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Abstract. In this paper, we consider the existence and nonexistence of positive solutions
of degenerate elliptic systems

—Apu = f(z,u,v), in Q,
—Apv = g(z,u,v), in Q,
u=v=0, on 01,
where —Ap is the p-Laplace operator, p > 1 and Q is a C1**-domain in R™. We prove an

analogue of [7, 16] for the eigenvalue problem with f(z,u,v) = A\jvP™1, g(z,u,v) = AguP ™!
and obtain a non-existence result of positive solutions for the general systems.

Keywords: Eigenvalue problem, Degenerate elliptic operator, Nonlinear systems, Positive
solutions.

1. Let Q be a bounded C**-domain in R™, and —A, the p-Laplace operator,
p > 1. In this paper, we are concerned with positive solutions of the elliptic system

-Apu = f(z,u,v), in 9,
(1) _APU = g(fL‘,U,U), in Q:

u=v=0, on 9Of.

For semilinear equations, the above problem is mentioned in [12] as an open problem
and has been studied, for example, in [4] on the convex domain, in [14] for a ball,
and in [7] on an annulus for systems with more than two equations. The quasilinear
elliptic systems on the unit ball were investigated in [5] by an ODE approach. To
understand the quasilinear system (1), we found that there is a big difference between
semilinear and quasilinear systems, which is created by the nonlinearity of the p-
Laplace operator. For instance, it is much harder to deduce the L>®-boundedness
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for positive solutions of (1), partly due to the fact there is no corresponding Rellich
identity [13, 16], than in the semilinear systems, where linearity of the Laplacian
plays an important role. Further, some simple facts about non-existence of positive
solutions of semilinear systems become very delicate to handle in the quasilinear
version (1). Anyway, our proofs are new even for the semilinear equations.

In the sequel, we denote by u(p) > 0,¢(z) > 0 the first eigenvalue and the
corresponding normalized eigenfunction of the p-Laplace operator —A, [11]. For a
given uniformly elliptic operator L = — 3, . 0;(ai;(x)0;) we denote the eigenvalues
and the corresponding eigenfunctions [6] by uk, ¥k (z),k =1,2,....

First we consider the following linear eigenvalue problem for u,v € Wol’2 ():

Lu = au + A\v,
(2)

Lv = \u + B,

where a, A\1, A2, 8 € R.

Theorem 1. 1) If a,f < p; then (2) has positive solutions if and only if A\; > 0

and M\ A2 = (1 — a)(p1 — B).
2) The system (2) has nontrivial solutions if and only if Ay A2 = (ux — @)(ux — B)
for some k > 1 and the solutions u,v belong to the eigenspace of p.

As a corollary of Theorem 1, we consider the following elliptic systems [10] on
W32 (Q):

(3)

—alAu - BAv = \v,
—BAu — 0Av = Aqu,

where o, 8, A, 6, p are constants and a > 0, ad — 32 > 0.

Corollary 1. The system (3) has a pair of positive solutions if and only if A\; >
Bui, adu? = (A — Bui)(A2 — Bua) and the solutions are of the form u = ayy (z),

v = b1 (). ,
For the special quasilinear elliptic system: u,v € Wy?(1),

—Ayu = A |v|P~2v, on Q,
(4) { P 1| I

—Apv = Aa|u|P2u, on Q,
we have

Theorem 2. 1) The system (4) has positive solutions if and only if A\; > 0,
M2 = u(p)? and the solutions are given by u = c1p(z), v = cop(z), 1 > 0,
Cy = cl()\2//\1)1/2(p~1)_
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2) If \ A2 > 0, then (4) has nontrivial solutions if and only if /A1) is an eigen-
value of —A, and u, v are the associated eigenfunctions.

