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Abstract. Variational inequalities

U(t) € K,
(U(t) = B\U(t) = G\ U(t)), Z-U(t)) >0 forall Z€ K, aa. tel0,T)

are studied, where K is a closed convex cone in R¥, x > 3, By is a k X k matrix, G is a
small perturbation, A a real parameter. The assumptions guaranteeing a Hopf bifurcation
at some \q for the corresponding equation are considered and it is proved that then, in some
situations, also a bifurcation of periodic solutions to our inequality occurs at some \; # Ag.
Bifurcating solutions are obtained by the limiting process along branches of solutions to
penalty problems starting at A\g constructed on the basis of the Alexander-Yorke theorem
as global bifurcation branches of a certain enlarged system.

Keywords: bifurcation, periodic solutions, variational inequality, differential inequality,
finite dimensional space, Alexander-Yorke theorem
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0. INTRODUCTION

Let K be a closed convex cone with its vertex at the origin in R”, x > 3. Consider
a bifurcation problem for the inequality

, Ut) € K,
) (U{t) - F\U(t), Z-U(t)) =0 forall Z€ K, aa. te0,T)

The research was supported successively by the grants No. 201/95/0630 and 201/98,/1453
of the Grant Agency of the Czech Republic
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with a bifurcation parameter A € I, I being an open interval in R. Here F': I xR"* —
R* is a smooth mapping, F'(A,0) = 0 for all A € I. We will write FF(A\,U) =
B)\U + G(\,U) where B, is a real matrix of the type x x x depending continuously
on the parameter A and G: I x R* — R" satisfies the conditions

(®) GO U) = 0(U?),

) for any A1,As € I, A1 < As, R > 0 there exists C' > 0 such that
‘G(/\, Ul) - G()\,UQ)| < C‘Ul - UQ‘ for all A € [Al,A2], |U1‘, ‘U2| < R.

By a solution of (I) on [0,7) we mean an absolutely continuous function satisfying
(I) for a.a. t € [0,T).
It is proved in [8], [5] that if a Hopf bifurcation of periodic solutions to the equation

(E) U(t) = F(\U(®))

occurs at some Ag and certain additional assumptions are fulfilled then there exists
also a bifurcation point A\; of our inequality at which periodic solutions to (I) bifur-
cate from the branch of trivial solutions. The main results in [8], [5] either ensure
the existence of such a bifurcation or explain in a certain sense why a bifurcation
does not occur. A basic idea was to join the inequality (I) with the corresponding
equation (E) by a certain homotopy and to show that the bifurcation point Ay of
the equation is transfered to a bifurcation point of the inequality by this homotopy.
The joining mentioned was given in [8] or [5] by a system of inequalities on suitable
deformations of the cone K or by a system of penalty equations, respectively. This
approach represents a certain nontrivial modification of the method for the inves-
tigation of bifurcations of stationary solutions to inequalities given in [6] (see also
[7]). In the papers mentioned, the problem of investigation of periodic solutions was
first transferred to that of the study of fixed points of a suitable mapping. These
fixed points were initial conditions of periodic solutions of the inequalities on de-
formed cones or of the penalty problems. A certain modification of the well-known
Rabinowitz global bifurcation theorem [13] was used to such stationary problem for
the proof of the existence of a branch of periodic solutions of the inequalities on de-
formed cones or of the penalty equations representing the joining mentioned above.
One of the main difficulties was the definition of a suitable mapping. (It was im-
possible to use directly the classical Poincaré map.) In the present paper, we use
the Alexander-Yorke global bifurcation theorem [1] for the study of the branches of
periodic solutions to the penalty problem. This approach seems to be more general
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than that from [8], [5] and essentially simpler even if it is necessary to use a more
complicated penalty problem.
Of course, the corresponding linearized equation

(LE) U(t) = BaU(t)
and the “linearized inequality”

- Ut) € K,
(LD (U@t) —B\U(t), Z - U(t)) > 0 forall Ze K, aa.t> 0

play an essential role. Of course, the problem (LI) is only positively homogeneous
but strongly nonlinear again. One of the basic difficulties is that there is no real
linearization of the problem (I).

The main results are formulated and explained in Section 1. Theorem 1.1 describes
the properties of the branches of solutions to our penalty system. Theorem 1.2 gives
the existence of a bifurcation point for the inequality (I) and Theorem 1.3 explains
how the bifurcating solutions are obtained. In Section 2, some basic properties of
the problem with the penalty are described. Proof of the main results based on the
Alexander-Yorke global bifurcation theorem for equations is given in Section 3.

Notice that an elementary approach to the investigation of bifurcations of periodic
solutions to inequalities (I) in the special case k = 3 was given in [3] and it was
developed for the study of the stability of bifurcating solutions in [9].

1. MAIN RESULTS

Set (U, V) = Zuzvz,\UP (U,U) for U = [u1, ..., ug), V= [v1,...,04].
Basic Assumptlons 1.1. We will always suppose that there is A\g € I such that

for A = Ao, there are exactly two eigenvalues =+ iwg, wp > 0, of By,
on the imaginary axis,
() for A € I'\ {Xo}, there is no eigenvalue of By on the imaginary axis,

the real parts of the eigenvalues of B) near =+ iwy change sign

as A increases past Ag.

Denote by Pk the projection on K, i.e. PxU for U € R" is the unique point from
K satisfying
|PkU — U| = min |V = U|.
VeK
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Set 3 =1 — Pg. For any p > 0, we will consider a system of penalty equations

(PS) { ('7(t) = BAU(g)(:' G\ U(t )2) —e(t)BU (1),
E(t) Q THe)] + |U( )‘

and the “linearized” penalty equation
(LPE) U(t) = BaU(t) — 78U (t)

where 7 is an additional real parameter. Notice that the second equation in (PS)
can be written with an emphasis on the linear term as

(0 = —2<(0) + PTIER WO
Remark 1.1. We obtain (E) and (I) in a certain sense from the first equation
in (PS) for £ = 0 and e — 400, respectively (precisely see Lemma 2.4). Hence, the
penalty system (PS) can be understood in a certain sense as a homotopy joining our
inequality with the corresponding equation. Cf. also [5], Remark 1.2, Theorem 2.3,
where only the first equation from (PS) with a constant € = 7 was considered.

Notation 1.1.

K9 OK——the interior and the boundary of K,

U (5 V), €] A(+, V)—the solution of (PS) satisfying the initial condition U(0) =
V,e(0) =,

Ug.a(+, V)—the solution of (LPE) satisfying the initial condition U(0) =V,

URe(, V), UgS (-, V))—the solution of (I) and (LI), respectively, satisfying the initial
condition U(0) = V.

Set
B = {[@ 0,0, )\0} € (0,+00) x R* x R x I'; k positive integer},
Lo, =A{[T,V,,\] € [0,+00) x R* x Rx I; Uy \(T,V) =V, e, \(T,V) =7},
Co= (L, )\ (0,+00) x {0} x {0} x I) UB
and denote by CO the component of C, containing [ ,0,0, Xol.

