=0

By e and e(™ (n =0,1,...), we denote the sequences such that e, = 1 for k =

0,1,...,and e =1 and egcn) =0 for k # n.

This joint research work was completed while the first author visited the University of Nis,
Yugoslavia. He expresses his sincere gratitude to DAAD (German Academic Exchange
Service), and the University of Ni§ for their financial support.
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A BK space is a Banach sequence space with continuous coordinates.
A sequence (b,,)22, in a linear metric space X is called a (Schauder) basis if for

(oo}
each x € X there exists a unique sequence (A, )22, of scalars such that z = >~ A\, b,.
n=0
A BK space X D ¢ is said to have AK if every sequence z = (z5)52, € X has a
o0
unique representation z = ) xnel™.

n=0
Let A = (ank); k=0 be an infinite matrix of complex numbers and = € w. Then

we write
Ap(z) = anpzr, (n=0,1,..) and A(z) = (An(2))3,-
k=0

For any subset X of w, the set
Xa={zxew: A(z) e X}

is called the matriz domain of A in X. For instance, if E is the matrix defined by
enk =1 (0< k< n)and e, =0 (k> n) for all n = 0,1,..., then ¢s = ¢ and
bs = (lo ) are the sets of convergent and bounded series.

2. SETS OF SEQUENCES THAT ARE (N, q)-SUMMABLE
OR BOUNDED AND THEIR [(3-DUALS

n
Let (gx)32, be a positive sequence and () the sequence with Q, = > ¢ (n =

k=0
0,1,...).
Further, let the matrix N, be defined by

e
(Nq)n,k = Qn O<k<n) (n=0,1,...).
0 (k>mn)

Then we define sets

(N.q)o = (co)y,, (N,q) = (05, and (N, @)oo = (lo)y

q

of sequences that are (N, q) summable to naught, summable and bounded, respec-
tively.

Proposition 2.1. (cf. [2, Corollary 1]) Each of the sets (N,q)o, (N,q) and
(N, q)oo is a BK space with respect to the norm || - |5, defined by

1 n
LI P
@n =

|l %, = sup
n
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Further, if Q, — oo (n — 00), then (N,q)o has AK, and every sequence v =
()52 € (N, q) has a unique representation

oo

x=le+ Z(xk —1)e'®)  where [ € C is such that = — le € (N, q)o.
k=0

We need the following notations:
For any two sequences z and y, let xy = (zryr)i,-
If X and Y are arbitrary subsets of w and z is any sequence, then we write

Tty X={rcw: zz€ X} and M(X,Y) mx xY.
zeX

In the special case, when Y = cs, the set
XP = M(X,es) = {a € w: Zakxk converges for all = € X}
k=0

is called the 5-dual of X. By U we denote the set of all sequences u such that uy # 0
(k=0,1,...). Foru U, let 1/u= (1/uy);,. Finally, let the operator A™: w — w
be defined by

Atz = ((A"'w)k);czo = (Th — Th1) po

Proposition 2.2. (cf. [2, Theorem 6]) We put

No = (1/q) = ((Qfl * ll) N(Q ' xix))

{ i _ Ok41

— Qk qk+1

< 00 and Qa/q € loc},

0 (@ ) (@ <)

and
Noo = (1/g)7 1 % ((Qfl * 11)A+ N (Q*1 * co)) )

Then (N,q)’g =MNo, (N,¢)® =N and (N,q)? =N.
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3. MATRIX TRANSFORMATIONS

Let X and Y be two Banach spaces. By B(X,Y), we denote the set of all contin-
uous linear operators from X into Y, and we write

IL]l = sup{[|L(2) ]|+ ||z = 1}

for the operator norm of L. In the special case when Y = C, the complex numbers,
we write X* = B(X,C) for the set of all continuous linear functionals on X, and

/Il = sup{[f(2)]: [l«]| =1} (f € X7)

for the norm of the continuous linear functional f.

Joll =1}

provided the term on the right exists and is finite. This is the case whenever a € X#
(cf. [10, Theorem 7.2.9, p. 107]).

