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Abstract. A bifurcation problem for variational inequalities

U(t) € K,
(U(t) = B\U(t) — G\ U(t)), Z—U(t)) >0 forall Ze K, aa. t>0
is studied, where K is a closed convex cone in R", k > 3, B is a k X k matrix, G is a small
perturbation, A a real parameter. The main goal of the paper is to simplify the assump-

tions of the abstract results concerning the existence of a bifurcation of periodic solutions
developed in the previous paper and to give examples in more than three dimensional case.

Keywords: bifurcation, periodic solutions, variational inequality, differential inequality,
finite dimensional space
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INTRODUCTION

Consider a smooth mapping F': I x R®* — R* (k > 3, I an open interval) such
that F(X,0) =0 for all A € I. Let K be a closed convex cone with its vertex at the
origin in R”. Consider a bifurcation problem for the inequality
0 U(t) € K,

U@t) = F(\U(t), Z=U(t)) >0 forall Z € K, a.a. t=>0.

By a solution we mean an absolutely continuous function satisfying (I). This paper
is closely related to [7] where it is proved that if a Hopf bifurcation for the equation

(E) U(t) = F(\U(®))

The author was supported by the grant No. 201/95/0630 of the Grant Agency of the
Czech Republic.
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occurs at some Ay then under certain additional assumptions, there exists also a
bifurcation point A; of (I) at which periodic solutions bifurcate from the branch of
trivial solutions. Cf. also [6], [5] for former results of this type. The method used was
based on the proof of existence of branches of periodic solutions of the corresponding
penalty system. The global bifurcation results given (for equations) in [10] and [1]
(see also [4]) form a background for this proof in [5], [6] and [7], respectively. For
obtaining bifurcating solutions, certain information about the branches mentioned
were necessary. Unfortunately, it is not easy to get this information in concrete sit-
uations. In [7], a simple model example in R® was discussed. In fact, this example
could be solved by a simpler approach developed for the particular case of R® in [3],
[8]. The aim of the present paper is to simplify the assumptions from [7] and to give
examples in R”, k > 3 where the theory from [3], [8] cannot be used. We will modify
for a general situation the basic ideas of the verification of the assumptions of the
abstract theory applied in [7] only to Model Example. In this way we will obtain a
bifurcation Theorem 1.1. While the abstract assumptions in [7] are concerned with
general properties of a branch of solutions to a penalty system (see also the assump-
tion (GA) in Section 3 below), now we will deal only with assumptions concerning
the “linearized penalty equation” and the “linearized inequality”. (Note that these
problems are only positively homogeneous but nonlinear again.)

In the examples discussed, the first two equations seem to be independent of the
remaining ones but they are coupled by the obstacle given by the cone. Direct use
of Theorem 1.2 from [7] would be possible for these examples but the verification of
the assumptions in our present setting is easier.

1. BIFURCATION THEOREM

We denote (U, V) = Y. wvg, [U|? = (U,U) for U = [u1,...,u), V = [v1,..., 04
i=1

K3
Further, we will write F(A\,U) = B\U 4+ G(\,U), where B, is a real matrix of the
type k X k depending continuously on a real parameter A € I, I is an open interval
in R, G: I x R*" — R" satisfies the conditions

(G) |G\, U)| = O(|U|?) uniformly on compact A intervals,
for any A1, A2 € I, R > 0 there exists C' > 0 such that
|G\, U1) — G\, Ua)| < C|Uy — Us] for all X € [A1, Aq], |Ui],|Us| < R.

Let W1 (A),...,W,.(\) be a basis of C* composed of the elements of the chains
corresponding to the eigenvalues of By (i.e. of the corresponding eigenvectors if B
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has k eigenvalues for some \). Suppose that there are A\g € I, w,y,, was > 0 such that

there is a couple of simple eigenvalues 1 2(A) = a(A) £iw(N),
a,w are continuous real functions, w,, < w(\) <wy forall A e I,
(1) a(A) <0 for A < Ao, a(Ao) =0, a(A) >0 for A > A,

the other eigenvalues have negative real parts for all A € I,

W;(X) depend continuously on A.

Particularly, the chains corresponding to 11 () and p2(A) contain only an eigenvector
Wi(A) and Wy (X), respectively. We can write W;(A\) = U;(X) +iU;41(A), Wjp1(A) =
Uj(A) — iU 41 (A) if W5(A), Wjt1(A) is a pair of complex conjugate elements of some
chain, W;(X) = U, () if W; () is real, where U1 (A), .. ., Uk (X) is a basis of R*. Notice
that Ui (A),...,Us(X\) are continuously dependent on .

Notation 1.1.

wo = w(/\o),

[L)\ = Lin{Ul(/\), UQ(/\)},

Sx = Lin{Us(A),...,Uc(N)},

Pr,V =y1Ui(X) + y2Uz(X) for V= " y;U;(\) (projection onto Ly along Sj).
=1

]:
Denote by Py the projection onto K, i.e. PxU for U € R" is the unique point

from K satisfying
|PkU — U| = min |V = U|.
VeK

The penalty operator § corresponding to K is defined by
6=1- Pk.

For the proof of the bifurcation theorem, branches of periodic solutions of the fol-
lowing penalty system are studied in [7]:

U(t)= FOLU (1) — (00 (),
(PS) gy o E(t)
0=~ )

However, under our present assumptions, only properties of the corresponding “lin-

+HU®)P.

earized” penalty equation

(LPE) U(t) = BaU(t) — 7U(¢)
and the “linearized” inequality

{ Ut) € K,

LI
(LD (U@)—B)\U(t), Z-U(t)) 20 forall Ze K, a.a. t>0
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will play a role. Let us recall that the problems (LPE), (LI) are in fact nonlinear
again, neither our variational inequality nor the penalty system can be linearized.