We will see in Observation 2.2 that if [T,V,7,A] € Cp, T > 0 then either |V| =
7 =0or |[V] >0, 7 > 0. Particularly, the only points in C, with "> 0, 7 = 0
are [%,0,0,)\0], k positive integer. Now, if [T,0,0, A] lies in the closure of £, \
(0,+00) x {0} x {0} x I, T > 0 then there are [T, Vs, T, An] € L, such that
[To, Vi, Ty An] — [T,0,0,A], |V| > 0, 7, > 0. We have U;")\”(Tn,Vn) =V, and if
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Vo — W then US’A(T, W) =W (see Lemma 2.5 below). Under the assumption (),

Vil
this can occur only for A = Ay, T = % with £ positive integer. It follows that C, is

closed and contains the closure of £, \ (0, +00) x {0} x {0} x I.

Theorem 1.1. Let the assumptions (1), (G), (L) be fulfilled. Then for any ¢ > 0,
CY is a closed connected and unbounded set in [0,400) x R x [0,400) x R either

containing a point of the type [0, V, 7, A] or having the following property:

if [T,V,7,)\ € Cg,T #0 thenT >0, 7>0, U7 (-, V), €] \(,V) are
(1.1) ’

T 5 elA(tV)
0o @ 1+\i';,)\(t,V)\ dt.

(nonstationary) T-periodic and fOT U7\, V) dt =
Remark 1.2. If U, ¢ is a solution of (PS) and U is constant then e cannot
be nonconstant periodic. Hence, if [T,V, 7, € Cg, T >0, Uy ,(,V) is constant
then also €] (-, V) must be constant. If at the same time [V| > 0, 7 > 0 then we
get [t,V,1,)\] € Cg for all ¢ > 0. In particular, if Cg contains no point of the type
[0,V, T, A] then U;)\(-, V), 5;)\(~, V') are T-periodic nonstationary for any [T, V, 1, \] €
Cy, VI >0,7>0.

Basic Assumptions 1.2. We are interested in situations when the set Cg in
Theorem 1.1 is unbounded in 7 and the condition (1.1) holds for ¢ small enough.
Then small periodic solutions of (I) can be obtained by the limiting process 7 — +00
along the branches CS (see Theorem 1.3). Therefore we will suppose that there exist
00 >0,v>0,ty >0, A1, Ay € I such that

(1.2) if [T,V,7,\] €CJ, 0€ (0,00) then v < T < tar, A € (A1, As).

To exclude the existence of stationary solutions of (LI) and simultaneously the exis-
tence of a bifurcation of stationary solutions to (I), we will assume that

for any U € OK,|U| >0, XA € [A, A
(1.3) { Yy |\ [1 2]

there is Z € K such that (B\U,Z — U) > 0.

(The condition (1.3) means that for any U € 0K, |U| > 0, B\U does not lie in
the normal cone to K at U.) We will explain on Model Example 1.1 below how
the assumptions (1.2), (1.3) can be verified. In fact, this example can be treated
by a more elementary approach (see [3], [9]). However, our aim is not to solve
complicated examples where main ideas are hidden in technical computation. More
general examples in R”, x > 3 will be contained in a forthcoming paper.
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Remark 1.3. If we supose (in addition to (1.3)) that
(1.4) B\U — 78U #0 for all [U|#0, 7 >0, A € [A1,Aq],

that means the linearized penalty equation has no nontrivial stationary solution for
the parameters under consideration, then we can omit the lower estimate 7" > v in
the assumption (1.2) because it is fulfilled automatically. See Appendix for details.
Note that the inequality in (1.4) for U € K or 7 = 0 follows directly from the
assumption ().

Theorem 1.2. Let (1), (G), (L) and (1.2), (1.3) be fulfilled. Then there exists
a bifurcation point A\; € [A1,As] of (I) at which periodic (nonstationary) solutions
of (I) bifurcate from the branch of trivial solutions. Precisely, there exist T,, €
(v,tam), An € [A1,A2], V,, € R® such that |V,| — 0, Ay — Ar and USS(+,V,,) are
T,.-periodic (nonstationary) solutions of (). If T,, — T, I“;_:\ — W then Ugs, (-, W)
is (nonstationary) T-periodic.

Proof of Theorem 1.2 follows directly from the following Theorem 1.3 explain-
ing how bifurcating solutions of (I) can be obtained by using branches of solutions
of the penalty problem. O

Theorem 1.3. Let (u), (G), (L) and (1.2), (1.3) be fulfilled. Then for any
0 € (0, 00) there exists at least one sequence {[T,, Vi, T, An]} C Cg such that T,, —
T, Voo — Vo, 70 — 400, Ay — A,. For any such sequence we have T, € [y,tm],
Ao € [A1,A2], |V,] >0,

(1.5) U, (Vi) = URS(+, V) in C([0,tam]) and weakly in W3 (0,tr),

TQ
(1.6) /0 U (¢, V)2 dt = 0°T,

where US(+,V,) is a T,-periodic (nonstationary) solution of (I).
If 9, — 0 andV,, , \,, areobtained by this procedure then |V, | — 0. Particularly,
any accumulation point A\; of A, is a bifurcation point of (I) announced in Theorem

1.2. If o, = 0,T,, — T, &Q)Z‘ — W then Ugs, (-, W) is (nonstationary) T-periodic.

Model Example 1.1. Set k = 3, K = {U = [u1,u2,u3) € R3; uz > 0,u3 > u1},

A\ 1,0
N0
0

By=| -1
0,0, —1

)
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I =R Let G: R* — R be a mapping satisfying (G), (L), G = [g1, 92, 93]. For
simplicity, let us suppose that

(1.7) g3s(A\,U) =0 for all A € R, U = [ug,ua,us], uz < 0.

We will show that the assumptions of Theorem 1.2 are fulfilled and that the existence
of a bifurcation point A; € (0, 1) of the inequality (I) follows.

The eigenvalues and the corresponding eigenvectors of By are pi2(A) = A £ 1,
,u3(/\) = —1 and WLQ(/\) = U1 ZtiUQ, W3()\) = U3 with U1 = [1,0,0], UQ = [0,1,0],
Us =1[0,0,1] for all A € R. Set

PrLU = [uy,u9,0], PLU = [—uz,u1,0] for U = [uy, uz, us).

The linearized equation (LE) has the form

ﬂl(t) = )\ul(t) + Ug(t),
(18) ﬂg(t) = *Ul(t) + )\Ug(t),
3(t) —u3(t).

U

Its solutions (with the exception of those starting on Lin{U3}) circulate around the
Us-axis and tend to the plane Lin{U;, Us}.

The assumption (1.3) is fulfilled for any Aj, As.

In accordance with the comment after the definition of C,, we will consider only
7 > 0 in the sequel (see also Observation 2.1 below). Taking into account the
assumption (1.7) and the direction of SU, it is easy to see that

ifo>0,V =[v1,va,v3], v3 20, 720, A€ R,

U(E) = (1) ua(t). s ()] = U5 (V)

(1.9) then ug(t) > 0 for all ¢t where U(¢) is defined ;

all periodic solutions of (PS) and (LPE) with any 7 > 0, A € R
lie in the halfspace {U € R%; u3 > 0}.

Hence, we need not deal with points U, us < 0 in our considerations.
We have PkU =U for U € K,

PrU = [ul ;ru?’,uz, | ;u;),} for all U = [uq,u2,us|,u; > ug >0,
. (uz —u1)” (uz —u1)~ .
BU = [ 5 ,0,— 5 } for all U = [uy, ug, us], us = 0.
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In the halfspace {U € R®; uz > 0} the first equation in (PS) reads

a1(t) = Mg (t) + uz(t) + g1 (A, U(t)) — e(t) L2 @)
(1.10) da(t) = —us(t) + Aug(t) + g2(A\, U (1)),
as(t) = —us(t) + gs(\, U(t)) +e(t) el

In what follows, we will explain only the main ideas. Precise proofs of the assertions

(1.11)—(1.16) using some general facts from Section 2 will be given in Appendix.

