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Let k& be an infinite cardinal number. A collection % of subsets of a space X is
said to be point-£ if each point x € X is in fewer than & members of . A collection
7 is locally-k at a point z if there is an open neighbourhood of z meeting fewer than
k members of % . If every point-k open cover of a space X is locally-k at a dense set
of points then we say that X has weak caliber k. A space X has very weak caliber
k if every point-k open cover %/ of X such that

| < k is locally-k at a dense set
of points. Recall that a space X has caliber k if every point-k collection of open
scts has cardinality less than A. Obviously caliber & = weak caliber k = very weak
caliber k. If X is a ccc space (i.e. every collection of pairwise disjoint non-empty
open subsets of X is countable) and & is a cardinal of uncountable cofinality then it
follows easily by Prop. 3.4 in [10] that X has caliber k iff it has weak caliber &.

X is a k-Baire space if the intersection of fewer than & dense open sets is dense
[10]. Thus the R;-Baire spaces are the usual Baire spaces. It is well-known that a
space X is a Baire space iff it has weak caliber N iff it has very weak caliber g ([2],
[3]). Moreover, it is known that if k is regular and X is A*-Baire then X has very
weak caliber & [1]. If X is alimost k-discrete (i.e. every non-empty intersection of
fewer than k open sets has non-empty interior) and & is regular then X is A*-Baire
iff it is A-Baire and has very weak caliber & [1]. It would be interesting, for a regular
cardinal k, to know whether there exists a space which has very weak caliber & but
has not weak caliber k& .

In the sequel no separation axiom is assumed, unless explicitly stated. A space X
is almost. A-metacompact if for every open cover 2/ of X there are an open refinement
17 of 4 and an open dense subset D of X such that ¥ is point-k on D. Almost
No-metacompact (almost Nj-metacompact) spaces are called almost metacompact
(almost metaLindelsf) [7]). The following property is a stronger one: X is quasi h-
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metacompact if for every open cover % of X there are an open refinement 7 of %/
and an open dense subset D of .X such that # is point-A on D and for every ¥ C /
with |#/] > k, it follows that [{IV'ND: W € #'}| > k. Quasi Ry-metacompact (quasi
Ny -metacompact) spaces are called quasi metacompact (quasi metaLindelsf). If & is
a regular cardinal then every almost k-metacompact space is quasi k-metacompact.
Let us consider an open cover 77 of an almost A-metacompact space X, let 7 be
an open refinement of %/ and D an open dense subsct of X such that ¥ is point-A
on D. Let us show that if ¥ C ¥ and ¢ = {I"Nn D: W € 7} has cardinality
< k then |/ < k. Let X = |4] and let ¢ = {G,: « € \}. For every G, € ¢
let 2(Go) ={W € 7 :WND = Gy} Take a point @ in G,. Then obviously
P(Go) C Ve ={V eV wel} andsince x € D and 7 is point-k on D it follows

that [Z2(Go)| < | 7] < k. Hence 7" = {J 2(Gq). A < k. and k is regular, therefore
a<\

| 7] < k.
X is weakly A-compact if cach open cover 7 of .\\' has a subfamily 77, |77] < k.

with a dense union ([5], see also [4]). Weakly Rg-compact (weakly Ri-compact) spaces
are called weakly compact (weakly Lindelof). Obviously a regular weakly compact
space is compact.

A space X is feebly A-compact if every discrete family of non-empty open subsets of
X has cardinality < A (if X is a regular space this is cquivalent to saying that every
locally finite family of non-cipty open subsets of .\" has cardinality < &). Feebly
Rg-compact (feebly Ny compact) spaces are called feebly compact (feebly Lindelot).
Clearly a Tychonoff space is feebly compact iff it is pseudocompact.

Remark 1. A space X is quasi-regular [8] if for every non-empty open subset
V of X there is a non-cmpty open subset U of X such that U C V. If X is a quasi-
regular weakly A-compact space then it is feebly A-compact. Let us suppose that
there is a discrete family % = {U,: o < k} of non-cmipty open subsets of X. For
cach a < k let V,, be a non-cmpty open set such that ¥, C U,. Set V' = X — U{T“ :
a < k}; {Va: a < k}is adiscrete family so V' is an open subset of X. Then 2 U {17}
is an open cover of X such that for each ¥ C % with |7"| < k. |J ¥ is not dense in
X.

Lemma 2. Let b be a regular cardinal and let X Dbe feebly k-compact. If 77 is
an open cover of X which is locally-k on a dense subset of X, then 7/ contains a
subfamily ¥ such that || <k and J ¥V = X.