Remark 1.1. Under the assumption (1), any solution of the linearized equation

(LE) U(t) = BAU(t)

tends to the plane Ly for ¢ — +o00 and if it does not start in S then its projection
into L) circulates around the origin. A solution of (LPE) is simultaneously a solution
of (LE) as far as it lies in K and it is attracted to K by the penalty term when it
lies outside of K. Particularly, there is no periodic solution of (LPE) lying in K for
all ¢ in the examples below because (LE) has no such solution.

Remark 1.2. For U € K we will denote by Ky = U |J h(V — U) the contin-
h>0VEK
gent cone to K at the point U, and by Py the projection to the cone K. Let us

recall that (LI) is equivalent to the (strongly nonlinear) equation

(L) U(t) = PU(t)B)\U(t)

(see [2]). It follows that any solution of (LI) is simultaneously a solution of (LE) as
far as it lies in K° (the interior of K). Analogously for (I). Particularly, it follows
that there is no periodic solution of (LI) lying in K° for all ¢ in the examples below.
Of course, any solution of (LE) is simultaneously a solution of (LI) on any interval
in which it lies in K.

Notation 1.2.

Ug (5 V), US (-, V) and UR° (-, V)—the solutions of (LPE), (LI) and (I), respec-
tively, with the initial condition V at t = 0,

oA V), 95t V) (also for 7 = +oo)—polar coordinates of Pr, PxU{ (t,V)
with the angle ¢ measured from Pr, PV, i.e. continuous functions defined by
‘PS,A(O’ V) =0,

PLAPKU(‘I)—,)\(t’ V) = Tg,A(t’ V)[COS(<)06,>\(t’ V) + @V) ) Ul(/\)
+sin(pg A (8, V) + ¢v) - Ua(A)]

for t € [0,%9) if |Pr, PxUg \(t, V)| > 0 on [0,0), where ¢y satisfies
Po PV = 15.0(0,V)[cos gy - Ua (V) + singpy - Us(V)],

oA (V) =inf{to; rg ,\(t,V) > 0for t € [0,20], ¢ 5(to,V) = —2n} if V ¢ Sy—the
time of one circuit of PLAPKU&)\Q, V') around the origin.
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Remark 1.3. We have (PxU,BU) = 0, PxBU = 0 for all U € R®. This is why
we consider the function PxUg ,(t,V) instead of Ug ,(¢,V) in the definition of the
functions 7§ ,(t, V), ¢g A(t, V). In this case, the estimate of 7 ,(¢,V) in examples
becomes simpler because the expression with the penalty term vanishes.

Remark 1.4. Any solution Ug (¢, V) of (LPE) (7 finite) is continuosusly differ-
entiable. The projection Pk is a lipschitzian mapping (see e.g. [11]) and it follows
that PrUg A(t, V) is absolutely continuous on any compact interval. Particularly,
PrUg A(t,V) is differentiable a.e.

Further, suppose that there are A,,,, Ay € I, € > 0, n € (0,1), I' > 0 such that
Ao € [Am, Ar] and the following conditions are fulfilled:
ifWeR:, [W|>0, 7€[0,+00], A€ (A, — & Anr +8),
UgA(T,W) =W with some T' > 0 then
(1.1) (a) Uga(t, W) ¢Sy forallt >0,
(b) PoA(t, W) < —n fora.a. t >0,
(¢) toA(W) > 1T,

ifWeRs, [W|>0, 7€ (0,+oc0],
(1.2)

UG A(T,W) =W, T >0 then A € (Ap, Anr)-

Particularly, the condition (1.1b) means that Pr, Px U , (t, W) circulates around the
origin with a velocity greater than 7 under the assumptions considered. We will
choose a fixed € (0,wy,) such that (1.1) holds, n # %2, k =1,2,..., and set

Observation 1.1. The assumption (1.1) implies that

o.x(t, W) < Ty for the parameters from (1.1).

We have tg’A(W) = wQ(T)“\) it W ¢ S. Particularly, (1.10), (1.1¢) imply I" < i—ﬁ < T

Theorem 1.1. Let (1), (G), (L) and (1.1), (1.2) be fulfilled. Then there exists a
bifurcation point A\; € (A, Arr) of (I) at which periodic (nonstationary) solutions of
(I) bifurcate from the branch of trivial solutions. Precisely, there exist T,, € (I, Thr),
An € (A, Anr), Vi € R such that [Vy,| — 0, A\, — A; and USS (-, V,,) are T),-periodic
(nonstationary) solutions of (I). If T,, — T, “‘f—:‘ — W then the solution UgS,, (-, W)
of (LI) is (nonstationary) T-periodic.

Remark 1.5. The assertion of Theorem 1.1 remains valid if we replace (A, Apr)
by the closed interval [A;,, Aps] in the statement and in the assumption (1.2) (see
the proof of Theorem 1.1 in Section 3).
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2. EXAMPLES

Remark 2.1. Let us consider the following variational inequality in R3:

V(t) e K,

2.1 .
1) ,Z—=V() =0 forall Z€ K, a.a. t>0

{ (V) = BV (t) = GO\ V(D)

with K = {V = [v1,v9,v3] € R®; v3 >0, vz > v1},

A 1,00
By=|-1, A, 0],
Oa 07 141

G: R* — R® a mapping satisfying the assumptions (G), (L), v; € [~1,0). This
problem was discussed as Model Example in [7] and the existence of a bifurcation
point A\; € (0,1) was shown. (In fact, the case ¥ = —1 was considered but all
considerations can be repeated for any fixed 14 € [—1,0)). In [7], some general as-
sumptions concerning the branch of solutions of the penalty system (PS) are verified
for this example to apply the abstract theory. Main ideas of this verification (used
in [7] only on Model Example) are generalized in the present paper and used for the
proof of our Theorem 1.1 by using abstract Theorem 1.2 from [7] (see Section 3). For
the use of our present Theorem 1.1, only verification of the conditions (1.1), (1.2)
(with A,, = 0, Aps = 1) concerning only the linearized inequality (LI) and linearized
penalty equation (LPE) is sufficient. Instead of (1.1a), (1.1c), analogous conditions
concerning solutions of (PS) lying on the branch CJ are verified in [7] (conditions
(1.14), (1.17)). The assumption (1.1b) is a part of the condition (1.11) in [7] where
also analogues for (PS) and (I) are necessary. Our condition (1.2) coincides with
(1.12) verified in [7]. All assumptions (1.1), (1.2) can be verified directly in the same
way as in Example 2.1 below for the fourth dimensional case.