Denote by 77 ,(t, V), ¢, \(t,V) and r{ (¢, V), ¢ (¢, V) the polar coordinates of
PLPxU] \(t,V) and of PLPxUg ,(t, V'), respectively, in the plane Lin{U, Uz} with
the angle measured from Pr PgV. In other words, we have @E’A(O, V)y=o0,

PLPgU] (1, V) =1y, (t, V)[cos (@E’A(t, V) + g@v) - Uy + sin (<p;)\(t, V) + <pv) . Ug]
for t € [0,%0) if |PLPxU] \(t, V)| # 0 on [0,%) where
PLPgV =1} ,(0,V)(cospy - U +sinpy - Us),
and analogously for 7§ ,(t,V), ¢g \(t,V). For V ¢ Lin{Us} set
ox(V) =inf{to; 7, 5(t,V) > 0 for t € [0,%0], w, \(to, V) = —21}.

Hence, t} (V') is the time of one circuit of PLPxU] (-, V) (and simultaneously of
U; A(-,V)) around the axis Us if it is finite. Analogously we define #j , (V).
Writing
(S (PLPgU],\(t,V)), PLPU (8, V)
|PrPxUZ (V)2

¢;,)\(t> V) =

and analogously for ¢f ,(f,V), we can prove by using (1.10), (1.9) that there are
€ (0,1), o1 > 0 such that

if 7 €[0,4+00], A< 1, W= [wy,ws, ws] ¢ Lin{Us}, ws >0,

then g ,(t, W) < —n for all t > 0

(1.11) ifo>0, 7€[0,400), A<1, V =[v1,v2,v3], v3 >0,

U7\, V) ¢ Lin{Us}, U7 ,(t,V)| < o1 for t € [0,1]

then ¢7 \ (t,V) < —n for all ¢ € [0, 1],

which means PxUg ,(t,W) and PxU] ,(t,V) circulate around the Us-axis with the
velocity greater than 7 under the assumptions considered. We will choose a fixed
n € (0,1) such that (1.11) holds, n # +, k =1,2,.. ., and set
2n
tay = — (tM > 2, 7& 2kn, k= 1,2,...).
n
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A simple calculus of the expressions %(\U&)\(t, W)?), %(\PKU&)\(L W)|?) shows
that if Ug (-, W) were periodic and 7 € (0,400}, A < 0 or A > 1 then |Ug (¢, W)|
would decrease or |Pr Uy ,(t,W)| would increase, respectively, during one period.

This is impossible and therefore

(112) f W e R, [W|>0, 7€ (0,+0c], Uy ,(T,W) =W, T >0 then A € (0,1).
Further, let us consider fixed v € (0,7), £ > 0. Set
Céw = the component of {[T,V, 1, )] € Cg; v < T < tp} containing [27,0,0,0].

(We will see latter that in fact Céw = (Y.) We will show that there is g > 0 such
that

(1.13) if 0 € (0,00), [T,V,7,A] € C}" then X € (=¢,1).

Idea of the proof: Cé‘/f is connected and starts at A = A\g = 0. If (1.13) were true for
no oo then for arbitrarily small o, Cé‘/f would contain a point [T, V, 7, A\] with [V| >0
and A =1 or A = —¢{. (This need not be true with { = 0). We have U] ,(T,V) =V
and the limiting proces for ¢ — 0 (using the fact that small solutions of (I) and (PS)
with small ¢ behave similarly to those of (LI) and (LPE), respectively, by virtue of
the assumption (G)) would give Ug , (T, W) = W with some T € [y,tn], |[W| = 1,
T € [0,00] and A = —¢ or A = 1. This would contradict (1.12) or, in the case 7 = 0,
the fact that (1.8) has periodic solutions only for A = 0.

It is possible to show that the assumptions of the second part of (1.11) are auto-
matically fulfilled if [2kw,0,0,0] # [T, V, 7, )] € Céw with ¢ small enough. Hence,

it 0 € (0,00), [T,V,7,A] €CM, [T, V,7,\| # [2kr,0,0,0], k=1,2,...,

(1.14) then U7 (¢, V) ¢ Lin{Us}, ¢7 \(t,V) < —nforallt >0,

v < t;)\(V) <ty, T > t;A(V).

Idea of the proof: It follows from the second equation in (PS) (which plays a role of a
norm condition—see Observation 2.3) and the T-periodicity that if [T, V,7,A] € C é” ,
o is small enough then |U7 (¢, V)| < o1 for t > 0 (g1 is from (1.11)). If there were
on — 0, [2kn,0,0,0] # [T, Vi, Tny An] € Cé\f, tn =0, U;:ﬁ)\n(tn,vn) € Lin{Us} then
we would obtain the existence of a nontrivial periodic or stationary solution to (1.8)
in Lin{Us}, which is impossible. Hence, U7 (¢, V) ¢ Lin{Us} for ¢t > 0 and we can
use (1.11). Thus, any trajectory under consideration circulates around the Us-axis.
Particularly, more than one half of such a trajectory lies in K° where it coincides
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with that of (1.8) and consequently v < ¢} (V). The other estimates follow from
(1.11).

The branch Cg is connected and for [T, V, 7, \] near [21,0,0,0], the period T as
well as t7 (V) are close to 2m. This together with (1.14) (guaranteeing a uniform
circulation around the Usz-axis) leads to the conclusion that

for any o € (0, go) there exists § > 0 such that if [T, V,7,\] € Céw,
(1.15) [T,V,7,\] # [2%,0,0,0], |T — 21| <4, |V| <, 7<6, [\ <9I
then V' ¢ Lin{Us}, T =17 (V).

It follows from (1.15), the connectedness of Cé” and the continuous dependence of
tp (V) on parameters that

(1.16) if 0 € (0, 00), [27,0,0,0] # [T, V,7,A] € C),
then V ¢ Lin{Us}, T =t ,(V).

Now, we can conclude that
(1.17) it [T,V,1,)\] € Cg then v < T < tpr (in particular, Céw =CY).

Indeed, if this were not true then it would follow from the connectedness that there
exists [T,V,7,A] € C})' with T =~ or T = ty. It would be T' = t7 , (V) by (1.16)
but this would contradict (1.14).

It follows from 1.13) and (1.17) that the condition (1.2) holds with A; = —¢,
Ay = 1. However, £ > 0 was arbitrary and therefore we obtain the existence of
a bifurcation point A; € [0,1] from Theorem 1.2. The cases Ay = 0, A\; = 1 are
excluded by the last assertion of Theorem 1.2 and by (1.12) for 7 = 4o00. This
means A; € (0,1).

