Czechoslovak Mathematical Journal

Jéan Jakubik
Radical classes of generalized Boolean algebras
Czechoslovak Mathematical Journal, Vol. 48 (1998), No. 2, 253-268

Persistent URL: http://dml.cz/dmlcz/127415

Terms of use:

© Institute of Mathematics AS CR, 1998

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/127415
http://dml.cz

Czechoslovak Mathematical Journal, 48 (123) (1998), 253—268

RADICAL CLASSES OF GENERALIZED BOOLEAN ALGEBRAS

JAN JAKUBIK, Kosice

(Received June 12, 1995)

The notion of the radical class of lattice ordered groups was introduced and studied
in [4]; cf. also [2], [3], [5], [6], [7]-

An analogous notion can be defined for generalized Boolean algebras. Namely, a
nonempty subclass of the class A of all generalized Boolean algebras will be defined
to be a radical class if it is closed with respect to isomorphisms, convex subalgebras
and joins of convex subalgebras.

(For terminology and notation cf. Section 1 below.)

The collection of all radical classes of generalized Boolean algebras will be denoted
by 2. For A;, As € A we put A; < Ay if Ay is a subcollection of As. The notion of
an atom of 2 is defined in the usual way.

In the present paper we prove that there exists an injective mapping v of the
class of infinite cardinals « into the collection of all atoms of 2 such that, whenever
A € (), then each interval of A is complete.

Let us mention the following examples of radical classes of generalized Boolean
algebras:

(a) The class of all A € A such that each interval of A is complete.

(b) The class of all A € A such that each interval of A is a-complete, where « is
a fixed infinite cardinal.

(c) The class of all A € A such that A is completely distributive.

(d) The class of all A € A which are a-distributive, where « is a fixed infinite
cardinal.

(e) The class of all A € A such that each interval of A is finite.

We construct further types of radical classes by applying cardinal functions defined
on the class of all Boolean algebras which were introduced in [8].
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1. PRELIMINARIES

A lattice L with the least element 0 such that each interval [0, z] of L is a Boolean
algebra is called a generalized Boolean algebra.

A convex sublattice Ly of L with 0 € L; is called a convex subalgebra of L. Let us
denote by C(L) the system of all convex subalgebras of L. This system is partially
ordered by the set-theoretical inclusion. It is clear that C(L) is a complete lattice.
The lattice operations in C'(L) will be denoted by A and V.

Let {L;}icr be a nonempty subset of C(L). Next, let L! be the set of all x € L such
that there exists a finite subset {z1,22,...,zp} of |J L; with 2z =21 Vaa V...V a,.

i€l

1.1. Lemma. Let {L;};c; and L' be as above. Then

) A Li=N L

el el
(i) \ L;=L".
el

The proof is simple and will be omitted.
Let A be as in the introduction.

1.2. Definition. A nonempty subclass A; of A is called a radical class if it
satisfies the following conditions:

(i) A; is closed with respect to isomorphisms;
(ii) if Ay € A; and As is a convex subalgebra of Aj, then Ay € Ay;
(iii) if A € A and A; (i € I) are convex subalgebras of A such that A4; € A; for
each i € I, then \/ A; belongs to A;.
il

1.3. Lemma. Let {L;}ics be as in 1.1 and let L° € C(L). Then

LA <\/ Li) =\/ (LA Ly).

icl i€l

Proof. Put
P=I°A (\/L> Q=\/(LOAL).
il icl
Clearly Q@ < P. Let z € P. In view of 1.1 (i) we have x € L® and z € \/ L;.
il
Further, according to 1.1 (ii) we obtain that there are 1, za, ..., z, € |J L; such that
i€l
r=x1Va2V...V1,. Fromz € L° we infer that z; = xAz; € L0 for j = 1,2,...,n.
Thus for each j € {1,2,...,n} there is i(j) € I such that z; € L°AL;(;). By applying
1.1 (ii) again we conclude that z € @), completing the proof. O
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Let I be a nonempty set and for each ¢ € I let L; € A. The direct product

L = J] L; is defined in the usual way. It is clear that L belongs to A. If I =
il
{1,2,...,n}, then we use also the notation L = L1 X Ly X ... X L,. The sublattice
L° of L consisting of all z € L such that the set {i € I: x(i) # 0} is finite will
be denoted by > L;; it is called the direct sum of generalized Boolean algebras
i€l

L; (i € I). If I = (, then we consider the direct sum to be equal to {0}. For i(1) € I
we put L?(l) ={ye L: z(j) =0 for each j € I\ i(1)}. Hence L?(l) is isomorphic to
L1y When no ambiguity can occur we will identify L;) and L?(l).