Concerning the general system (1), we only have a non-existence result

Theorem 3. If there exist non-negative constants a, 3, A;, i = 1,2 such that one
of the following conditions is satisfied, then (1) has only trivial non-negative solution
u,v < k:

1) A < u(p) and for all (z,u,v) € Q x [0, k]2,

f(zu,v) S auP™t + AP, gz, u,v) < AguP Tt 4+ BuPTH
2) A > u(p) and for all (z,u,v) € Q x [0, k]?,

f(z,u,v) > auP™t + MvP7h g(z,u,v) > AuP~t + BuPT,

where 2A = a + B+ v/(a — B)2 + 41 Xs.

2. In this part, we prove a lemma, which is an improvement of the result in
[7, 16]. From now on we work on the Sobolev space Wy'?(Q) with the norm |u||? =
Jo |Vul? dz.

Lemma 1. If ap > 0 is constant and u, v are nonzero elements of Wy'? ()
satisfying
—Ayu = og|v|[P 2w, on Q,

o (oot

Ay =oglulP?u, onQ

in the weak sense, then u = v and aq is an eigenvalue of —A,. Moreover, if u > 0
on , then ay = p(p) and u = v = cp(z) for constant c.

Proof. If we choose ¢ = (u —v); € W,'P(Q) as a test function for (5), we see
(8] that

(6) / |VulP~2Vu - V(u — v)dz = ag / [v|P~2v(u — v) dz,
{u>v} {u>v}

(7 / |Vu|P~2Vv - V(u — v) dz = ag / [u|P~2u(u — v) dz.
{u>v} {u>v}

It follows from (6) and (7) that
/ (|Vu|P~2Vu — |Vo|P~2Vo) - V(u —v) dz
{u>v}
= —ao/ (Ju|P~2u — |[v|P~2v)(u — v) dz < 0,
{u>v}
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which implies that u < v a.e. on . Similarly, it can be also shown that « > v a.e. on
2. Consequently, u = v and ag is an eigenvalue of —A,. Since the first eigenvalue
of —A, is simple [11], it follows that ap = u(p) in the case u > 0 or v > 0 on .

3. We shall prove Theorems 1 to 3 in this section. a

Proof of Theorem 1.

1) The sufficiency is obvious, since (¢1(z), (t — @)/ A1 - ¥1(x)) is a pair of positive
solutions. It remains to show the necessity. First observe that if (u,v) is a pair of
positive solutions of (2), then A; > 0, since @, 8 < u; and L — a, L — 3 are positive
operators. Further, choosing ¢ > 0 such that a + cA\; = A\y/c + 3 = A and changing
variables by ug = u, vo = v/c, we see that ug, vo satisfy the system

Lug = aug + cA1vo,
o (

Lyy = /\Q’U,Q/C + Bug.
Now, define w = max{ug, vo }, wo = min{uo, vo}, then we have
w+ wo = up +vo, wW—wo = |ug—vol,

Lug = aug + ch\vg < Aw,
Lvg = )\2’([0/0-*’ Bug < Aw,

which implies [8] that w satisfies

9) Lw < Aw.

Similarly, wo satisfies the inequality Lwg < Awp. Consequently,
(10) L(w — wp) < Aw — wp).

If we use v = w as a test function for the inequality (9), we get

/ AijWe; We; AT < K/ w? dz,
Q Q

which implies that A = p;, w = yy;(z) for some v > 0 because

™ :inf{/aijwziwxj dx//w2dm, o;éwewg“(n)}
Q Q

and 1, is the normalized minimizer [6]. In a similar way, we derive w — wg = Y91
for some g > 0.
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We are done if v = 0. If 49 > 0, then ug — vo does not change its sign on 2 due to
the fact that 1, is positive on Q. Therefore, either uo —vo = 1 or vg — ug = Yo¥1.
We may assume that ug — vo = yo¢1, then up = y¢; and vo = (v — 70)¥1. Via the
first equation in (8), we deduce

p1y = ay + Are(y — 1) = Ay — Arcvo.

But A = 1, so we see from the above equation that A\;cyo = 0. This is a contradiction
and the proof of 1) is complete.