2. PROPERTIES OF THE PENALTY SYSTEM AND OF THE INEQUALITY (I)

Remark 2.1. The solution of (PS) and of (I) (for fixed o > 0, A € I, 7 € R,
V € R* and V € K, respectively) is unique and exists at least on some interval
[0,T5), To > 0. Further, if T > 0 and a solution of (PS) or of (I) is bounded on
any subinterval of [0,T) on which it is defined then it exists on [0,7). For (PS),
this follows from the standard theory of ODE’s (see e.g. [10]). For the inequality (I)
see [2]. Particularly, Ug (-, V) and UgS (-, V) always exist on [0, +00) for all A € I,
T€R, VeR" and V € K, respectively. For 7 finite, the boundedness on any finite
interval follows from estimates analogous to those from the proof of Lemma 2.1 which
becomes simpler in the case G =0, €(t) = 7. For 7 = 400 cf. [8], Lemma 2.1.
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Remark 2.2. The operators Px, = I — Pk are lipschitzian and

(P) (BU,U) >0 forall U ¢ K, U =0 if and only if U € K,

(H) B(tU) =tpU for allt > 0, U € R* (f is positively homogeneous),
(M) (BU =BV, U —=V) >0 for all U,V € R* (i.e. 8 is monotone),
(Pt) BW = %grad\ﬁW\Z (i.e. B is potential)

(see [14]).

Lemma 2.1. Let A{,Ay € I, Ay < Ao, tpr > 0. Then there exist oo > 0, r > 0,
C > 0 and for any 7* > 0 there is Cr+ such that if o € (0,00), V € R*, |V] < 0o,
A € [A1, As] then

Uia(V), €55 (5 V) exist on [0,ty + 1) for any 7 > 0,

(2.1) Uz (V)P < |V[Pe™ forallT >0, t € [0,ta + 1),
UT\(t, V)2 < Cre|V[2e™ for all 7 € [0,77], t € [0,tar + 1).

Proof. Choose g > 0. It follows from (G), (L) that there exists C' > 0 such

that
|G\ U)
U]
Consider a fixed p > 0, V € R*, |V]| < 9, 7 > 0, A € [A1,As] and set U(t) =
Uit V), e(t) = €} ,(t,V). Tt follows directly from the second equation in (PS)
that if 7 > 0 then e(t) > 0 for all ¢ for which our solution exists. Multiplying the

first equation in (PS) by U(t) and using (P) (see Remark 2.2) we obtain

< Cforall Ul <o, A€ [Ar,Ag).

%(IU(t)\Q) = (UM, U®) = (FAU(®) - U(t))
< (BAU(t) + G\ U(1)),U(t)) < C1|U(t)|? for t such that \U(t)|

N =

with some C; > 0. The Gronwall lemma implies
|U@®)|* < |V[%e" for all t € [0,t0) if |U(t)] < & on [0, o)
with 7 = 2C;. If 9§ = §%e~"(*»+1) then we obtain
|U®)|* < ° for |[V| < 0o, €[0,tp +1)

and the first estimate in (2.1) follows. Further, suppose that g € (0, gg). We obtain
from (PS) that —o? < &(¢) < |U(t)|? for t € [0,¢ps + 1]. Hence, for any 7* € [0, +00)
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there is C;« such that |e(t)| < Cr« for all ¢ € [0,tp + 1) if 7 € [0,7%], €(0) = 7.
Particularly, Remark 2.1 ensures the existence of our solution on [0, ¢ + 1).
Further, it follows from (PS) and the above estimates that
(U®),U@®) <|(BAU(t) + G U(®)) —e()BUR),U(1))|
CHUM|U )] + Coe |U(@®)[|U ()| for t €[00 + 1)

NN

if |V| < o, 7 €[0,7*], and therefore the second estimate in (2.1) is a consequence of
the first. O

Observation 2.1. If p > 0, A € I, U, ¢ is a nontrivial periodic solution of (PS)
then &(t) > 0 for all ¢. Indeed, if £(¢) < 0 for some ¢ then we obtain from (PS) that
£(t) > 0. (We use the fact that £(¢t) = |U(t)] = 0 can occur only in the case of the
trivial solution.) Hence, if £(tp) < 0 for some t then e(t) > e(to) for all ¢t > ¢y and
therefore € cannot be periodic. Particularly, we have 7 > 0 for any [T, V, 7, A] € C,.

Observation 2.2. If [T,V,7,A\] € Cp,, T > 0, A € I, |[V| 4+ |7| > 0 then |V| > 0,
7 > 0. Indeed, 7 > 0 follows directly from Observation 2.1. If |V| =0, 7 > 0 then

oa(t,0) =0 and €] (¢, V) is the solution of ¢ = fQZﬁ‘gl, €(0) = 7 which is not
periodic, that means [T,V, 7, A] ¢ C, for T' > 0.

Observation 2.3. If [T, V,7,A\] € C,, T'> 0, U(t) = U] \(t,V), e(t) = €} ,(t,V)

then there exists to such that |U(t)| < ¢. Indeed, otherwise we would have

. e(t) 2 2 2
t) = —0*———— +|U(t — =0forallt>0
(t) Ql+|€(t)|+\ ) >—-0"+o or a

which contradicts the condition ¢(T") = 7 (= ¢(0)).

Remark 2.3. Any solution of (PS) fulfils £(t) > —¢?. Particularly, if gy is from
Lemma 217 Qn e (03 QO): ‘Vn‘ < QO? )\n E [AlaAQLTn - +OO7 then

(2.2) lim inf )" (¢,V,)=+oo.

n—o0 te[0,tps] 9™
Lemma 2.2. Let ty; > 0, A, A € I, Ay < Ao, let o9 > 0 be from Lemma 2.1.

Then there exists C > 0 such that if U7 \(-, V'), €], (-, V) are T-periodic, ¢ € (0, 0o),
0<T<tm, |V|< o0, A€ [A1,As], 7 >0 then

T
— [ oAt VUL V). Uga V) e < CTIVE
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Proof. Let U(t) =U;,(t,V), e(t) = €} \(t, V) be from the assumptions. Then
we obtain by using the periodicity and (Pt) (Remark 2.2) that

o:/o %(e(t)\ﬁU(t)\Q)dt:/o SBIBU M) +26(6) (BU ), U (1)) dt.

If T < tpr then Lemma 2.1 gives |U(t)|? < C1|V|? for all ¢t € [0,T]. We can suppose
0o < 1, that means |V|* < |V|2. Hence, we obtain from the last equality and
Observation 2.1 that

T T
72/0 e(t)(BU(t),U(1)) dt:/o E()|BU ()| dt
= [ [ o U OR + U@ OP] dr < oTvIt < oTivE
O

Lemma 2.3. Let tpy > 0, Ay, Ay € I, Ay < Ao, let g9 be from Lemma 2.1.
Then there exists C > 0 such that if U] \ (-, V'), €], (-, V) are T-periodic, ¢ € (0, 0o),
0<T<tm, |V|<o00, >0, A€ [A1,As] then

tm
/ U V)2 dt < VP
0

Proof. Tt follows from Lemma 2.1 and the assumption (L) that
[UgaA (& VI < GV, [FAUZL(E V)] < Co| V]

for all solutions under consideration, ¢ € [0,¢5;]. Multiplying the first equation in
(PS) by UT)\(t V') and using Lemma 2.2 (and the inequality ab < 2; + %) we obtain

[0V a= [ (PO ) - 0 IS VTV

C’2T|V\2

T
gCQ/ V(U7 A8, V)]t + CsT|V[* < . |
0

A& V)P dt+ CsT|V[?
for any § > 0. Choosing § small enough, we obtain
T .
/ U7\ (V)2 dt < CuT V2.
0

Setting k., = max{k; k is positive integer; kT < tps} and using the periodicity we
get

ta |
/ U7\ (V)2 dE < (B + DTGV < 260 Cul VI = CIV2.
0
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Lemma 2.4. Let A1, Ay € I, A1 < Ao, tj; > 0 and suppose that og is from Lemma
2. ]- Oon € (O,QO); 0< T t]V[; )\ S [AlaAZ} V S RH7 |V| 00, Tn € [Oa +OO)7
U;’: "(TmVn) =V, EQ; "(Tn,V) =Tn, Tn — +00, T, =T, N\, = A\, V,, = V.