2. RADICAL MAPPINGS

Let f be a mapping of A into A such that the following conditions are satisfied
for each A € A:

(i) f(A) € C(A);

(i) if A; € C(A), then f(A;1) = A1 N f(A);

(iii) if A; € A and ¢ is an isomorphism of A onto A, then ¢(f(A4)) = f(A1).
Under these assumptions f will be called a radical mapping. The class of all radical
mappings will be denoted by F. For f1, fo € F we put f1 < f2 if f1(A) C f2(A) for
each A € A. Thus < is a partial order on the class F.

Let 2 be as in the introduction. Next, let f € F' and A; € 2. We put

a) Ay ={AecA: f(A)=A};
b) for each A € A we set
bil (A) = \/ Ai,
iel

where {A;}icr is the set of all elements of C'(A) which belong to Aj;.

2.1. Proposition. Let f, A1, Ay and f; be as above. Then

(i) Ay €A and f; € F;

(ii) the mapping f — Ay is an isomorphism of the partially ordered class F' onto
the partially ordered collection 2; moreover, under the notation as above, the
corresponding inverse mapping is given by putting Ay — f1 for each A; € 2.

Proof. The proof of (i) is analogous to that of 2.2 in [4]; it will be omitted.
The assertion (ii) is an immediate consequence of the definitions of Ay and of f1. O

Let Ap be the class of all one-element generalized Boolean algebras. It is obvious
that Ay is the least element of 2 and that A is the greatest element of 2. We denote
by fo and f the least element or the greatest element of F, respectively.
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For a nonempty subclass F; of F' we define mappings f1 and fs of A into A as
follows:

)=\ f),

fern

A= N\ 14

fern

for each A € A.
We obviously have

2.2. Lemma. Let Fy, f1 and fo be as above. Then fi; and fs is the supremum
or the infimum, respectively, of F} in F'.

It will be proved below that F' is a proper class. Nevertheless, in view of 2.2
we shall apply to F' the usual lattice-theoretic terminology and notation. Next,
according to 2.1 (ii) we can do the same for the partially ordered collection 2.

Let 2; be a nonempty subcollection of 2. Denote
Fr={feF: Ay e}, fi=supli.
There exists A; € 2 such that 4; = Ay,. Then 2.1 and 2.2 yield

2.3. Lemma. Let 2y = {A;}icsr be a nonempty subclass of . Then under the

A A=A

above notation we have

icl icl
\ Ai = Ay
el

We can describe \/ A; in a more constructive way (without applying the isomor-
icl
phism from 2.1) as follows.
For a subclass X of 2 we define ScX to be the class of all A € A such that there
exists A; € X with A € C(A;). Next, let X* be the class of all A € A such that

there are A4; € C(A), A, € X (i € I) with

\/Ai:A and A; 2 A, foreach i€l
i€l

where A; = A} expresses the fact that A; and A} are isomorphic.
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2.4. Lemma. Let X be a nonempty subclass of A. Then (ScX)* € 2.

Proof. We consider the conditions (i), (ii) and (iii) from 1.2. It is obvious
that (ScX)* satisfies the conditions (i) and (iii). Let A; € (S¢X)* and let A; be a
convex subalgebra of A;. There exist A; € C'(A41) and A} € ScX (i € I) such that

A; =2 A for each i € I and \/ A; = A;. In view of 1.3 we have
=

Ay = Ay AN Ay = As A (\/Ai) = \/(A2 A Ay).
el el

Let ¢ € I. There exists A} € C(A]) such that A7 =2 Ay A A;. Hence A belongs to
ScX for each i € I and so Ay € (ScX)*. Thus (S¢cX)* satisfies the condition (ii).
(]

2.5. Corollary. Let X be a nonempty subclass of A. Then (ScX)* is the least
radical class having X as a subclass.

2.6. Corollary. Let {A;};,cr be a nonempty subcollection of 2. Then

\ Ai = (ScX)*,
icl

where X = {A € A: thereisi € I with A € A;}.