If X is a BK space and a € w, then we put

o0
lal)* = sup{
k=0

E AT | -

Proposition 3.1. On any of the spaces (N,q)g, (N,q)? and (N, q)%,, we have

Jall* = sup (Z Qu | & )
k=0

n k
n 1 n
2l = E zpe®™  and T,L I = m(z) = — E qja:; ] (k,n=0,1,...).
— j=0

_ Ok41
qdk qr+1

+ anQn
an

Proof. Given any sequence = we write

Let a € Ny and let n be a nonnegative integer. We define the sequence bl by

QrAT(a/q)r  (0<k<n)
b = —af” (k = n)
0 (k>n)

and put

Jallx = sup o] = sup<z|b ):

k=0
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Then
n QTL

A QT [n] |7 [n]|
k

Z ’Qk [”]AJr (a/q)k ‘+

k=0

k=0

a
<t (st +222)
= "5, 1612 = llalla =™ 5, -

Thus
(3.1) [all* < llallx-

To prove the converse inequality let n be an arbitrary integer. We define the sequence
z(™ by

7 (2M) = sign(bE:]) (k=0,1,...).
Then

(@) =0fork >n, i. e. 2™ € (N,qo, [2| 5, = 7(2™)]|lw < 1

and . .
= onl” | = S0 < fall
k=0 k=0
Since n was arbitrary, we have
(3.2) llalla < llafl*.
Now inequalities (3.1) and (3.2) yield the conclusion. O

If A is an infinite matrix of complex numbers, then we write A,, for the sequence
in the n'* row of A. For any two subsets X and Y of w, (X,Y) denotes the class of
all infinite matrices that map X into Y. Thus A € (X,Y) if and only if 4, € XP
for all n, and A(z) € Y for all z € X.

The following results are well known.

Proposition 3.2. (cf. [7, Theorem 1]) Let X and Y be BK spaces. Then (X,Y) C
B(X,Y), i. e. every A € (X,Y) defines an element L4 € B(X,Y) where

Ly(z) =A(z) (z € X).
Further, A € (X,l) if and only if
[A]I" = sup [|An " = [|La]| < oo.
n

Finally, if (b(’f))z"=0 is a basis of X, Y and Y7 are FK spaces with Y7 a closed subspace
of Y, then A € (X,Y}) ifand only if A € (X,Y) and A(b®)) € Y; forallk =0,1,....
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Proposition 3.3. (cf. [8, Proposition 3.4]) Let T' be a triangle.
(a) Then, for arbitrary subsets X andY ofw, A € (X,Yr) ifand only if B=TA €
(X,Y).
(b) Further, if X and Y are BK spaces and A € (X,Yr), then

(3:3) [Lall = L5l

As a corollary of Propositions 3.1 and 3.2, we obtain

n
Corollary 3.4. Let ¢ = (qx)52, be a positive sequence and Q, = 3 g — o
k=0
(n — o0).

(a) Then A € ((N,q)so;loo) if and only if

Ank . an,k+1
gk qk+1

(34) M(F . 0)s o) =50 (Y Q4
k=0

m,n

+ Qmanm/qm|) < 00

and
(3.5) AnQ/q€co foralln=0,1,....

(b) Then A € ((N,q),l) if and only if condition (3.4) holds and
(3.6) AnQ/q€c foralln=0,1,....

(c) Then A € ((N,q)o,l) if and only if condition (3.4) holds.
(d) Then A € ((N,q)o, co) if and only if condition (3.4) holds and

(3.7) lim a,;, =0 forallk=0,1,....

n—oo

(e) Then A € ((N,q)o, c) if and only if condition (3.4) holds and
(3.8) lim anp =1 forallk=0,1,....

n—oo

(f) Then A € ((N,q),co) if and only if conditions (3.4), (3.6) and (3.7) hold and

(3.9) lim Y " an, = 0.
k=0

(g) Then A € ((N,q),c) if and only if conditions (3.4), (3.5) and (3.8) hold and
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As a corollary of Propositions 2.1 and 3.3, we obtain

Corollary 3.5. Let X be a BK space, (pr)32, a positive sequence and P, = Y py,
k=0
(n=0,1,...). Then A € (X, (N,p)) if and only if

(3.11) M(X,(N,p)eo) = sup < 00.