Then

Uyr (5 Va) = URS(, V) in C([0, tar]) and weakly in W3 (0,ta),
Ue(T,V)="V.

In the case T =0, Us°(-, V) is stationary
If, moreover, V =0, W, = n — W then

OnsAn

Vil

ur Vo
# — UgS (-, W) in C([0,tr]) and weakly in Wy (0, tpr),

U (T, W) =W.

In the case T' = 0, UgS (-, W) is stationary.
Proof. Set U,(t) =Ul", (t,Vn), en(t) =€, (t,V4). The conditions (P),

QnsAn OnsAn
(M) from Remark 2.2, the nonnegativeness of ¢,, and the first equation in (PS) give

tar . tv
/ (U — FOnsUn), Z — Up) dt = / (enBZ — enBUn, Z — Up)dt > 0
0 0
for all Z € L?(0,ty;) such that Z(t) € K for t € [0,tp].

It follows from the first estimate in Lemma 2.1 and from Lemma 2.3 that {U,} is
bounded in W (0,¢5s). Suppose that U,, — U weakly in W3 (0,¢5s). Then U,, — U
in C([0,tps]) by virtue of the compactness of the imbedding and the limiting process
in the last inequality gives

(23) MU~ F(\U),Z—-U)dt >0
. for all Z € L?(0,tys) such that Z(t) € K for a.a. t € [0,tp].
We claim to show that

04 U(t) € K for all ¢ € [0, tp],
24 { (Ut) -~ F\U(t),Z-U(t)) >0forall Z € K, a.a. t €[0,ty].

We have

[ o al = Yl - W] < s

/Otf (Un(t), Un(t)) dt’ _ %
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Hence, it follows from Observation 2.1, (P) and (PS) that there exists Cs > 0 such
that

0< inf =) /0 M B U (1)) dt < /0 (BT (1), Un () dt

s€[0,tnmr
_ /w (Un(t) — F(An, Un(t)), Up(t)) dt < Ce.

It follows from Remark 2.3 that inf ¢,(f) — 400 and we obtain by using (P)

that el
(BU(),U(t)) = im(BU,(t),Un(t)) =0 for t € [0,tp].

Hence, (P) implies the first line in (2.4). Suppose that the second line in (2.4) does
not hold. Let E C [0,ta], Zo € K be such that meas(E) > 0 and

(U(t) — F\U(t)),Zo —U(t)) <0 forallt € E.

Set
Z({t)=Zyforte E, Z(t)=U(t) fort ¢ E.

Then Z(t) € K for t € [0,tp] and Z € L%(0,t5). Hence
t]\4 . .
/ (U—F()\,U),Z—U)dtz/(U—F(/\,U),Z()—U)dt<07
0 E
which contradicts (2.3) and (2.4) is proved. Hence, U(t) = Us°(¢,V). All these
considerations could be done for an arbitrary subsequence of U,, weakly convergent
in W3(0,t5) and it follows that U, — U = Us°(+,V) in C([0,¢5]) and weakly in

W3 ([0, tar)).
Now, consider the case T;, — T = 0. We have

0= Un(T)) -V = /T" U (1) dt = /T" FOu, Un()) — ()80 (t) dt.

Multiply this equation by a fixed Z € K. We obtain
Tn Tn
(2.5) / (FO, Un(t)), Z) dt = / en(t)(BU (1), Z) dt.
0 0
Further,
T,
0= (TP = Vol =2 [ (Ole), Unle))
0
Tn
=2 [ (B0, Ual0) - 008U (0. Un(t) dt
0
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and therefore

/0 "(F(An, Un(1)), Un(£)) dt = / " (en(B)BUL (), Un (1)) dt.

This together with (2.5), (P) and (M) implies that for any Z € K we have
_/ FOw, Un(t)), 7 — :—/ W() = B2, Z —Un(£)) dt < 0.
The limiting proces (by using the fact that 7' = 0 is a Lebesgue point) gives

1 Tn
T_/ (F(An, Un(¥), Z = Up(t))dt — (F(\, V), Z—-V) <0
n Jo

That means U°(t,V) =V is a stationary solution of (I).
The case V = 0 can be treated similarly by dividing all expressions by |V;,| and

using the condition (G). O
Lemma 2.5. LetgnG(O,go)VGR”, >0, M€, |Vo| 20,7 - T€
[0,4+00), An — A, ﬁ — W and either g,, — 0 or 7 = 0. Then
(2.6) e a, (5 Vn) me=7in C*([0,T7]) for any T > 0,
Um . (.,
(2.7) Yoina (- Vn) U (W) in C1([0,T)) for any T > 0.

[Vl

If, moreover, U;’L")\”(-, Vy,) are T,-periodic, T;, — T then U§ \(T,W) = W. If T'= 0
then Us°(-, W) is stationary.

Proof. Set U,(t) = ur ., (t, Vo), en(t) = €0 (t,Vn). Lemma 2.1 implies
that for any T' > 0 there is ng such that (2.1) with ¢, and U}  replaced by T' and
U, holds for all n > ng (i.e. for |V,,| small enough). In particular, we get |U,| — 0
in C([0,T1]) for any T > 0. We have

ealt) = —2 !

T Jen )] +|Un ().

In the case g, — 0, it follows that &, — 0 in C([0,T]), &, — & = 7 in C([0,T]) for
any T > 0. Counsider the case 7 = 0 (and not g, — 0). Since 7,, > 0, we obtain from
the last equation successively that e, (t) > 0 for all ¢, £,(¢t) < |U.(t)|?, and again
en — 0in C([0,T]) for any T > 0, which means that (2.6) holds.

Further, it follows from Lemma 2.1 that 4 27 is bounded in C' 1([0,T]) and therefore
there exists a subsequence convergent in C([0,7]). It is sufficient to show that any
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such subsequence converges in C1([0, T]) to Uga (-, W). We will suppose without loss

of generality that ‘(‘J/—"l — Uy in C(]0,T]) and prove that ‘[é:l — Up in C*(]0,T7),

Uo(t) = Ug A(t,W). We have

Un(t) _ B)\nUn(t) G()‘naUn(t)) _ En(t)ﬁUn(t)
Vil Vil Vil Vil

It follows by using (G), (H) (see Remark 2.2) and (2.6) that

Un(t)
[Vl

— BAUo(t) — 78U(t) in C([0,T]).

Hence, [‘]‘"/(t‘) is convergent in C*([0,T7]), Uo(t) = BaUo(t) — T0U(t), i.e. Up(t) =
UgA(t, W), and (2.7) is proved.