Proof. Let % be an open cover of X which is locally-A on a dense set D. Let
% be the collection of all familics & of open subsets of X such that

() HU € . GNU #£ (O} < k for each G € ¥,

(i) {Ge9:UNG #0} < 1 foreach U € 7.
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(¢,C) is a poset and every linearly ordered subset of ¢ has an upper bound,
hence by Zorn’s lemma there is a maximal element .7 of €. Clearly .# is a discrete
family. moreover X is feebly k-compact so |.Z| < k. Let ¥ ={U e Z:-UNV #0
for some V' € ./Z}. Since k is regular so | /| < k.

It remains to show that U—l_’ = X. Suppose there is an ¢ € DN (X — W),
let TV be an open neighbourhood of @ such that W C X — (J ¥ and |{U € #:
W NU # 0} < k. Then .7 U {IW} satisfies (i) and (ii) and ./ is not maximal, a
contradiction. O

Lemma 3. If X has wealk caliber k and G is an open subset of X then G has
weak caliber k.

Proof. Let % be a point-k open cover of G. Then ¥ =% U {X} is a point-k
open cover of X. X has weak caliber k, so D = {& € X': ¥ is locally-k at a} is dense
in X, therefore ‘77 is locally-k on the dense subset DN G of G. If x € D NG then
there is an open neighbourhood U, of x in X such that [{V € v: VNU, # 0}] <k,
therefore G, = U, N G is an open neighbourhood of x in G such that |[{U € % :
UNG, #0} <hk. O

Proposition 4. Let X Dbe a quasi k-metacompact space with weak caliber k. If
7/ is an open cover of X then there is an open refinement ¥V of %/ which is locally-k
at an open dense subset of X .

Proof. Let % be an open cover of X, by hypothesis there are an open refine-
ment /” of % and an open dense subset D of X such that ¥ is point-£ on D and for
every 7 C /7 with | /] 2 k, it follows that {WND: W e 7} >k o ={VND:
V"€ '} is a point-k open cover of D, D is open in X and X has weak caliber k,
hence by Lemma 3 D has weak caliber k. Therefore G = {& € D: 3 an open neigh-
bourhood U, of x in D meeting fewer than A& members of &} iz dense in D, obviously
G is open in D and hence in .X'. To complete the proof we show that ¥ is locally-A
at the open dense subset G of X. Let & € G, then there is an open neighbourhood
U, of o in D such that |&/,| < k, where &/, = {A € /1 ANU, # 0}; obviously U, is
an open neighbourhood of @ in X. Let 7" ={V € v: VU, # 0}, if |#] > k then
by the quasi A-metacompactness of X it follows that {V'ND: V € #'} is a subset of
/. having cardinality > &, a contradiction. Hence 77 is locally-k at . O

Theorem 5. Let k be a regular cardinal and let X be a space which has wealk
caliber k. If X is feebly k-compact and almost k-metacompact then X is weakly
k-compact.

Proof. Let k be a regular cardinal and let X be a feebly A-compact almost
k-metacompact space which has weak caliber k. Let 77 be an open cover of X', X
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is quasi k-metacompact (k is regular), hence it follows by Prop. 4 that there is an
open refinement ¥ of % which is locally-k at an open dense subset of X. Then by
Lemma 2 there exists a #/ C 7" such that [#/| < k and (J# = X. For each W € #’
choose an element U (W) of 4/ such that W Cc U(W). ¢ = {U(W): W € #} is a
subcollection of % such that || < k and U_% = X. So X is weakly k-compact. O

For the special case & = Ny we obtain the following result: every feebly compact
almost metacompact Baire space is weakly compact.

It is known that a regular feebly compact space is a Baire space [6], therefore
a regular space is weakly compact (and hence compact) if and only if it is feebly
compact and almost metacompact ([7], Thm. 1).

In particular, we have the following

Corollary 6 (Scott-Watson theorem). Every Tychonoff pseudocompact meta-
compact space is compact.

Remark 7. Theorem 5, for k& = Ry, says that an almost metaLindelof feebly
Lindelof space which has weak caliber N, is weakly Lindeléf. The example given
in [12] shows (as pointed out in [7]) that a Tychonoff pseudocompact metaLindelsf
space need not be weakly Lindelof. In [7] it is also shown that a regular Baire space
is weakly Lindelof iff it is feebly Lindelof and almost 6-refinable.
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