Note that in addition, in [7] we supposed for simplicity that g3(A,U) > 0 while in
the present approach this condition has no justification.

Let us recall that the problem (2.1) was investigated by another approach (ap-
plicable only in the three dimensional space) in [8] where a stability of bifurcating
solutions was studied.

>

=

Example 2.1. Set [ =R, k =4, K = {U € R*; ug > 0,uy > 0,u3 > u1,uq

u2}a

A 10, 0
-1, A
B)\ _ ) ) 0, 0
07 Oa Vi, 0
07 Oa 07 V2
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where 11 € [-3,0), v2 € [-1,0) are given. Let G: R® — R* be a mapping satisfying
(G), (L), G\, U) = [g1(NU), g2\, U), gs(N\, U), ga(A, U)]. We will show that Theo-
rem 1.1 guarantees the existence of a bifurcation point A; € (0,1) of our inequality
(I) at which periodic solutions bifurcate from the branch of the trivial solutions.

Verification of the assumptions of Theorem 1.1 with A,, = 0, Ay; = 1,
&, n > 0 small enough: The eigenvalues of By are ui2(\) = A £, ps(\) = v,
pa(A) = v, the real and imaginary parts of the corresponding eigenvectors form the
basis U1 (A\) = U; = [1,0,0,0], Us(\) = Uz = [0,1,0,0], Us(\) = Us = [0,0,1,0],
Us(\) = Uy = [0,0,0,1]. We have Ly = L = {U € R*; uz = ug = 0}, S, =
S = {U € R*; u3 = ug = 0}. The assumption (1) (with w(\) = 1) holds. For
U = [u1, u2,us, uq], ug > 0,u4 > 0 we have

PKU [u13u2au3,u4] if U3 Uy, Uq > Uz,
PrU = [u1+u3 “1‘*‘“3, u4] if ug < w1, ug > ug,
PrU = [u, "5, ug, 23] if ug > w1, ug < ug,
(2.2) PrU = [ul+u3 uz+u4 u1+tug “2"‘“4] if ug < <
K - ’ 2 ’ 2 3 U1, g vz,
_ [ (uz— u1 (U4 uz)”  _ (us—ua)” (ua—uz)”
BU = [ 5 , 5 y 2 ]
for all us = 0,uq = 0.

Hence, in the set {U € R*; us,uy > 0}, the penalty equation (LPE) has the form

U1 = Ay + ug — 7‘7(%_2“1)7 ,

Ug = —UT + Aus 77’%,
(2.3) N

113 = 1us + 7'7(“3 2u1) 5

Uy = Vg + 77(1‘472“2)_ .

The third and the fourth coordinate of Px W is nonnegative for any W. This together
with the form of By and g implies that if U = B\W — 7W, 7 > 0 and w3 < 0 or
wy < 0 then ug > 0 or uy > 0, respectively. It follows that

(2.4) {the set {U; uz = 0,uy > 0} is invariant for (LPE) with any A € R, 7 > 0,
' >

any periodic solution of (LPE) lies in this set and fulfils (2.3) for all ¢ > 0.

We will show that

if WeR, [W|>0,7¢€(0,400], A1, Ut) =Ug\(t, W)
(2.5) = [u1(t), u2(t), us(t),ua(t)], U(T) =W with some T >0
then uz(t) > 0, ua(t) >0 forallt >0
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We already know from (2.4) and from the definition of K (for 7 € [0,400) and
T = +00, respectively) that us(t) > 0, ua(t) > 0. Let us realize that

(2.6) Us(t) = vius(t), wa(t) > voug(t) for a.a. t > 0.

Indeed, this follows directly from (2.3) if 7 € [0,400). If 7 = +00 then (2.6) follows
from (LI) by setting (for any ¢ fixed) z1 = u1(¢), 22 = u2(t) and z4 = uy(t), 23 > us(t)
arbitrary or zz = wus(t), z4 > u4(t) arbitrary, respectively. As a consequence, we
obtain from (2.6) that if us(to) > 0 or wa(tg) > 0 for some ¢y then ug(t) > 0 or
ua(t) > 0 for all ¢ > to. Hence, for the proof of (2.5) it is sufficient to show that
for 7 € (0,400], us and uys cannot vanish identically. Suppose for instance that
uq(t) =0 for all ¢ > 0.

First, let 7 = +00. Then V(t) = [u1(t), ua(t), us(t)] is a solution of the variational
inequality (2.1) with K, By from Remark 2.1, G = 0. The conditions (1.1b), (1.2)
with A, = 0, Apy = 1 hold for this problem (see Remark 2.1) and it follows that
the projection of V(¢) (and also of U(t)) into L should circulate around the origin.
Particularly, us(t) should change its sign during any circuit. Simultaneously we
should have wuz(t) < ua(t) = 0 for all t > 0 (because of U(t) € K), which is a
contradiction.

Further, let 7 € (0,4+00). We suppose that us(t) = 0 and it follows from the
last line in (2.3) that ug(f) < 0 for all ¢ > 0. Hence, the second equation in (2.3)
reads U = —u1 + Aug and therefore V (t) = [u1(t), ua(t), us(t)] satisfies the linearized
penalty equation corresponding to (2.1) which is studied in [7], Model Example.
According to the conditions (1.1b), (1.2) holding for this problem (see Remark 2.1),
the projection of V(t) (i.e also of U(t)) to L should circulate around the origin.
Particularly, ua(t) should change the sign, which is a contradiction and the proof of
(2.5) is complete. (Notice that we could verify (1.1b), (1.2) for the linearized problem
to (2.1) directly as for a more complicated situation below.)