2) Let (u,v) be a nontrivial solution of (2), then u, v have the expansions [6]
u(z) = 3, axtor(2), v =3, bethr(z), with 0 # {ax}$°, {bx}$° € 2. We obtain from
(2) that ay, by solve the system of linear equations

Urak = aag + Abg,
trby = Az2ar + Bb,

which has a nontrivial solution (ax,bx) if and only if M Ay = (ux — @)(ux — 8). O

Proof of Theorem 2.

1) First observe by the positivity of the p-Laplace operator [9] that if (3) has a
pair of positive solutions then A; > 0, ¢ = 1,2. The assertion follows from Lemma
and a rescaling argument.

2) Assuming that /A;X; is an eigenvalue of —A,, then (|)\1|’TP1_-‘7¢(:£),
|/\2|T1—17w(x)) is a pair of solutions of (3), where 1 is an associated eigenfunc-
tion of v/A;X2. On the other hand, if A\; A2 > 0 and (u,v) is a nontrivial solution of
(3), then we derive by the Sobolev embedding theorem that A; A2 > 0 and both u
and v are nonzero elements in WO1 "P(Q). Furthermore, changing the variables by

Uo = |M|T Ty, v = |Ag| T T,

we see that (uo, vo) satisfies the system (5) with ap = v/A; A2 and hence the conclusion
is true via Lemma.

Open problem: Is there a positive number a > 0 such that the system

{ -Ayu=alv|P~2v, onf,

—A,v = —aluP~?y, on

has a pair of nontrivial solutions u,v € Wo1 P(Q)? 0
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Proof of Theorem 3. Since the case when A\;\2 = 0 is easy, we may
assume A\ Az > 0. Supposing that (1) has a pair of positive solutions u(z),v(z) < k
a.e. on (1, we change variables by

u=ug, v=cvy, where 2\;cP7! =8 —a+ /(8 —a)? +4\ ;.

Let W = max{uo,vo}, W = min{ug, v}, then @,w < k a.e. on N. If the condition 1)
in Theorem 3 holds, we have A < pu(p) and

—Apup = f(z,u,v) < aug_l + Alc”_lv(’,’_l < AwPl,
—Apug = A Pg(z,u,v) < cl_”/\zuo-l + ﬂvg_l < AwP L.

From these two inequalities we get [8] that @ satisfies the inequality —A,w < AwP™?!

in the weak sense, which implies that ||@]|? < A||@||7,. But this inequality has only
the trivial solution w =0, if A < u(p).

It the condition 2) satisfied, then A > u(p). Analogously, we can show that w
satisfies —A,w > AwP~! in the weak sense.

Define 7 = (A/u(p))/®=1 > 1 and choose ¢t > 0 such that tp(z) < 7@(z) on Q,
which is possible due to the fact that @, > 0 on 2, and Z—f, %55 > 0 on 00 [15].
Denoting ¢1(z) = ty(z), and then choosing (¢; — w)4+ as a test function both for
the differential inequality —A,w > AwP~! and the equation —A,p; = u(p)cp’l"l, we
obtain

/ IV&PP2VG - V(g1 — @) dz > A (1 — @) da,
{p1>®@}

{p1>w}

/ V1 [P~2Vr - V(g1 — @) dz = H(P)/ ot (o1 — ) da.
{p1>w} {p1>®}
Consequently,

0> [ (VEPVE - VetV - Vie - @) de
{p1>w}
> / {AGP! — u(p)p} " Y1 — @) de
{p1>w}
> [ (e - e - D) de > 0,
{p1>w}

because on the domain {z; ¢;(z) > @(x)} the inequality {(t®)P~! -} }(p1—T) >
0 holds. Thus, we have ¢; < w a.e. on {2.

Applying the preceding trick once more to the eigenfunction 7¢, (< 7@) we obtain
71 < W on Q, too. An iteration process yields 7"¢ < w on {2 for any integer n > 1.
Letting n tend to infinity, we deduce ¢ = 0 on Q. This is absurd and the proof is
done. a
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