2.7. Theorem. Let f € F and let {f;}i,c; be a nonempty subclass of F'. Then

FA (\/ fz-) =\/(fA£).

i€l i€l

Proof. Put

fr=1fA (\/fi>, fa=\/(f A f2).

i€l iel
Let A € A. We have to verify that f1(A4) = f2(A4). Since

A = i (V).

icl

in view of 1.3 we obtain

£1(A) =\ (F(A) A fi(A) = f2(A).

i€l
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From 2.7 and 2.1 we infer

2.8. Corollary. Let A; € 2 and let {A;}ic; be a nonempty subcollection of .
Then
Al A (\/ A;) = \/(.A1 AA;).

el i€l

3. ON THE CLASSES (a)—(e)

The aim of the present section is to prove that the classes (a)—(e) mentioned in
the introduction are radical classes. We need two lemmas.

3.1. Lemma. Let B be a Boolean algebra, b € B, y; € B (i = 1,2,...,n),
b=y Vy2V...Vy, Then there exist elements yi,ys,...,y. in B such that
b=yt VysV...Vyr, yl <wyifori=1,2,...,n, and y;1) A yi2) = 0 whenever i(1)
and i(2) are distinct elements of the set {1,2,...,n}.

Proof.  We proceed by induction on n. For n 1 the assertion is valid,;

suppose that it holds for n — 1. Hence there are yi,y3,...,y. ; in B such that
y1VyaV.. Vyn—1 = yivysVv...Vyl 1, yl <y fori=1,2,...,n—1and yil(l)/\y}@) =0
whenever i(1),4(2) are distinct indices belonging to the set {1,2,...,n — 1}. There
exists t € B such that t is a relative complement of y; Vya V...V y,_1 in the interval

[0,b].Put y! =y, At. Then yi,y3,...,y} satisfy the required conditions. O

3.2. Lemma. Let B be a Boolean algebra and let b, y1,y2, ..., Yy, be elements
of B such that
(i) b=y1VyaV...Vyn,
(i) ¥i(1) A yi2) = O whenever i(1),4(2) are distinct indices belonging to the set
{1,2,...,n}.
For each z € [0,0] put ¢(z) = (£ A ¥i)i=1,2,..n- Then ¢ is an isomorphism of the
interval [0, ] onto the direct product [0,y1] X [0,y2] X ... X [0, yn].

The proof is simple and will be omitted.

Let « be an infinite cardinal. A lattice is said to be conditionally a-complete if
each of its intervals is a-complete. The notion of conditional completeness is defined
analogously.

3.3. Lemma. Let « be an infinite cardinal and let A € A, A; € C(A) (i € I).
Suppose that all A; are conditionally a-complete and that A = \/ A;. Then A is
iel
conditionally a-complete.
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Proof. Let [a,b] be an interval in A. For proving that it is a-complete it suffices
to verify that the interval [0, b] is a-complete.
There exists a subset {y1, Y2, ..., yn} of the set |J A; such that b = y1VyaV...Vyy.

il
In view of 3.1 we can suppose, without loss of generality, that y;1) A y;2) = 0
whenever i(1) and i(2) are distinct elements of {1,2,...,n}. Hence we can apply the

isomorphism ¢ from 3.2. Since all intervals [0, y;] are a-complete, the interval [0, b]
must be a-complete as well. O

3.4. Corollary. Let A e A, A; € C(A) (i € I). If all A; are conditionally

complete and \/ A; = A, then A is conditionally complete.
il

Let us remark that

(i) neither 3.3 nor 3.4 remain valid for general lattices with the least element;
(ii) the conditional a-completeness in 3.3 (or conditional completeness in 3.4)
cannot be replaced by a-completeness (or completeness).