In the verification of the assumptions (1.1), (1.2), we will always consider an
arbitrary fixed T-periodic solution U (t) = Ug ,(t, W) (with fixed 7, A, W under con-
sideration) and set 7 (t) = 77, (t, V), ¢x(t) = ¥§,(t,V). Computing derivatives,
we will always suppose that our function PxU (t) or ¢ (t) is differentiable in ¢ under
consideration—see Remark 1.4. (In fact, in our example, all solutions discussed are
differentiable for all ¢ with the exception of some isolated points ¢ where U(t) inter-
sects the hyperplanes uz = u1, uqs = u2, and we could compute the right derivative
at these exceptional points, but it is not necessary.)

Proof of (1.1a): Let U(tg) = Z € S for some to. Then Z = (0,0, z3, z4], 23 > 0,
z4 > 0 by (2.5) and U(t) must coincide with the solution Ug , (t, Z) = [0, 0, " (!=10) 23,
e"1(t=10) 2] of (LE) (i.e. (2.3) with 7 = 0) for ¢ >ty (see Remarks 1.1, 1.2), which is
not possible under the assumption U(0) = U(T) =W, |[W| >0, T > 0.
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Further, let us set

4
PZV = —yoUy + y1Us for V = Zijj.

j=1
We have
PiPrU(t) = ri(t)(—singk (t) - [1,0,0,0] + cos px (¢) - [0,1,0,0]).
This together with the definiton of rx(t), pk (t) implies

d *
_ (£ PLPxU(t), P;PU(t))
2.8 t) = ~dt for a.a. t > 0.
28) er(t) | Pr, P U (t)|? oraa

The formulas (2.2) give |Pr, P U (t)|?> < u3(t) + u4(t) in all cases of our interest and
according to (2.8), for the proof of (1.1b) it is sufficient to show that there are ¢,
n > 0 such that if A € (—¢,1 4 &) then

ox(t) - |PLPRU®)? = (%PLPKU(t),PzU(t)) < —n(u2(t) + ud(t)) for aa. t > 0.
Proof of (1.1b) for T € [0, +00):
(i) The case us(t) > ui(t), ua(t) > ua2(t): PxU(t) = U(t) and we get (even for
all \)

o (O|PLPRUM)|? = — tug + gy = —(/\u1 + u2)u2 + ( —u + )\u2)u1

= — (uf +u3).

(ii) The case ug(t) = u1(t), ua(t) < uz(t): Using the inequalities uguyg > 0, |ujus| <
|uilug (see (2.4)) we obtain (see also Remark 1.3)

Cuztug | U F Uy
2 2

U + U —u1 + Aus + vou
= = (g ) 2, 5 2s)

1 A— A—
g (-1 7w (e )| < ot el

(pK(t) . ‘PLPKU(t)F = 71.1,1 (51

Ui

N

for all A < %, vy € [—%,0), n= %, which means we can choose £ = % in this

case.
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(iii) The case ug(t) < ui(t), ua(t) = ua(t): We have ujus > 0, |ugug| < uq|uz| (see
(2.4)) and we obtain
2 2T

) w1 + us

¢x (t) - |PLPU) =

Aul + us + 1w
= 7%'“2‘#(7(“1«#)\“2

1 A— A—
gl =) wui(o =) ] < et el

forall A < 2, 11 € [-3,0), n = {5 and we can take { = 1 again.
(iv) The case wus(t) < wui(t), ua(t) < wz2(t): According to (2.4) we have (A —
vi)uguz < (1+&—v1)urug, (A—rvo)urug > 0, ugug < uruz, uruz > 0, ugug > 0,

|11 — 12| < 3 and we get

¢x(t) - |PLPrU()?
__)\U]+U2+V1'LL3.'LL2+'LL4 *’LL1+)\U2+V2'LL4'U1+U3
N 2 2 2 2

1
= fZ[Jru% + u% — (A = 1v1)ugus + (A — va)urug + (1 — v2)usug + urus + ugtig]

1(1_1+§—V1_‘I/1—V2|

<—-=
2 2

; )t +u3) = —n(u} +ud)

for all A <1+ ¢ where 1 > 0 if we choose £ € (0, 3 — [v1 — v2]).
Proof of (1.1b) for T = 4o00: First, notice that PxU(t) = U(t) because U(t) € K
for all t. Hence, (2.8) and Remark 1.2 give
(£PLU®),PIU)  (PuwBaU(t), PLU(t))

b (1) = = f 11¢>0.
Prc(?) PLPRUP P PR U2 orall? >0

(i) The case ug(t) > ui(t), us(t) > ua(t): Kywy = RY, Py BaU(t) = BAU(t),

(Auy + ug)ug + (= u1g + Mug)uy B
u? + u3 B

Pr(t) = —

(ii) The case us(t) = ui(t), ua(t) > uz(t): Ky ={V; vz = v1}. If simultaneously
BaU(t) € Ky, i.e. viuz(t) = Auy(t)+uz(t) then Py BAU = B\U and we obtain
the same formula as in (i). If BAU(t) ¢ Ky, i.e. viug(t) < Aui(t) +uo(t) then

Aup + us + vius Aui + us + vius

T

A
Gr(t) - |PLUH)? = 7W

A+ v 1 A4y
< (- 2D (L AN g )

PyB\U = { ,V2u4},

s U + (7U1 —+ )\Ug)ul
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for all A < 1+ ¢ where n > 0if £ € (0,1) (and v € [-3,0)).