‘_an n

Further, if (b*))°, is a basis of X, then A € (X, (N,p)o) if and only if condition
(3.11) holds and

(3.12) lim < an (b)) ) =0 forallk=0,1,...,
and A € (X, (N,p)) if and only if condition (3.12) holds and

(3.13) lim < an b(k) ) =l forallk=0,1,....

Remark 1. (a) If X =1, (1 <r < o0) and Y is any one of the spaces (N,p)oo,
(N,p) and (N, p)o, then the conditions for A € (X,Y) follow from the respective
ones in Corollary 3.5 by replacing the norm || - ||* in condition (3.11) by the natural
norm on [; where s =oco forr=1and s =r/(r —1) for 1 <r < o0, i.e.

1 m
sup|—=— > Pnank (r=1)
— m,k Pm n=0
M(ly, (N,p)es) = o m s\ 1/s
sup(z — > Pnlnk > (1<7r<o0),
m k=0 Pm n=0

and by replacing the terms A, (b(*)) in conditions (3.12) and (3.13) by the terms a,.
(b) We counsider the conditions

(3.14) M((N,q)oo, (N,p)oo)

n—1 1
= sup(z Qr P—Z (A+Al/q
m.n \; 2o m

’— Zplaln

)<
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(3.15) (MYG € co (n=0,1,...),
k

gk -0
(3.16) (M> cc (n=0,1,...),
Gk / k=0
(3.17) ml@@@(% anank) =0 (k=0,1,...),
™ n=0
(3.18) n}iinoo<Pi anank) =1l (k=0,1,...),
m =0
(3.19) n}iinoo<Pi an(Zank)> =0 (k=0,1,...),
™ n=0 k=0
(3.20) n}iinoo<Pi > pn (Z ank)> =l (k=0,1,..)
™ n=0 k=0
Then
A€ ((N,q) oo, (N,p)oo) if and only if (3.14) and (3.15);
A€ ((N,q),(N,p)so) if and only if (3.14) and (3.16);
A€ ((N,Qo,(N,q)s) if and only if (3.14);
A€ ((N,q)o, (N,po) if and only if (3.14) and (3.17);
A€ ((N,q)o, (N,p)) if and only if (3.14) and (3.18);
A€ ((N,q),(N,p) if and only if (3.14), (3.16), (3.17) and (3.19);
A€ ((N,q),(N,p)) if and only if (3.14), (3.16), (3.18) and (3.20).

4. MEASURE OF NONCOMPACTNESS AND TRANSFORMATIONS

If X and Y are metric spaces, then f: X — Y is a compact map if f(Q) is
relatively compact (i.e., if the closure of f(Q) is a compact subset of Y') subset of ¥’
for each bounded subset ) of X. In this section we investigate, among other things,
when in some special cases (see Corollary 4.3), an operator L, is compact. Our
investigations use the measure of noncompactness. Recall that if @) is a bounded
subset of a metric space X, then the Hausdorff measure of noncompactness of @Q is
denoted by x(Q), and

x(Q) = inf{e > 0: @ has a finite e-net in X }.

The function y is called the Hausdorff measure of noncompactness, and for its prop-
erties see [1], [3] or [9]. Denote by @ the closure of Q. For the convenience of the
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reader, let us mention the following facts: If @), Q1 and ()2 are bounded subsets of
a metric space (X, d), then

X(Q) =0<= @ is a totally bounded set,
X(Q) = x(@),
Q1 C Q2 = x(Q1) < x(Q2),
X(Q1 U Q2) = max{x(Q1), x(Q2)},
X(Q1NQ2) < min{x(Q1), x(Q2)}-

If our space X is a normed space, then the function x(Q) has some additional
properties connected with the linear structure. We have e.g.

X(Q1 + Q2) < x(@Q1) + x(Q2),
x(AQ) = |AIx(Q) for each X eC.

If X and Y are normed spaces, then for A € B(X,Y) the Hausdorff measure of
noncompactness of A, denoted by ||Al|y, is defined by ||A||, = x(AK), where K =
{r € X: ||z|| < 1} is the unit ball in X. Further, A is compact if and only if
|Ally = 0, and ||A|y, < ||A]|. Recall the following well known result (see e.g. [3,
Theorem 6.1.1] or [1, 1.8.1]).