It remains to show that if 7' = 0 then U{ , (¢, W) is stationary. The periodicity of
U, together with the assumption (G) (and the fact that 7' = 0 is a Lebesgue point)

implies

omumm%nm@mAnF@JMm%@mmo@

1 (T B\ Un(t) GO, Un(1) BU,(t)
0= — n et At — ByW — 78W.
A [ TA
This means Ug , (t, W) = W and our assertion is proved. O

3. ALEXANDER-YORKE THEOREM AND PROOF OF MAIN RESULTS
Consider an ordinary differential equation
(3.1) X(t) = HONX(1))
with a real parameter A\ € I, I being an open interval in R. Suppose that H:
I x R® — R® is a smooth mapping, H(A,0) = 0 for all A € I. Hence, we have
H(M\X)=A\ X+ N(\X), Ay is an s x s matrix, N: [ X R® — R?,

(3.2) N\ X) = O(X]?).

We will denote by Xx(¢,Y") the solution of (3.1) with the initial condition Y at ¢ = 0.
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Suppose that there is a set of isolated parameters P = {\1, \a,...} C I such that

(3.3) for A= \; € P, there are exactly two eigenvalues =+ iw;,w; >0
of Ay, on the imaginary axis,

(3.4) for A € I\ P, no eigenvalue of A) lies on the imaginary axis,

(3.5) the real parts of the eigenvalues of Ay near =+ iw; change sign

as A increases past A;.
It follows that the linearized equation
(3.6) X(t) = A\X (1)

has periodic solutions only for A = A\; € P, the corresponding smallest periods being
T; = 3)—“ A bifurcation of periodic solutions of (3.1) from the branch of trivial
J
solutions can occur only at A= X; € P, T = iﬁ, k=1,2,....
J

Set

2nk
B={[T,0,\] € (0,400) x R* x I; T = L,)\ = \; € P,k positive integer},
iy

J
L=A{[T,Y, ] €[0,+00) x R* x I; X»(T,Y) =Y},

C=(L£\(0,4+00) x {0} x I) UB.

Then C is closed and contains the closure of £\ (0,400) x {0} x I.
We will use the following version of the Alexander-Yorke Theorem given in [4].

Theorem 3.1. (Alexander and Yorke). Let the assumptions (3.2)—(3.5) be ful-
filled. Consider a fixed \; € P and a positive integer k. Denote by Cy the component
of C containing [%, 0,;]. Then at least one of the following conditions is fulfilled:

(i) Co contains a point [22—71, 0, \;] with some \; € P, \; # \;, m positive integer;
(ii) Co is unbounded in the sense that it contains points [T,Y,\| for which T is
arbitrarily large or |Y| is arbitrarily large or \ lies outside any given compact

subset of I.
Proof see [4]. O
Proof of Theorem 1.1: Let p > 0 be fixed. Set s =k + 1,

52

+ |U?
1+ [e] Ul

NOLX) = N\ U,e) = [G(A,U) — £BU, —o*

for N\ € I, X = [U,e] € RFFTL,
B 0
AA:( 0*’ 2),
) —0
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ie., a;"l = b;"l for 5,1 =1,2,...,K, a?"nﬂ = aﬁﬂ’j =0forj=1,...,k, aé+1,n+1 =
—0?%, where A, = (a;l);j:ll, By = (b;"l)fﬁlzl. Then (3.1) with X (t) = [U(¢),e(t)]
is equivalent to the system (PS) and (3.2) is fulfilled under the assumption (G). If
u # —o? then p is an eigenvalue of By (for some A\ € I) if and only if x is an
eigenvalue of Ay. It follows that (3.3)—(3.5) are fulfilled under the assumption ().
For our special choice of Ay, N and k = 1, the sets P, B, L, C and Cy from Theorem
3.1 coincide with {A\o}, B, L,, C, and Cg, respectively, introduced in Section 1. Let
0 > 0 be fixed. Since P = {Ao}, the condition (i) in Theorem 3.1 is excluded and CJ
must be unbounded. The closedness of Cg was explained after Notation 1.1. If Cg
contains no point of the type [0, V, 7, A] then the condition (1.1) follows from Remark

1.2, Observations 2.1, 2.2 and by integrating the second equation in (PS). O

Proof of Theorem 1.3. Let oo, v, A1, A2, tar be from the assumption (1.2).
We will suppose that gg is simultaneously such that (2.1) from Lemma 2.1 holds.
Let o € (0, 00) be fixed. The set Cg contains no point of the type [0, V, 7, A] by the
assumption (1.2). Hence, (1.1) holds by Theorem 1.1.

It follows from Observation 2.3 and (1.2) that for any [T, V, 7, \] € CJ there exists
to such that |Uy ,(to, V)| < ¢. Lemma 2.1 together with the 7T-periodicity and (1.2)
implies the existence of C'(p) > 0 such that

(3.7) V| < C(e) forall [T,V,7,A\] €CJ, C(o) —0asg—0.

The set C} is unbounded by Theorem 1.1 and it follows from (1.2), (3.7) that it must
be unbounded in 7. According to Observation 2.1, this means that there exists a
sequence {[T,, Vy, Tn, An]} C CS such that T,, — T, € [v,tum], Vo = Voo Ay — Ap €
[A1, Ag], Tn — +00. Lemma 2.4 implies that (1.5) holds and US*(T,, V,) = V,. We
have

Tn

Ty Tn c (t V. )
pY y ¥n

U (¢, Vi) dt = / o

/0 0An 0 L4 e, (8 Va)l

by (1.1). The limiting process in this equation by using Remark 2.3 gives (1.6).
Particularly, it follows that [V, > 0 because US®(¢,0) = 0 for all ¢ > 0.

We get |V,| < C(p) as a consequence of the above considerations. Hence, if g, — 0
then |V,,
prove that the solutions U fj(, V,) obtained are nonstationary for all ¢ € (0, o) if o

— 0 for V, obtained by the procedure described above by (3.7). Let us

is small enough. Suppose by way of contradiction that there are g, — 0 such that
U (-,V,,) are stationary, that means

on

(3.8) Voo € K, (= Bn,, Vo, — G, Vou ), Z = Vy,) = 0 for all Z € K,

on
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v, enl — W, X,, — Ar. Dividing (3.8) by |V,

Vo, |Z 1nstead of Z) we obtam by the limiting process by using (G) that

(and writting

(3.9) WeK, (—ByW,Z—-W)>0forall Z € K.

If W € 0K then this is a contradiction with the assumption (1.3). If W € K° then the
last inequality is equivalent to By, W = 0 and this contradicts the assumption ().
Suppose that o, — 0 and T, , V,,, A,, are obtained by the procedure de-

scribed above, T,, — T € [y,tm], |V,,| — 0, |V9" — W, X,, — Ar. We shall

prove that Ugf’)\l(~,W) is nonstationary T-periodic. For any n fixed there exist

[TZZL’ VQ";L,T&)\’;"] € Cg”, k=1,2,..., such that Té’fn — Ty, Vg]i — Vo, Tan — 400,

)\k — Ay, as k — +oo. We can find k,, such that, setting T}, = T;:, V. = VQ’ZL,
Tn = TP, Ay = Abn, we obtain T,, — T, |[V,,| — 0, \an — W, 7, — 400, Ay, — A~

on
It follows from Lemma 2.4 that %(‘V) — Ugy, (W) in C([0,2a]). We have
Ur o, (Tn, Vi) = V,, and this yields UgS,, (T, W) = W. Analogously as above, (3.9)
is impossible by the assumptions (1.3), (1), which means that Ug, (-, W) is not sta-

tionary. O

4. APPENDIX

For the sake of completeness we give here technical proofs of some assertions used
in the previous text.