(iii) The case uz(t) > ui(t), ua(t) = u2(t): Kypy =1{V; va = va}. If simultaneously
ByU(t) € Ky, ie. vaug(t) > —ui(t) + Aua(t) then PyB\U = B\U and we
obtain the same formula as in (i). If BA\U ¢ Ky then

1 1
PyB\U = [/\Ul + ua, 5(—U1 + Mg + voug), vius, = (—ug + Aug + 1/2U4)}’

2
. —u1 + Aug + ou
Prc(t) - [PLU)? = —(\ux + uz)us + —— 22 g <
1 A A
< (5 + 2w (e 2Nz < 13)

for all A < 1+ ¢ where n > 0 if £ € (0,1).

(iv) The case us(t) = ui(t), ua(t) = ua(t): Kypy = {V; v3 = vi,v4 > vo}. If
simultaneously vyus(t) = Aui(t) + ua(t), vaua(t) = —ui(t) + Aua(t)
or viug(t) < Aup(t) + uz(t), voua(t) = —u1(t) + Auz(t)
or viug(t) = Aug(t) + uz(t), veua(t) < —uq(t) + Auz(t)
then we obtain the same formulas as in the case (i) or (ii) or (iii), respectively.
If vus(t) < Aup(t) + ua(t), vaua(t) < —ug(t) + Aug(t) then

PyB\U = [Au1+u22+l/1u3’ *u1+>\1£2+112u4, Au1+u§+l/1u3’ *u1+)\gz+l/2u4]’ Votitly <

0, —rrugus < (uf + u3) and we get

7 Aul + us + vius —u1 + Aug + vouy .

¢r(t) - [PLU®)? = 5 Uy 5 u1
1
< - gl +u3).
4
Proof of (1.1¢): It follows from (1.1d) that there are t; < t2 such that i (t2) —
oK (t1) = =5, ui1(t) < 0, ua(t) < 0 for t € (t1,t2). We get U(t) € K on (t1,t2)

and U(t) coincides with the solution of (LE) (i.e. (2.3) with 7 = 0) in (¢1,t2) (see

i

T and

Remarks 1.1, 1.2). It follows by using the assumption (u) that to — ¢ >
(1.1c) is fulfilled with I" = 5=

2w "

Proof of (1.2): We shall show that

d

(2.9) if 7 € (0,400], A > 1 then E(|PLPKU(t)|2) > 0 for a.a. t >0,
d

(2.10)  if 7 € (0,+00], A <0 then E(|U(t)\2) <0 for a.a. t > 0.

The conditions in (2.9) and (2.10) contradict the periodicity and therefore it follows
that a periodic solution of (LPE) can exist only if A € (0,1).

Proof of (2.9) for 7 € (0,+00): Similarly as in the proof of (1.1b) we will dis-
tinguish several cases. Let us recall that always us(t) > 0, u4(t) > 0 by (2.4) and
u? 4+ u3 > 0 by (1.1a).
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(i) The case us(t) = ui(t), ua(t) = ua(t): PxU(t) =U(t),

L(PLPCUWF) = (PLUG). PLU®) = Mud) + (1) > 0 i A>0.

N =

(ii) The case uz(t) < ui(t), ua(t) > ua(t):

1d d Uy +uz  up +ug .
PP :<—PP t), PLP. t): :
2dt(‘ L PrU(t)[?) TR xU(t), PLPrU(t) 5 5 + tUaug
A (t) + t) + t +
_ Adu() ng) vus(t) 2u3 + (—u1 4+ Aug) - ug
A 3 1 A+ V1
= ZU% + )\U% + (*Zuluz + ZUZUS) + ( 1 uju3 + Zug)

Using (2. 4) and considering separately us > 0 and us < 0 we see that always

2’[14“2 + u2u3 > — %u1|u2\ and for A > 1, v; € [—1,0) we have ’\+”1 uuz +
T Yyl > ’\+42”1u1u3 > 0. Hence, using the inequality ab > —%aQ — 15 b? with

6= % we obtain

vl>|>/
<

3 A 3 3

(i) The case uz(t) = ui(t), ua(t) < ua(t):

(\PLPKU( )| ) 24\l —

N =
D—-|Q

Uy + Uy U + Ug

1d d
S (|p.P ( PLP, PLPRU(t ) = :
2d(‘ LPrUt))?) = TR xU(t), PLPrU(t) iaur + —— 5

—Uy + Aug + oy U+ U
— O + un)us + 1 2 +Vous U2 4

2 2
A 3 1 At v

= )\u% + Zu% + (ZU]UZ — ZU1U4) + ( quU4 + Vgui).
Similarly as in (i), the last two brackets together are not less than —3|uj|us

and we obtain (choosing § = 2) that

1d A 3 A 3
(iv) The case ug(t) < ui(t), ua(t) < ug(t):
1d w1 + w3 ur + us Uo + Ug U + Ug
PP, = . .
5t PPV ()] )= 2 2 2 2
Aui + us + vius ug +us  —uy + Aug + vouy U + ug
2 2 2 2

1
== [)\u% + )\ug — urug + (ugus) + (Augus + rqugus + Vlug)

+ (Augug + vougug + I/gui)].
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The expressions closed in brackets are nonnegative for A > 1 and we obtain

d 1
—(PLPU®R) > (0 + i — wruz) > (A - 5)(u% Fu2) > 0.

DN | =

Proof of (2.9) for 7 = +o00: We have U(t) € K, PxU(t) = U(t).
(i) The case wus(t) > ui(t), us(t) > us(t): Ky = R, PyB\U = By\U,

%(\PLPKU@)F) = (PLU®), PLU(®)) = A(ui(t) +u3(t)) >0 evenif A\ > 0.