Let us denote by Ap(,) the class defined in (b) above (cf. the introduction).

3.5. Proposition. Ay, is a radical class.

Proof. The conditions (i) and (ii) from 1.2 are obviously satisfied. In view of
3.3, the condition (iii) from 1.2 is also valid. O

3.6. Corollary. Let A, be the class of all A € A which are conditionally

complete. Then A, is a radical class.

Proof. We have A, = inf Ay(,), where a runs over the class of all infinite
cardinals. O

We will apply the following definition.
3.7. Definition. Let « be an infinite cardinal and let A € A. We say that A

is a-distributive if, whenever u,v € A, {z;;}icr jes C A such that

card] < a, cardJ < a,

1) UZ/\ \/xz'j,

iel jeJ

(2) u = \/ /\ 'Ti,tp(i)’
peJliel

then v = v.
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Let us remark that if (1) and (2) are valid, then clearly u < v. Also, in the
above definition we can suppose, without loss of generality, that {z;;}icr jes is a
subset of [u,v]. In fact, the elements x;; in (1) and (2) can be replaced by x;; =
(i V u) Av. Next, without loss of generality it suffices to consider only the case
when v = 0 (since the interval [u,v] is isomorphic to the interval [0, v1], where vq
is the relative complement of w in the interval [0,v]). Finally, we remark that the
condition expressed in 3.7 is equivalent to the corresponding dual condition.

3.8. Lemma. Let « be an infinite cardinal and let A € A, A; € C(A) (i € I).

Suppose that all A; are a-distributive and that A = \/ A;. Then A is a-distributive.
il

Proof. By way of contradiction, assume that A is not a-distributive. Then
there are u,v € A and {z;}( j)erxs € A such that card] < «, cardJ < a, the
relations (1), (2) are valid and v =0 < v.

Let {y1,¥2,-..,yn} be as in the proof of 3.3, where we put b = v. We can again
apply the isomorphism ¢ from 3.2. All intervals [0, y;] are a-distributive, hence the
interval [0, v] is a-distributive as well; we have arrived at a contradiction. O

Let Aj(o) be the class of all A € A such that A is a-distributive.

3.9. Proposition. Let a be an infinite cardinal. Then Ay, is a radical class.

Proof. The corresponding conditions (i) and (ii) are obviously valid; the con-
dition (iii) holds in view of 3.8. O

3.10. Corollary. Let A, be the class of all A € A such that A is completely
distributive. Then A, is a radical class.

Let a be an infinite cardinal. We denote by

Ac(a)—the class of all A € A such that for each interval [a1, az] of A the relation
card[ay, as] < « is valid;

Al (o) —the class of all A € A such that for each interval [a1, az] of A the relation
card[ai, az] < « is valid.

3.11. Proposition. Let a be an infinite cardinal. Then A.(,) is a radical class.

Proof. The conditions (i) and (ii) from 1.2 obviously hold. Let the assumptions
from (iii) be valid, where A; = A.(q)-

Let 0 < b € A. Next, let y1,¥s,...,yn be as in the proof of 3.3. Since card|0, y;] <
afori=1,2,...,n,in view of 3.2 we infer that card[0,b] < «, whence (iii) is valid
as well. g
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3.12. Proposition. Let a be an infinite cardinal. Then A’e( @) is a radical class.

Proof. The proof is similar to that of 3.11. The modification consists in putting

aq = max{card[0,y;] }i=1,2,....n. Then card[0,d] < o} < a. O

vey

In particular, for @ = Ry we obtain from 3.12

3.13. Corollary. A, is a radical class.

4. ON SOME RADICAL CLASSES DEFINED BY CARDINAL FUNCTIONS

We recall some notions and notation from [8]. Let B be a Boolean algebra.

A subset of B is called disjointed if it consists of non-zero elements which are
pairwise disjoint, i.e. a Ab =0 if a # b, where a,b € B.