Proposition 4.1. Let X be a Banach space with a Schauder basis {e1, ez, ...},
@ a bounded subset of X, and P,: X — X the projector onto the linear span of
{e1,ea,...,e,}. Then

(1) 2 tmsup (sup (7 - P)el) < x(@)

n— 00 z€Q

n—oo

<infsup ||(I — P,)z|| < limsup<sup (I — Pn)$||>,
" zeQ z€Q

where a = limsup || — B, |
n—oo

Let us mention that concerning the number a in Proposition 4.1, if X = ¢y, then
a =1, but if X = ¢, then a =2 (see e.g. [3, p. 22]).
Concerning Corollary 3.4 and the measures of noncompactness we have

Theorem 4.2. Let A be as in Corollary 3.4, and for any integer n, r, n > r, set

Ank  On,k41
dK Qk+1

m—1
a2 Al = (Y
n>r m

k=0

+ |Qmanm/Qm> .
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Let X be either (N,q)o or X = (N, q), and let A € (X,co). Then we have
(43) [Zall = tim (4],

Let X be either (N,q)o or X = (N,q), and let A € (X,c). Then we have

(4.4)

q
1 r
5 Jim [AIC < Ll < lim A,

Let X be either (N, q)o, (N,q) or X = (N, q)s0, and let A € (X,l). Then we have
(4.5) <[ Lall < lim [l4]®).

Proof. Let us remark that the limits in (4.3), (4.4) and (4.5) exist. Set K =
{x € X: ||z| < 1}. In the case A € (X,co) for X = (N,q)o or X = (N,q), by
Proposition 4.1 we have

(4.6) |Eally = X(AK) = lim [sup |[(T - P,)Aal]|,

r—00 rzeK

where P,.: cg — co, r = 1,2,..., is the projector on the first r + 1 coordinates, i.e.,
P.(z) = (xo,x1,22,...,2+,0,0,...), z = (z1) € co (let us remark that ||I — P,|| = 1,
r=20,1,2,...). Further, by Proposition 3.2 and Corollary 3.4 we have

(4.7) 1AII¢) = sup (I - P,)Az],
zeK

and by (4.6) we get (4.3). To prove (4.4) let us remark that every sequence x =
(x1)72, € c has a unique representation

x=le+ Z(xk —1)e®  where [ € C is such that = — le € .
k=0

Let us define P.: ¢ +— ¢ by Pu.(z) = le + > (zr — De®, r = 0,1,2,.... Tt is
k=0

easy to prove that ||[[ — P.|| = 2, r = 0,1,2,._... Now the proof of (4.4) is similar
to the case (4.3), and we omit it. Let us prove (4.5). Define P,: loc — lso by
P.(z) = (xo,21,22,...,2:,0,0,...), x = (xg) € loo, ¥ =0,1,2,.... It is clear that

AK C P.(AK)+ (I — P,)(AK).
Now, by the elementary properties of the function y we have

X(AK) < x(P(AK)) + x((I = P)(AK)) = x(I — Pr)(AK)
< Sup (I — Pr)Az]|.

Finally, by Proposition 3.2 and Corollary 3.4 we get (4.5). O
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As a corollary of the above theorem, we have

Corollary 4.3. Let A be as in Theorem 4.2. Then if A € (X, ¢g) for X = (N, q)o

or X = (N,q), orif Ae (X,c) for X = (N,q)o or X = (N,q), then in all cases we
have

(4.8) L, is compact if and only if lim ||A|| = 0.
T—00
Further, if A € (X,ls) for X = (N,q)o, X = (N,q) or X = (N, q)oo, then we have
(4.9) L 4 is compact if lim ||A||(7”) =0.
T—00

The following example shows that it is possible for L4 in (4.9) to be compact in
the case lim ||A[|(") > 0, and hence in general in (4.9) we have just “if”.
T—00

Example 4.4. Let the matrix A be defined by A4, = e (n = 0,1,...) and
qn = 2", n=0,1,2,.... Then M((N,q)oo,lo0) = sup[l + (2 — 27")] < 3, and by

Corollary 3.4 we know that A € ((N,q)co,ls0). Further,

1 1
| A" = sup [1 + (2 - —)} =3 - o1 for all r,

n>r 2n

whence
lim [|A]|") =3 > 0.