DN | =

(ii) The case ug(t) = ui(t), ua(t) > uz(t): Kyp ={V; vs = v1}. If simultaneously
vius(t) = Aup(t) + ua(t) then PyBa\U = B\U and we obtain the same formula
as in the case (i). If viui(t) < Auq(t) + ua(t) then using the formula

A A
PyBU = [Nttt L, Mt

and the inequality ab > —§a2 — Lb2 with § = %) we get

1d ‘
537 (PLPUMF) = (PLU ), PLU)) = (Puy BAU (), PLU (1))
_ W Sup + (—us + Auz)us

/\ + 1 2

1 A1 1
U 2 (———)u%+()\—§)u§>0for)\>1

s — 5 18

2
(iii) The case uz(t) > uy(t), ua(t) = uz(t): Ky = {V; va = v2}. If simultaneously
voug(t) = —uq(t) + Aua(t) then we obtain the same formula as in the case (i).

If voua(t) < —ui(t) + Auz(t) then similarly as in (ii) (but with 6 = 2) we get

14 .
5 (IPLPRU@) = (PLU), PLU®) = (P BaU(1), PLU()
A
= ()\ul —+ uz)ul —+ —ur Zz T Vot c U2
Advg 5 1 A1
_ 2 2 - 2 - 2 >
X+ S+ Sugug > (» 2)1+(4 8)u2>0for)\/1

(iv) The case uz(t) = ui(t), ua(t) = ua(t): Kywpy = {V; vs = v1, vg = vo}. If
simultaneously viug(t) = Auq(t) + uz(t), vous(t) = —u1(t) + ua(t)
or vyug(t) < Aug(t) + uz(t), veus(t) = —uq(t) + Auz(t)
or viug(t) = Aug(t) + uz(t), voua(t) < —uq(t) + Auz(t)
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then we obtain the same formulas as in the case (i) or (ii) or (iii), respectively—
cf. (iv) in the proof of (1.10), 7 = +oo. If vyus(t) < Aui(t) + ua(t), vaua(t) <
—uq(t) + Aug(t) then

1d .
3 dt(|PLPKU( )| ) = (PLU(t),PLU(t)) = (PU(t)BAU(t),PLU(t))
= —)\u1+u22+ylu3 -ul + 7u1+)\32+yzu4 S U2 = )\+2u1 ~u%+ )\ZVZ u% > 0.

Proof of (2.10) for 7 € (0,400): It follows from (2.4), (2.3) by using (2.5) that

1d 9
S (U @P)
us —u1) Ug — Ug)~
</\u1 +uz — 73#1)) “u1 + (—m + Aug — T%) - Uo
Uz —ur) Ug — U2)”
+ (V1U3 +T%) s ugz + (1/2u4 + T%) Uy

= )\(u% + u%) + ulug + 1/2ui + % [(u?, —uy) " (uz —uq)
+ (U4 — UQ)_(U4 — UQ)] <0if A 0.

Proof of (2.10) for T = 4oo: Setting Z = 0, Z = 2U(t) in (LI) we get
(U( (t)) = (BAU(t),U(t)) and therefore by using (2.5) we obtain that

li(|U(t)\2) = (U(t),U(t)) = Mui(t) +u3(t)) + viud(t) + voui(t) <0 if A < 0.
2 dt

Hence, the assumptions (1.1), (1.2) are fulfilled with A,, = 0, Apy = 1 and &,
small enough. Theorem 1.1 ensures the existence of a bifurcation point A\; € (0,1)
announced.

Example 2.2. Consider the matrix By as in Example 2.1. Set
(2.11) K={U€cR*; ug>0,us>0,u3+us>u}

The conditions (1.1), (1.2) can be verified by similar computations as in Exam-
ple 2.1 and we can get the existence of a bifurcation point A; € (0,1) from
Theorem 1.1 again. However, this can be derived directly from the properties
of the problem (2.1) mentioned in Remark 2.1. If G: R° — R? is a mapping
satisfying (G), (L) then the corresponding mapping G: R* — R3 defined by
G’()\,vl,vg,vg) = G(\, v1,v2,v3,0) or G’()\,vl,vg,vg) = G(\ v1,v2,0,v3) satisfies
(G), (L) as well. If V(t) = [v1(t),v2(t),v3(t)] is a periodic solution of (2.1) then
U(t) = [vi(t),v2(t),v3(t),0] and U(t) = [v1(t), v2(t), 0,v3(t)], respectively, is a pe-
riodic solution of (I) with the cone (2.11) and our matrix By. Particularly, any
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bifurcation point of (2.1) is simultaneously a bifurcation point of our inequality in
R*. Tts existence was proved in [7] (see Remark 2.1). Moreover, bifurcating solutions
with the third trivial component and bifurcating solutions with the fourth trivial
component are obtained. However, the existence of bifurcating solutions U(t) with
both nontrivial components ug and u4 does not follow from our theory.

Example 2.3. Consider the matrix B) as in Example 2.1. Set
K={U€cR*; uz>0,us >0,uz > crus,us > cous}

where ¢; € (0,1], ¢z € (0,1] are given. Then the same assertion about the bifurcation
of periodic solutions to (I) as in Example 2.1 can be proved by analogous considera-
tions. However, if at least one c¢; > 1 is large enough then this approach cannot be
used because it is not possible to find A,,, Ay and &, n such that the assumptions
(1.1), (1.2) are fulfilled. The circulation of the projection into L of solutions of (LI)
and of (PS) with large 7 can be damped down be the boundary of K and by the
penalty term, respectively, even for parameters A for which the periodicity is not
excluded. Probably no bifurcation point of (I) exists.

Remark 2.2. We could also replace the cone in Example 1.1 by
K= {U € R4; uz =20, ug =20, ug > ‘U1|, Uy = |U2‘}

However, then it is not clear if any periodic solution of (LI) and (LPE) must intersect
the interior of K and it would be necessary to find another argument for the proof of
(1.1¢) than that from Example 1.1. The other considerations from Example 1.1 can
be simply modified. The method explained in Example 2.1 can be used for analogous
examples in higher dimensional spaces.

3. PROOF OF BIFURCATION THEOREM

Notation 3.1.