A subset D of B is said to be dense in B if for every b € B with b > 0 there is
d € D such that 0 < d < b.

Let a be a cardinal. A subset D of B is called a-compact if there is a non-zero
lower bound to every subset C of D possessing the properties (i) card C' < «, and
(ii) g.l.b. F' # 0 for every finite F' C C.

Let B be the class of all Boolean algebras and let B be a subclass of B which is
closed with respect to isomorphisms.

By a cardinal function f on the class B; we understand a rule that assigns to each
B € B a cardinal f(B) such that if B is isomorphic to B’ then f(B) = f(B’).

In [8] the following cardinal functions were investigated:

m1(B) = min{a: D C B, D disjointed implies card D < a}.
71 (B) = min{a: D C B, D disjointed implies card D < a}.
m2(B) = min{card D: D is dense in B}.

m3(B) = sup{a: B contains a dense a-compact subset}.

m4(B) = sup{a: B is a-distributive}.

(The radical functions 71, 7] and 75 are defined on the class of all Boolean algebras;
73 and 74 are defined whenever the corresponding suprema exist.)

For each 7 of the above mentioned cardinal functions and each infinite cardinal §
we denote by A(w, 3) the class of all A € A such that if [0,b] is a subalgebra of A,
then ([0, 5]) < .

Our aim is to investigate the question when A(m, 3) is a radical class.

The method is analogous to that applied in the previous section. In all cases we
first verify whether the class A(m, 3) is closed with respect to joins, i.e., whether the
condition (iii) from 1.2 is valid; with this verification we proceed as in the proof of
3.3. Also, we use the notation from the beginning of the proof of 3.3.
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4.1. Lemma. Let 8 be an infinite cardinal. Then A(my, 3) satisfies the condition
(iii) from 1.2.

Proof. In view of the assumption we have 71([0,y;]) < 8 fori =1,2,...,n.
We have to verify whether 7 ([0, ]) < f is valid. By way of contradiction, suppose
that 71([0,8]) > (.

Hence there exists a subset D of [0,b] such that D is disjointed and card D > £3.
Let d € D. Then

d=dANb=({dAy1)V...V(dAyn).

For i € {1,2,...,n} denote d; = d A y;, D; = {d;: d € D}. The mapping
Pv: D — Dy x Dy x...x D,

defined by ¥(d) = (d1,ds,...,d,) for each d € D is injective. If card D; < (8 for i =
1,2,...,n, then card D < 8, which is impossible. Hence there exists i € {1,2,...,n}
such that card D; > 8 and thus card(D; \ {0}) > 8. Next, D; \ {0} is a disjointed
subset of [0,y;]. This yields that 1 ([0, y;]) > 8, which is a contradiction. O

4.2. Proposition. Let 8 be an infinite cardinal. Then A(m, ) is a radical
class.

Proof. The conditions (i) and (ii) of 1.2 are obviously satisfied and the condition
(iii) is valid in view of 4.1. O

4.3. Lemma. Let /3 be an infinite cardinal. Then A(w}, 3) satisfies the condition
(iii) from 1.2.

Proof. The proofis the same as in 4.1 with the distinction that in the relations
cardD > 3, m1([0,%;]) > B (and in other corresponding relations) the symbol > is
replaced by >. O

As a consequence we obtain

4.4. Proposition. Let § be an infinite cardinal. Then A(x}, () is a radical
class.

4.5. Lemma. Let 8 be an infinite cardinal. Then A(ms, 3) satisfies the condition
(iil) from 1.2.

Proof. In view of the above notation, the relation m2([0,y;]) < 8 is valid for
i=1,2,...,n. Hence for each [0, y;] there exists a dense subset D, with card D; < §.
Put D=D;UDyU...UD,,. Then card D < . Let z € [0,0], z > 0. We have

z=(xAy1)V(EAy2)V...V(ZAyn).
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There exists ¢« € I such that x A y; > 0. Next, there exists d; € D; such that
0 <d; <z ANy;. Hence D is a dense subset of [0,b]. Therefore m3[0,5]) < 8. O

4.6. Proposition. Let 8 be an infinite cardinal. Then A(ms, ) is a radical
class.

The proof is as in 4.2 with the distinction that 4.1 is replaced by 4.5.