Since A(x) = zoeg for all 2 € (N, q)s0, La is a compact operator.

Now we continue with the following auxiliary result.

Lemma 4.5. Let g, >0 (k=0,1,...) and Q, = Y ¢ — oo (n — o0). We put
k=0

n

Tn (2 qrry  for all x € w.
0

1
)=

Let r > 0 and let the operators B"™%: (N,q)o — (N,q)o and B : (N,q) — (N, q)
be defined by

o

(4.10) BCO(z) = " ae™  (x e (N,q)o),
k=r+1
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oo

(4.11) B (z)= Y (z—1e® (z€(N,q)
k=r+1

where | = lim 7,(x). Then
n—oo

(4.12) IBGO| = 1+ @
r+1

and

(4.13) | BT = 2.

Proof. First we show identity (4.12). Let # € (IV, q)o. Since

(B0 (2) =0 for0<n<r

and, forn > r 41,

Tn(x) — =71

|Tn(B(r,0)(x))’ = ’Qi Z QkTk

k=r+1

Qr>
S+ ) lIzll(7,q..>
(1+ 325 ) Iellwa-

it follows that

T QT
HB“m@Wme<<1+@ZI>MWNmW

and consequently

Q

(4.14) |[BMO| <1+ =,
QrJrl
Defining the sequence z by
-1 O<k<r)
Qr + Qri1 (k=r+1)
qr+1
) _ete
R R (g oy )
qr+42
0 (k>r+3),
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we conclude

() ==-1 (0<n<r),
g

+1=1

and
() = Q (—Qr +Qr + Qry1 — (Qr + Qr41))
= 7% (n=r+2).

Since @, — o0 (n — ), we have

€ (N,qo and [zl (7,9 =1

Further,

rert(BOO (@) = 1 (Qr + Qran) = 14 2

Qr+1 Qr—i—l
and
(BT (2)) =0 forn #r+1.

Therefore

(r0) o @ _ @ _

1B 0@ =1+ g = (14 5 ) ol
and
(4.15) |1BTO) > 1+ Qr
Qr+1

Now (4.14) and (4.15) together yield identity (4.12). Now we prove identity (4.13).

Let z € (N,q). We have
(B (z)) =0 for0<n<r

and, forn > r +1,

|7 (B ()] = ]— ) qkm—l)\: o () — g’" (@) -
k=r+1 n
Q- Q-
<[t & hebg + 1- 2|
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Since [I| = lim |, (2)| < [|z([(§,q).., We have

’Tn(B(r)(a:))’ < 2||x\|(ﬁ’q)oo forn>r+1,
and consequently
(4.16) |B™| < 2.

Defining the sequence x by

-1 O<k<r

P YIRS (k=r+1)
dr+1

-1 (k>r+2),

we conclude

1
TT+1($) = (7Q7‘ +2Qr — q7‘+1) =1
Qr+1
and
1 - 1
(@) = = =Qr +2Qri1— > @) = 7 (—Qun +2Qr11)
Qn 2 ") A,
= —1+2Q’"+1 <1 (n=r+2).
Hence
2|7 4. =1 and  lim 7,(z) = —1, i. e. z € (N,q)
Finally,
(B (2) =0 (0<n<r)
741 (BD(2)) = 2 (g1 +1) = 2
Qr+1
and
Qr+1

(B (2)) = 2 <2 (n=r+2).

n

This implies
(4.17) |1BM)|| > 2.
Now (4.16) and (4.17) together yield (4.13).

518



Concerning Corollary 3.5 and the measures of noncompactness we have

Theorem 4.6. Let X be a BK space, let A be as in Corollary 3.5, and let
P,, — o0, (m — o0). Then for any integer m,r, m > r, set

| o zpm

(4.18) = sup

1415,

Further, if X has a Schauder basis and A € (X, (N,p)o), then we have

(4.19) o b AN, < ILal < Bm A1,

where b = limsup(2 — p,/P,). If X has a Schauder basis and A € (X,(N,p)) then

n—oo
we have

(4.20) lim AR < [Zall < lim AT

Finally, if A € (X, (N,p)s), then we have

(4.21) <IZally < lim AN .