Ur (5 V), €] A(-,V))—the solution of the penalty system (PS) with the initial
condition U(0) =V, (0) = 7,

B = {[2£,0,0,X] € (0,+00) x R* x R x I; k positive integer},

Lo ={[T,V,1,\] € [0,+00) x R* x R x I; U7 \(T,V) =V, e; \(T,V) =7},

Co = (£, \ (0,+00) x {0} x {0} x I) UB,

Cg—the component of C, containing [3)_75’ 0,0, o],

to (V) = inf{to; 7§ \(t,V) > 0 for t € [0,%0], 0 , (to, V) = —2kn} if V ¢ Sx—the
time of k-circuits of Pr, PxUg (-, V) around the origin.
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Remark 3.1. The properties of the branches C,, CS were studied in [7]. At this
moment we recall only that C, is closed and contains the closure of £, \ (0, +00) x
{0} x {0} x I, for [T, V, 7, A] € C, we have either |V| > 0,7 >0or |V|=7=0, and
that the only points in C, with 7" > 0, 7 = 0 are [%,0,0,)\0], k positive integer.
See [7], Observation 2.2.

Lemma 3.1. IfV,, — 0, “‘f—:‘ W, 1, = 1€[0,00], A\ > A€ (A, — &AM +8),
Us (T, W) =W, T >0 then t’g;" (Vo) — té;(W) for any positive integer k.

Proof. It follows from (1.1b) that there is 6 > 0 such that
Con(t W) < —2kx for all t € (tg (W), tg (W) +9).

Let tg € (t’g;(W) t’”( W) + 6) be fixed. Then gpo’;" (to, Vn) < —2km for n large
as a consequence of [7], Lemmas 2.4, 2.5. Hence, there is ¢/, € (0,%y) such that
gog A (t,, Vi) = —2kn due to the continuity of gok (-, Vi) That means tk (V) <
to. But to > tO,)\(W) was arbitrarily close to tO,)\(W) and therefore

lim sup tk o " (Vi) < t'SK(W)

Let ¢;, be an arbitrary subsequence of t; ’T" (V ), ti, — t’. As a consequence of [7],
Lemmas 2.4, 2.5 we obtain gpo’ o (tln,Vln) — @y’ )\(t’ W), ie. ¢y )\(t’ W)= —-2kn. It
follows that ¢’ > 0, t W) < t’ . This holds for an arbitrary converging subsequence
and therefore lim inf tk (Vo) = t’g:;(W), which together with the above estimate
gives tk (V) — tOJ\(W). O

In the paper [7], the following general assumptions were considered: there exist
00>0,7>0,ty >0, A1, Ay € I such that

(GA) if [T,V,7,A] €CY, 0€(0,00) then v<T <tp, A€ (A1,A),
{ for any U € 0K, |U| >0, X € [A1,Aq]

(NS) there is Z € K such that (B\U,Z —-U) >0

The condition (NS) means that the linearized inequality (LI) has no stationary so-
lution in 0K for A € [Aq, Ag]; for Ay = Ay, — &, Ay = Apy + € this is a consequence of
our assumption (1.1b) in the setting of Section 1. The existence of a bifurcation point
of (I) was proved under the assumptions (p), (G), (L), (GA), (NS) (see [7], Theo-
rem 1.2). We will see that our Theorem 1.1 follows from [7] by using the following
assertion.
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Lemma 3.2. If (1.1), (1.2) hold then the assumption (GA) is fulfilled with v =
g0t =Tar + 7, Ay = Ao — & Mg = Ay + €.

Proof. (Cf. the considerations in [7], Model Example.) Set
, 2
CéVf = the component of {[T,V,7,A] € Cg; v < T < tp} containing [w—z, 0,0, )\0}

(see Observation 1.1). We will see later that in fact Céw = Cy. First, let us show that
there is g9 > 0 such that

(3.1) if 0 € (0,00), [T,V,7,\] € C}" then X € (Ay, As).

Suppose by contradiction that this is not true. Since Ag € [A,, Ay] and
[3—2,0,0,)\0] € Cg/[ for any o > 0, we obtain by using the connectedness of Cg/[
that there are g, — 0, [Ty, Vi, Tn, A] € Cé\:{, T, € [v,tm), Tn — T, 7 — 7 € [0, +00]
and either A = Ay or A = Ay. It follows from [7], Observation 2.3, Lemma 2.1
and the T,-periodicity of U;:')\n (t, Vo), T, < ty that |V,| — 0. We can suppose
Igl — W. We have U;:')\n (T,,V,) =V, and the limiting process in this equation
divided by [V},| (see [7], Lemma 2.4 or 2.5) implies that Uj (T, W) = W, T > ~.
This contradicts (1.2) or the fact that for 7 = 0, (LPE) coincides with (LE) and
therefore it has a periodic solution only if A = )¢ under the assumption (u).

Further, we will show that g9 > 0 can be chosen such that

[Tv‘/vTv A} 7é [5_7370’07/\0}7

if o€ (0,00), [T,V,7,\] € CM
s { 0 € (0,00). [TV,

Q b
then [T — 17, (V)] <.
To prove (3.2), let us show first that for gy small enough

[T,V,7,\] # [222.0,0,\o], m =1,2,...,

wo

o

(33 lfQE (0,90)3 [Ta‘/aTa)‘] GCM
. then there is a positive integer k such that |7 — tg;(V)| <.

Indeed, otherwise there would be [T, V,,, Tn, An] € C% such that o, — 0, |[V,,| > 0,
T, — tg;n(Vn)| > ~ for all k positive integer. We have |V,,| — 0 by [7], Observa-
tion 2.3, Lemma 2.1 and the T),-periodicity and we can suppose [T}, Vi, Tn, An] —
[T,0,7,A], “‘i—"l — W. We have U]" , (T},,Vn) = V,,. The limiting process ([7],
Lemma 2.4 or 2.5) gives Ug (T, W) = W, T > v, and it follows by using (1.1), (1.2)
and (3.1) that T' = t’g;(W) with some positive integer k. Lemma 3.1 ensures that
tox" (V) — tg'3 (W) and therefore | Ty, — tg'" (Vi)| < [T = T|+ T — tg 3" (Va)| — 0,
which is a contradiction and (3.3) is proved.
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Further, denote

o

L M, 4T 2n
cl={[T,V,m, A eCM; >0, T O’A(V)\<7}U{[WO,O,O,)\0”.