4.7. Proposition. Let 3 be an infinite cardinal. Then A(rs, 3) satisfies the
condition (iii) from 1.2.

Proof. Under the notation as above let m3([0,y;]) < S fori =1,2,...,n. We
have to verify that m3([0,b]) < 8. By way of contradiction, suppose that m3([0, b]) >
(3. Hence there exists a subset D of [0, b] such that it is dense in [0, ] and a-compact
for some o > (. Let ¢ € {1,2,...,n}. Put D, = DN [0,y;]. Then D; is dense
in [0,y;]. Let C C D;, cardC C « and suppose that for each finite subset F of
C' the relation inf F' > 0 is valid. Then C C D and hence there is 0 < z € [0, ]
such that z < ¢ for each ¢ € C. In view of b = y1 V y2 V...V y,, we obtain that
z=(zAy1)V(zAy2) V...V (2Ayy). In 3.1 we verified that without loss of generality
we can suppose that whenever (1) and ¢(2) are distinct elements of {1,2,...,n} then
Yi(1) N Yi2) = 0. Since ¢ < y; for each ¢ € C' we get that z € [0,y;]. Hence D; is a-
compact with respect to [0, y;]; therefore m3[0,y;] = a > 3, which is a contradiction.

O

4.8. Lemma. Let ( be an infinite cardinal. Then there exists a Boolean algebra
B such that 73(B) = (3.

Proof. Thisis a consequence of [8], Theorem 3.1. O

4.9. Lemma. Let B be a finite Boolean algebra. Then m3(B) is not defined.

Proof. Let « be an infinite cardinal. Put D = B. Then D is a-compact and
dense in B. Hence 75(B) does not exist. O

4.10. Lemma. Let 31 be an infinite cardinal. Let B; and By be Boolean
algebras such that w3(B1) = (1 and Bs is finite. Put B = By X Bs. Then 73(B) = f31.

Proof. Let by,bs and b be the greatest element of By, Bo or B, respectively.
Hence b = b; V by. Let a be a cardinal and suppose that D is a dense subset in B
which is a-compact. By the same method as in the proof of 4.7 we obtain that the
relation o > 1 leads to a contradiction. Thus o < 8;. Hence 73(B) does exist and
m3(B) < B
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There exists a set Dy C By such that D; is dense in By and (3;-compact. Put
Dy = By, D = D1 U Ds. Then D is a dense subset of B. Let C be a subset of D
with card C' < (31 such that, whenever F' is a finite subset of C, then inf F > 0. In
such a case we must have either C C D, or C C D5. In both these cases there exists
0 < V' € B such that o/ < ¢ for each ¢ € C. Therefore w5(B) > ;. Summarizing, we
conclude that 73(B) = . O

By the same method as in the proof of 4.10 we can show that the following result
is valid.

4.10.1. Lemma. Let 1 and (> be infinite cardinals, 1 < (3. Next, let By
and By be Boolean algebras with w3(B;) = f3; (i = 1,2). Put B = By x By. Then
m3(B) = b1

4.11. Proposition. Let § be an infinite cardinal. Then A(rs, 3) fails to be a
radical class.

Proof. In view of 4.8 there exists a Boolean algebra By such that 73(B1) = 3.
Let B> be a finite Boolean algebra, B = By x Bs. Hence in view of 4.10, 73(B) = S,
thus B € A(rws, 3). We have By € C(B) and according to 4.9, By does not belong
to A(ms, 3). Thus A(ms, 5) does not satisfy the condition (ii) from 1.2. O

4.12. Proposition. Let 8 be an infinite cardinal. Then A(my4,3) satisfies the
condition (iii) from 1.2.

Proof. We apply the notation as above. Let m4([0,y;]) < 8 for i =1,2,...,n.
By way of contradiction, suppose that the relation m4([0,b]) < (8 does not hold.
Hence there exists a cardinal o > § such that [0,b] is a-distributive. Then all [0, y;]
are a-distributive, which is impossible. O

4.13. Proposition. Let § be an infinite cardinal. Then A(ry, 3) fails to be a
radical class.

Proof. There exists a Boolean algebra B; which is not Ng-distributive. Hence
m4(B1) < B. Let Bs be a finite Boolean algebra, B = B; X By. Then m4(B) < £,
B € A(my, 3). At the same time, By € C(B) and B ¢ A(ny,3). Therefore A(ma, )
does not satisfy the condition (ii) from 1.2. O

The following lemma will be applied in the subsequent section.