Proof. Let usremark that the limits in (4.19), (4.20) and (4.21) exist. Set K =
{z € X: |lz|| < 1}. Suppose that A € (X, (N,p)o). Let B™Y: (N,p)o — (N,p)o
be the projector defined in Lemma 4.5. Then by (4.12) we have that |B"0)| =
2 — p,/P,. Now, to prove (4.19), by Propositions 2.1 and 4.1 we have

(4.22) - hmsup(sup | B O)AxH) < x(4AK) <€ limsup(sup HB(T’O)A$H),
r—00 reK

b r—00

where b = limsup || B("%)||. Thus, since

T™—00

sup B0 x| = 4],

we prove (4.19). To prove (4.20) let us remark (see Proposition 2.1) that (N, p) has

the Schauder basis e,e®) &k = 0,1,..., and every (zr)2 € (N,q) has a unique
representation
x=le+ Z(xk —)e®),
k=0
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where | € C is such that z — le € (N,p)o. Let B™): (N,p)o — (N,p)o be the
projector defined by (see Lemma 4.5)

o

B (z) = Z (zg — 1)e®

k=r+1

Then by (4.13) we have that || B(")| = 2. Now the proof of (4.20) is similar to the
case (4.19), and we omit it. Let us prove (4.21). Define P,: (N,p)oo — (N, p)so by
Pr(x) = (w0, 21, -, 2,0,0,...), x = (2;) € (N,p)oo, r = 1,2,.... It is clear that

AK C P(AK) + (I — P,)(AK).

By Remark 1 (b) it follows that P, is a bounded operator, and since it has obviously
finite-rank, it is a compact one. Now, by the elementary properties of the function
X we have

(4.23)  X(AK) < x(Pr(AK)) + x((I = Pr)(AK)) = x((I — P,)(AK)

sup |[(1 =P As] = 4l ,,

//\ //\

As a corollary of the above theorem we have

Corollary 4.7. Let X be a BK space and let A and HAH(N ») be as in Theo-

rem 4.6. If X has a Schauder basis, and either A € (X, (N,p)o) or A € (X, (N,p)),
then

(4.24) L 4 is compact if and only if hm ||A||(T) = 0.

Further, if A € (X, (N,p)s), then we have

(4.25) L 4 is compact if hm ||A||8\3 0 = 0.

Now, concerning Remark 1, we get several corollaries.

Corollary 4.8. If either A € (I*,(N,p)o) (1 < u < o0), or A € (I*,(N,p))
(1 <u < o0), then

L 4 is compact if and only if

) o0 1 m v
(4.26) rll)rgo {sup (z_: o Z%pnank

m>r k=0
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Further, if either A € (I*,(N,p)o)) or A € (I*,(N,p)), then
Ly is compact if and only if

(4.27) lim < sup anank ) =0.

T \n>rk

If Ae (1% (N,p)) (1 <u< o), then

L 4 is compact if

(4.28) lim {sup (Z PL
r—00 — ™

m>rk0

) W} =0, v=u/(u-1).

m
E Pnlnk
n=0

Finally, if A € (I', (N, p)), then

L 4 is compact if

(4.29) lim ( sup

T \n>rk

Z Pnlnk

)-o

From Corollary 4.7, Proposition 3.3 and Remark 1 (b), we have

Corollary 4.9. If A € (X,(N,p)o) for X = (N,q)o or X = (N,q), or if A €
(X, (N,p)) for X = (N,q)o or X = (N, q), then in all cases we have

L4 is compact if an only if

(4.30) rll)rgo[ sup <Z Qrl— sz AT A

m>r,n

‘— Zplaln

)] =0

Further, if A € (X, (N,p)oo) for X = (N,q)s, X = (N, q)o or X = (N, q), then we
have

L 4 is compact if

(@31 lim | sup (Z Q|

m>r,mn

S o

1 m
f2 > mi(AT A q)
=0

m
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