Proof of the assertion of Remark 1.3. 'We have to show that if (1.3),
(1.4) and

(1.2") if [T,V,7,)\ € Cg, 0 € (0,00) then T < tpr, A € (A1, A2)
hold then there exists v > 0 such that
if [T,V, 7, ECg, 0 € (0,00) then T > ~.

Suppose by contradiction that there are 0, — 0, [T, Vi, Tn, An] € an such that
T, — 0. By the fact that Cg is connected, [f}—’;,O,O,)\O] € Cg for any p, we can
suppose without loss of generality that 7T;, > 0. Observation 2.3 together with the
T-periodicity of U," \ (-, V,,) implies that [V,,| — 0 and we can suppose \“;—ZI - W,
Tn — T € [0,+00], A, — X € [A1,A2] by (1.27). It follows from Lemma 2.4 or 2.5 (if
7 is infinite or finite, respectively) that Ug , (-, W) is stationary. If 7 = 400 then this
contradicts (1.3) or (1) in the case U € 9K or U € KU, respectively. (In the latter
case Ug (-, W) would coincide with a stationary solution of (LE).) If 7 € (0, 4+0c0) or
7 = 0 then we get a contradiction with (1.4) or (u), respectively. O
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Remark 4.1. Let t3; > 0, Aj,As € I, Ay < As be given and let gy be from
Lemma 2.1, g, € (Oa QO)) on—=0, Vo=V, 7y =7¢€ [0,4’00}, An € [AI,AZL An — A
Then the following implications hold:

i 47 (V) < tar, Goa (A (V). V) <0 then 7"\ (V) — £, (V);
Va
if V] = |7\ — W, t5 (W) < 400, ¢ (tg (W), W) <0

then t7" | (Vi) — t§\(W).

The proof can be performed in the same elementary way as that of Theorem 2.2 in
[8].

Proof of (1.11). We will prove only the second assertion. The proof of the
first for 7 € [0, +00) is simpler and for 7 = +o00 is the same as in [9], Model Situation.

Consider a fixed solution U(t) = U] (¢, V) with v3 > 0, 7 € [0, 4+00), A < 1 such
that U(t) ¢ Lin{Us}, [U(t)| < o1 for t € [0,¢], and set (t) = ¢}, (¢, V).

A simple geometrical idea or a calculus yield that

(& (PLPcU(t), P PcU(t))

(4.1) p(t) = |PLPxU)2

If ¢ is fixed then

< (Peun) =

ur(t) +us(t) . 1 (t) + us(t)
4 ) - (B0, 602 it

. d ~
either E(PKU(t)) =U(t) or

The former case occurs always if U(t) € K©, the latter always if U(t) ¢ K. If U(t) €
OK then the first or the second equality holds if the trajectory of the equation (E) at
t is directed into K or outside of K, precisely if F(\,U(t)) € Ky or F(A\,U(t)) ¢
Ky 1), respectively, where Ky is the contingent cone to K at U(t). In the first
case, by the fact that u2(t) < C1[u?(t) + u3(t)] for t € [0,] (which follows from the
assumption U(t) ¢ Lin{Us}, |U(t)| < o1 for t € [0,%]) and by the assumption (G) we
get

o — () +uat) + g1 (A U®))ua(t) + (= ua(t) + Mua(t) + g2(A, U (1)) ua (t)
P(t) = 2
uf(t) +u3(t)
IGAUM) 1
O
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if 1 is small enough. In the other case we have u1(f) > us(t) > 0 and (4.1) gives

(1)
7%[)\7“ +uz —us+g1(\,U) + gs(\, U)]us + %[*Tu + Auz + g2(A, U)][ug + us]
(ulvgus )2 + u%

o —u? —u3 + (A + 1)uguz — uius n C|G()‘> U)l
S l(u1+U3)2+2u2 ‘U|
5 2
< —ui — uj + 2Jus|us — urus G U)|
h 3 (u1 + u3)? + 2u} v

If Tui(t) > us(t) then

1
—u? —ud + 2Jusluz — uyuz < —u? — ul + |Juglug — uguz < fi(u% +u?)

and we get

—3(ui +u3) 1
2(u? +u?) |U] ] |U]| T8

p(t) <

if 01 is small enough. If Luy(t) < ug(t) < uy(t) then

3
—u? —ud + 2Jugluz — uguz < — iuf — u3 + 2|ug|uy
3 4 3 1
< - 5“% —uj + guf + Z“% < _E(U% +uj)
and for p; small enough we get
—Lu? +ud) |G\, U)] 1 |G\, U)] 1
() < 5 g + O < — o + O < — o
YOS 5wt TC o 12 U] 24

O

Proof of (1.12).  Consider an arbitrary fixed T-periodic solution U(t) =
Uga(t, W) with some [W| > 0, A > 1or A < 0, 7 € (0,00]. It is sufficient to
show that

if A > 1 then %(|PKU(t)|2) >0 for a.a. t >0,
(4.2) if A <0, then & (|U(t)[?) <0 for a.a. t >0 and
L (|U(#)|?) < 0 in a nonempty subinterval of [0, 77,

which contradicts the periodicity. Recall that ug(t) > 0 for all ¢ (see (1.9)) and clearly
|U#)| > 0 for all ¢ > 0. First, let A\ > 1. It follows from (1.8) that u?(t) + u3(t)
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increases and ug(t) does not increase on any interval of ¢t where ug(t) > w1 () because
U (t) coincides with the solution of (1.8) on such an interval. Since there is no periodic
solution of (1.8) with us(t) > uq(t) for all ¢, there exists to such that us(to) < u1(to)
and it follows by using the periodicity

(4.3) u3(t) < ui(t) +u3(t) on any interval where ugz(t) > uy(t).

Hence, we obtain

(14) 3 (PUOP) = 3 (UOF) = (00, U0) = N 0)+30)]-3(0) > 0

on any such interval if A > 1 by (4.3). Let 0 < ug(t) < ui(t). If 7 = +00 then
we obtain from (LI) (setting successively Z = 0 and Z = 2U(t)) that (U(t) —
B)\U(t),U(t)) = 0. We get the same expression as in (4.4) but it is equal to zero
for A = 1, ua(t) = 0, ug(t) = u1(t) (and remains positive for A > 1, uz(t) # 0).
However, the points ¢ for which us(t) = 0 are isolated by virtue of (1.11) if A = 1.
If 7 € (0,+00) then we obtain by using the formula for PxU and (1.10) with g; =0
and e(t) =7

U0 = (MO SOY s (4 (B0l

= )\uf - u§ + 2)\u§ + (A = Duqug + ugus — ugug

> (A= Du? + 20\ — Dud + (N = Dugus + [ug + ug — up][ug — us] + 2us.

(In fact, (4.4) holds if us(t) = wi(¢) and the trajectory of (E) at ¢ is not directed
outside of K, i.e. if F'(\,U(t)) € Ky)—cf. the considerations in the proof of (1.11).
However, the equality in (4.4) is equivalent to the last one for us(t) = u1(t).) The
last expression is positive if ug < w1 + ug and either us # 0 or A > 1. For A = 1, the
times t for which us(t) = 0 are isolated by (1.11) again. For ug > u; + ug (which
implies u; — us < ug), the last expression is not less than

—ugfuy — us] + 2u3 > ui >0

and the first implication in (4.2) is proved. Further, let A < 0. If 7 = +00 then we
have the same expression as in (4.4). This time it is always negative if A < 0 and is
always nonpositive and strictly negative at least on some interval if A = 0 because
us(t) cannot be zero for all ¢ according to (1.11) and the form of K. If 7 € (0, +00)
then we obtain by using (1.9), (1.10) with g; = 0, €(¢t) = 7 that

(uz —u1)”
2

-
= /\(u% + u%) — u% — §(U3 —uy)” (ug — ug).