4.14. Lemma. Let B and B; be Boolean algebras such that (S.{B})* =
(Sc{B1})*. Suppose that both m1(B) and 71 (B1) are infinite. Then 71 (B) = m1(B1).
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Proof. Let b' be the maximal element of B;. We have b! € (S.{B})*. Hence
there are x1,29,...,2, € B and y1,¥2,...,yn € By such that [0,z;] = [0,y;] for
i=1,2,....,nand y; Vy2 V ...y, = b'. Applying the analogous method as in the
proof of 4.1 we obtain that m1(B1) < m1(B) is valid. Similarly, 71 (B) < m1(B1). O

5. ATOMS OF THE LATTICE 2

The collection of all atoms of U will be denoted by 2.

If A; is a radical class such that all generalized Boolean algebras belonging to A;
are complete or conditionally complete, then A; will be called complete or condi-
tionally complete, respectively.

The only complete radical class is Ag. Namely, if A; is a radical class distinct
from Ay, then there is A € A; with A # {0}. Let I be an infinite set and for each
ie€llet A, =A. Put A’ =5 A;. Then A’ € A; and A’ fails to be complete.

We can use analogous ter;relilnology for the partially ordered collection £ consisting
of all radical classes of lattice ordered groups, but a certain terminological distinction
must be observed.

For a lattice ordered group G' we denote by G the underlying lattice. If G # {0},
then the lattice G cannot be complete. The terminology commonly used in the
theory of lattice ordered groups is as follows: a lattice ordered group G is said to be
complete if the lattice G is conditionally complete.

Let R; be a radical class of lattice ordered groups. We call R; conditionally
complete if, whenever G' € Ry, then the lattice G is conditionally complete.

In [1], Proposition 3.3 it is proved that there exists an injective mapping ¢ of the
class of all infinite cardinals into the collection of all atoms of £. By looking at the
construction of this mapping we easily obtain that whenever « is an infinite cardinal,
then the corresponding radical class p(«) fails to be conditionally complete.

In the present section the following result will be proved.

5.1. Theorem. There exists an injective mapping 1 of the class of all infinite
cardinals into the collection 2, such that for each infinite cardinal o the radical class
() is conditionally complete.

We start by giving some definitions and lemmas.

5.2. Definition. Let # # X C A. The radical class (S.X)* is said to be
generated by X. If A € A and X = {A}, then (S.X)* is called a principal radical
class generated by A.
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5.3. Definition. A Boolean algebra B is called homogeneous if for each b € B
with b > 0 the Boolean algebra [0, b] is isomorphic to B.

5.4. Definition. A Boolean algebra B is said to be weakly homogeneous if for
each b € B with b > 0 there exist b; € [0,b] and b} € B (i = 1,2,...,n) such that
[0,b;] =2 [0,b}] for i =1,2,...,n and by V by V...V b, is the greatest element of B.

5.5. Lemma. Let B # {0} be a weakly homogeneous Boolean algebra and let
A1 be the principal radical class generated by B. Then A; is an atom of 2.