Let us show that

(3.4) dist (c;, [%,O,O,AOD >0 for all k > 1.

If this were not true then we would have [T}, Vi, 7, An] € Cé”, [Ty Vi, Try An] —

[%,0, 0, \o] with some k > 1, H‘Z\ — W, [T, — g, (Va)| <. The limiting process
([7], Lemma 2.5) gives U, (T, W) = W. Hence, Lemma 3.1 implies tors, (V) —

t9, (W)= 2= 2kn _ 2n - P}y Observation 1.1, which is a contradiction.
0,)\0 wo wo wo

Let us realize that

2
(3.5) {—n, 0,0, )\0} € int C; where int means the interior with respect to Cé\/[.
wo

Indeed, otherwise [Th,, Vi, Tn, An] € Céw would exist such that [T}, Vy, T, An] —
[22,0,0, Ao, [T — t5\, (V)| = 7, ‘&:l — W. We would have Ug,(Z,W) = W
by [7], Lemma 2.5 and therefore tg" (Vi) — t87)\0 (W) = i—’(‘) by Lemma 3.1, a con-

tradiction.

Let us show that C; is open in Cé” for any o € (0, o) if 0o is small enough. If C;
is not open then according to (3.5), there exists [T, V,7,A] € C;, 7 > 0, [V] > 0 (see
also Remark 3.1) such that in any neighbourhood there is [T, V', 7/, X'] € C}'\C}. Tt
follows that if C;n are not open for some g,, — 0 then there are [T},, Vi, Tn, An] € C;H,

T >0, Vo >0, [T, VI 1], Al ] € Céx{\Cln, |V!| > 0 such that |T,, =T | < |Val, [Va—

VI < |\Val, 170 = 75| < [Val, [An = N,| < |Vi|. We have |V,,| — 0 by [7], Observation

2.3, Lemma 2.1, we can suppose T,, — T, “‘f—‘ — W and obtain also T, — T,
v/

i — W. We have |T,, —tg7 (Va)| <, [T, — tlg)\:/(V,m < v with some k,, > 1 by
the definition of C} and (3.3). If k, — oo then there are k], such that ¢, (Z,) — 0
for Z, = U(I;S\, (tlg’;;:,T’/L(VA), V). We have |Z,,| — 0 ([7], Observation 2.3, Lemma 2.1)

and we can suppose é:l — Y. We get Ug (5 ,(Y),Y) =Y by [7], Lemmas 2.4, 2.5

and therefore tgfg\, (Zn) — t5,(Y) = I' by Lemma 3.1 and (1.1c), a contradiction.
Hence, k,, must be bounded and we can suppose that our sequence is chosen such
that k,, = k with some k. Then we obtain by using (1.1c)

T =TT, > limty T (Vi) =7 = t65(W) =5 > 5 ,(W) + (k= ) =,
T =1lmT, <limtgy (Vo) +v=15,(W)+~.
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We have (k— 1)I" —~v > I' — v > ~, which is a contradiction and therefore C; must
be open in Cé‘/f .

Let us show that C} is also closed in Cé” for any o € (0, go) if o is small enough. If
C} is not closed then (according to (3.4), (3.5)) there exists [T, V,7,A] € C}\C}, 7 >
0, |[V| > 0 such that in any neighbourhood there is [T", V' 7/, N] € C1 Particularly,
if C;" are not closed for some g, — 0 then there are [T},, Vj,, Tn, n] € Cé\:{ \Cln,

™ >0, |V >0, [T}, V), 7, Al € C, 1), > 0, [V/| > 0 such that |T;, — T},

Vo = V2| < \Valy |t = 7L < |Valy |An — AL| < |Vn|. We have |V,,| — 0 by [7],
Observation 2.3, Lemma 2.1, we can suppose T,, — T, &"l — W and obtain also

T —T, — W. We have |T,, — t’g)\:(Vn)\ < v with some k, > 1 by (3.3) and

W—’/‘
[T — to”}« (V] < 7. Analogously to the proof of the openess, we can show that k,
must be bounded and we can suppose that our sequence is chosen such that k, = k
with some k. Then we obtain by using (1.1¢)

T =lmT, > limtg" (Vo) — v =tg 3 (W) =y = t5 (W) + (k— 1) — 7,
T=1mT) <lim to")\, (V) +7 =t (W) + 7.

This is a contradiction and C; must be closed in C é” .

Hence, if gg is small enough then C; is nonempty, closed and open in C é” for any
0 € (0, 00), that means C} = C}' and (3.2) is proved.

We obtain from (3.2), (1.1¢) and Observation 1.1 that

(3 6) if Q G (0’ QO), [T, V’ T’ )\} CJ\/[’ [T7V.77_7 A:I # [3_7(:’0’07 AO:I’
. then v < I' =y <t \(V) =y < T <tg (V) +v<Tm +v=tm.

It follows by using the connectedness of Cg that Cé‘/f = Cg. The assertion of Lemma
3.2 follows now from (3.1) and (3.6). O

Proof of Theorem 1.1. It follows from Lemma 3.2 and [7], Theorem 1.2
that there is a bifurcation point Ay € [A,, —&, Ay +&] with the properties announced
in our Theorem 1.1. Particularly, Ugf)\l(-, W) is nonstationary periodic for some W,
[W| > 0, and therefore A\; € (A, Aps) by (1.2). At this moment, also the assertion
of Remark 1.5 is obvious. O
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