(us —u1)” )ug

——(|U‘2):<)\U1 +us — 7 2

)u1 - (u1 - )\uz)uQ - <U3 -7
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The last expression is always nonpositive and is negative at least for ¢ such that
uz(t) < wi(t). This is true on a nonempty subinterval because there is no periodic
solution of (1.8) with us(t) > uq(t) for all ¢. O

Proof of (1.13). Suppose by contradiction that this is not true. Since
[27,0,0,0] € Céw for any o > 0, it follows from the connectedness of Cg/[ that there
are on, — 0, [T, Vo, 7o, A] € Cé\:{, Tn € [V, tm), Tn = T, 7o — T € [0, +00] and either
A= —&or A= 1. It follows from Observation 2.3, Lemma 2.1 and the T},-periodicity
of Ug:)\n(t, Vi), T < tpr that |V,| — 0. We can suppose &:l — W. We have
U;:')\n (T,,V,) = V,, and Lemma 2.4 or 2.5 implies that U&)\(~,W) is periodic or
stationary. This contradicts (1.12) or the fact that for 7 = 0, (LPE) is equivalent to

(1.8) which has a periodic solution only if A = 0. O

Proof of (1.14). First, suppose that there are g, — 0, [T}, Vi, Tn, An] € Cé\f,
[Th, Vios Tny An] # [2k7,0,0,0], & = 1,2,..., T,, - T, 7, — 7 € [0,400], Ay, —
A€ [, 1] (see (1.13)), tn, — to € [0,tn], U;’:’A"(tn,Vn) € Lin{Us}. Set Z, =

Ur s, (tns V). We have [V,| > 0 by Observation 2.2, therefore also |Z,| > 0. It

follows from Observation 2.3, Lemma 2.1 and the T),-periodicity that |Z,| — 0 and

we can suppose él — Z = |21, 22, z3). We have U;:')\n (Ty, Zn) = Z,, and it follows
by using Lemma 2.4 or 2.5 that Ug ,(T,Z) = Z € Lin{Us}, Uy ,(-, Z) is stationary
if T = 0. Simultaneously U \(t,Z) = [0,0,e "z3] € K for all t > 0 and therefore
this solution coincides with Ug A\(t, Z). This contradiction proves that if gy is small
enough and [T, V, 7, A] is from (1.14) then U] ,(¢,V) ¢ Lin{Us} for ¢ € [0, /], which
means also for all ¢ > 0 by virtue of the T-periodicity, T' < tp.

Let o1 be from (1.11). It follows from Lemma 2.1 that we can choose go > 0 such
that [U7,(t,V)| < o1 for allt € [0,n] if [V]| < 0o, 7 € [0,+00), A € [=&,1]. If
[T, V, T, ] satisfies the assumptions of (1.14) then Observation 2.3 together with the
T-periodicity, T' < tar, the choice of go and (1.13) imply that [U] (¢, V)| < g1 for
all t > 0. Now, the estimate of ¢7 (¢, V) is a consequence of (1.11) and (1.9). The
estimates ¢} (V) <ty and T' > ¢ (V) follow. Thanks to the form of K, more
than one half of a circuit of any trajectory under consideration lies in K°® where it
coincides with the trajectory of the equation (1.8). The time of a half circuit of any
solution of (1.8) not starting on Lin{Us} is , which means ¢ , (V) > > 7. O

Proof of (1.15). Let o € (0, 00) be fixed and suppose that there is no § with
the properties from (1.15). Then there are [T, Vi, Tn, An] € Cg, [T, Vi, Tny An] #
[27,0,0,0], [Ty, Vo, Tn, An] — [27,0,0,0] such that either V,, € Lin{Us} or T, #
to, (V). In fact, we necessarily have V,, ¢ Lin{Us}, T, >t (V) by (1.14).
Simultaneously ¢ (¢,V,) < —n for all ¢t > 0 by (1.14) and it follows that
<p;‘)\” (T, Vo) = —2k,m with some k, > 1. We can suppose I“QHI — W. Lemma
2.5 ensures Ugo(2n,W) = W and therefore W ¢ Lin{Us}, ¢

o(tp A (W), W) < 0

)
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according to the form of (1.8). We have t;" (V) — t9.0(W) = 2 by Remark 4.1.
Hence, we obtain ¢;" (Z,) < Tn —t;% (Vo) — 0 with Z, = U5 (t)%, (Va), Va).
However, [Ty, Zpn, Tn, An] € Cg and we should have t;f)\" (Z,) > 7 by (1.14), which is
the contradiction. O

Proof of (1.16). Consider the sets

Co={T.V,r,NecC); 7>0, T=t;,(V)}uU{[2r,0,0,0]},

o

C2 = {[T,V, 7, X €CMs 750, T > 17,(V)} U {[247,0,0,0); 2< & < %ﬁ}
According to (1.14) and the comment after the definition of C, (where A\g = 0),
we have Céw = C; U C?). Suppose that (1.16) is not true. Then it follows from
(1.14), (1.15) that C}, CZ are nonempty. They are not separated because of the
connectedness of Cé”. Hence, there exist [Tjn, Vin, Tjn, Ajn] € Cé\/[, [Vin] >0, j =
1,2, n = 1,2,... such that v < T}, < ty, Thn = t;};ln(Vm), Ty, > t;f;;n(Vgn),
[Tins Vins Tjn, Ajn] — [T, V, 7, A] € Céw for n — oo, j = 1,2. It follows from (1.15)
that [21,0,0,0] € int C; where int is the interior with respect to CZ)VI. Suppose that
we also know [2km,0,0,0] € int Cg for 2 < k < %% Then [V]| > 0, 7 > 0 (see also
Observation 2.2). We have t] , (V) < tar, ¢} 5 (t] 5(V),V) < 0by (1.14). Remark 4.1
implies that t;JAJ(V] ) =t (V) for j = 1,2, n — +o0. In particular, T =] , (V).
Analogously as in the proof of (1.15), we obtain from (1.14) that ©72y  (Tap, Van) =

0:A2n,
—2k, with some k,, and we have k,, > 1 because Ty, > t;f;zn (Vay,). It follows that
ton,, (Zn) — 0 with Z, = U)X, (t7%%, (Van), Van). Cleatly [Ton, Zy, Tan, A2n] € o,

|Z,| # 0, and we obtain a contradiction with (1.14).

It remains to prove that [2kr,0,0,0] € intC2 for 2 < k < %{ If this were not
true then [T5,, V,,, Tn, An] € C; would exist such that [T}, Vi, 70, An] — [2kT,0,0,0]
for some k > 1, [V,| > 0, T, = t77\ (Vn), “‘f—n‘ — W. We would have W ¢ Lin{Us}
because U8’0(2kn,W) = W by Lemma 2.5 and there are no periodic solutions of
(1.8) starting in Lin{Us}. We would get T, =t (Vs) — 10o(W) = 21 < 2kn (see
Remark 4.1), a contradiction. O
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