Proof. Since B € A; we have Ay # Ag. Let A; € A, Ag < Ay < A;. Thus
there is By € Ag with By # {0}. Choose by € Ba, by > 0. Then By € A; = (S.{B})*.
Let 05" be the greatest element of Ba. There exist elements c1,c,...,c, in By and
i,y ... ), in Bsuchthat [0,¢] 2[0,¢] fori =1,2,...,nand c;Vea V.. . Ve, = by,
Hence thereisi(1) € {1,2,...,n} such that c;;) > 0. Then we have c;(l) > 0 as well.
In view of the weak homogeneity of B there are elements d; € [0, ;)] and d; € B
(j=1,2,...,m) such that [0,d}] 2 [0,d;] for j =1,2,...,mand di Vd2V...Vdy is
the greatest element of B. For each j € {1,2,...,m} there exists e; € [0, ¢;(1)] with
[0,e;] = [0,d]. This yields that B € (S.{B2})" and therefore A; < Az, completing
the proof. O

In the above proof we applied the obvious fact that if A; is a radical class distinct
from Ag, then there exists a nonzero Boolean algebra belonging to A;. This fact will
be used also in the following lemma.

5.6. Lemma. Let A, be an atom of 2. Then there exists a nonzero Boolean
algebra B in A; and for each such B the following conditions are valid:

(i) B is weakly homogeneous;
(ii) A; is a principal radical class generated by B.

Proof. Denote Ay = (S.{B})*. Thus 4y < A2 < A;. Since A; is an atom we
obtain that Az = A;. Therefore (ii) holds.
Let 0 < by € B. Put [0,b1] = By and (S.{B1})* = A3. We must have A3 = A;.

Thus there are ¢, ¢2,...,¢, € By and ¢},c,, ..., ¢, € B such that [0,¢;] = [0,c}] is
valid for ¢ = 1,2,...,n and ¢| V¢, V...c, is the greatest element of B. Hence B is
weakly homogeneous. (]

5.7. Proposition. Let o, and v be infinite cardinals. There exists a Boolean
algebra B,g. such that
(i) Bagy Is complete;
(ii) if @ < B, then B,g is homogeneous;
(iii) if « =RNg < B =1, then m(Bapy) = 7-
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Proof. Consider the Boolean algebra B.g, constructed in [8]. According to
(8], p. 131, Bagy is complete. Next, in view of [8], 3.12, the condition (ii) is valid.
Finally, in view of 3.14 in [8] (the first line of the table in 3.14) the condition (iii) is
satisfied. O

Let a be a cardinal, a > Xy. Denote B* = By,q and let A, be the principal
radical class generated by B¢.

5.8. Lemma. Let a(1) and a(2) be distinct cardinals, a(i) > N (i = 1,2).
Then Aa(l) # Aa(z).

Proof. In view of 5.7 (iii) we have 71 (B*®") = a(i) for i = 1,2. By way
of contradiction, suppose that A1) = Aq2). Then 4.14 yields that T (BW) =
71 (B*®)), which is a contradiction. O

5.9. Lemma. For each cardinal o with a > Ry put 91(a) = A,. Then ¢y is an
injective mapping of the class of all cardinals greater than X, into 2.

Proof. Inview of 5.7 (ii) and 5.5, ¢1 («) belongs to 2, whenever « is a cardinal
with @ > Ng. Next, according to 5.8, the mapping 1, is injective. O

5.10. Lemma. A, €2, and A, is conditionally complete.

Proof. Clearly A. # Ap. Let A3 € A, Ag < A1 < A.. Thus there exists
a Boolean algebra B € A; such that B # {0} and B is finite. Hence there exists
0 < by € B such that [0,b1] is a two-element set. If A € A, and 0 < b € A,
then the interval [0, b] can be expressed as a join of two-element intervals; therefore
Ae < (S¢(B))* < Ay. This shows that A; = A.. The conditional completeness
follows from 3.4 and from the fact that B is complete. O

Proof of 5.1. Let B be as in the proof of 5.10. Then 71 (Bp) < X and hence
according to 5.7 (iii) and 4.14 we infer that B ¢ A, whenever a > Ry. We define a
mapping ¥ of the class of all infinite cardinals as follows: ¥(Xg) = A., ¥(a) = A, if
a > Ng. In view of 5.9 and 5.10, (8) € 2, for each infinite cardinal «, and in view
of 5.7 and 5.10, all ¢)(8) are conditionally complete. Now it suffices to apply 5.8 and
the fact that ¥(Rg) # ¢(8) for 5 > No; we obtain that ¢ is injective. O
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