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It is well known (see e.g. [1]) that a unitary boolean ring can be assigned to every
Boolean algebra and vice versa, and the operations are derived by the rules

z+y=@Ay)V@ Ay, z-y=axAy

and

sVy=xz+y+z 'y, tAy=x-y, ' =1+mx,

where V, A, " are operations of the Boolean algebra and +, - are ring operations and 1
is the unit element in both of these algebras. This construction can be extended also
to relatively complemented distributive lattices with zero and boolean rings which
need not be unitary, see [1]. Another generalization is done in a similar manner for
the so called g-algebras and boolean semirings, see [2].

The aim of this paper is to follow these considerations also for more general lattices
with complementation, namely for ortholattices and orthomodular lattices. Since
such lattices need not be modular or distributive, it is clear that the induced oper-
ations need not satisfy associativity or distributivity laws. Henceforth, we do not
expect to obtain a semiring as a derived algebra but only a weaker form, the so called
pseudosemiring.

An algebra (L;V, A, +,0,1) of the type (2,2,1,0,0) is an ortholattice if (L;V,A) is
a lattice with the least element 0 and the greatest element 1 satisfying the following
identities:

(A) (@t)* =,

B) (xvy)t=at Ayt and (xAy)t =2t vyt

(the so called De Morgan laws),

(C)zvat=landzAzt=0.

If it satisfies also the implication

(xr<y=>aV(@tAy) =y,



then (L;V.A,1,0,1) is called an orthomodular lattice. It is almost evident that (x)
can be replaced by the identity

D) @Ay V(@AY Ay) =y
An example of an ortholattice which is not orthomodular is in Fig. 1.

1=0+%

0=1+
Fig. 1.

An example of an orthomodular lattice which is not modular is depicted in Fig. 2.

1=0+
d+ \4& d
0=1+
Fig. 2.

It 1s well known (sec e.g. [3]) that if an orthomodular lattice is distributive then
it is a boolean lattice. An example of a modular but non distributive orthomodular
lattice is in Fig. 3.

Now, let (A;4,-,0,1) be an algebra of the type (2. 2. 0. 0). This algebra is called a
pscudosemiring if the operation - is associative, + is commutative and the following
laws hold:

Ma+0=2,2-0=0-0v,0-1=w=1"a

(i) e+ (1 +y) = (v + 1)+ y (weak associativity).
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(ii1) for cach v € A there exists y € A such that v +y =0
(inverse element),

(iv) (1 + ay)r = a + xyx (weak distributivity).

A pseudosemiring is called commutative or idempotent if the operation - is com-
mutative or idempotent, respectively.

A pseudosemiring is called an orthopseudoring if it is commutative, idempotent
and satisfies the following identities:

(2) v +a =0,

M) I+a)(l+ay)=1+ua,

() (T+2(l+y)A+y(l+2) =1+ (r+y).
If, moreover, it satisfies also

(d) (v +ay) +ay =,
it will be called an orthomodular pseudoring.

Lemma. Let (A;+,-,0,1) be an orthopseudoring. Then the following identitics
hold:

(1) 14+ (1+x)
(2) (1+ @)

—
<

Proof. Puttingy =1 in (ii). we obtain using also (a) r =0 +0 =2+ (1+1) =
(r+1)+1 =1+4+(1+x). If we put y = Lin (iv), we have (14+2)e = a4+a-x = a+ax = 0.

a

Theorem 1. Let L = (L; V. A,+,0,1) be an ortholattice. Put x+y = (v Ay*) Vv
(++Ay)anda-y=aAy. Then P = (L;+,-,0,1) is an orthopseudoring, called an
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orthopseudoring induced by L. If, moreover, L is an orthomodular lattice then P is
an orthomodular pseudoring.

Proof. Commutativity of +, associativity of - and the identities of (i) are
evident. We can easily show that 1 + z = (1A2+)V(0Ax) = 1Azt = 2. Let
us prove (ii): o+ (1+y) = (@A[IAyYH)VOAYIH) VEEAILAYE)V(0A
YY) = @Ay vietayt)=(@tAay)v(eAay) =2t +y=(x+1)+y. Since
v+z=(zAzt)V(at Az)=0V0=0 which proves (a), we have proved also (iii).
As for (iv), it is enough to prove (1 + xy)z = = + ry because of idempotence and
commutativity of . Thus 2 + 2y = (A (z Ay)L) vV (et Az Ay) =2 A (2 Ay)t and
(I14+a2y)x =(xAy)t Az, ie. (iv) holds.

Hence (L;+,-,0,1) is a commutative and idempotent pseudosemiring satisfying
(a).

Let us prove (b): 1+ (1+a)(L+ay) =1+ (@t A(vAy)t) =zt A(aAy)t)t =
xV (z Ay) = z; using (ii) we have (1 +2)(14+2y) =0+ (1 +2)(1+zy)=(1+1)+
I+2)Ql+zy) =1+ 1+ 1 +2x)(1+2y)) =1+ 2, which proves (b). For (c), we
can count (1+z(1+y))(1+y(1+2) =[AA@@AyH)H)VOA@AYIDAILA (YA
# NV OAEEAD)] = @AV AGATHE = (A VA = 1+ (@ +y).
We have proved now that (L; +,-,0,1) is an orthopseudoring.

If, moreover, L is an orthomodular lattice, then (¢ + ay) + 2y = [(z A (z Ay)*) V
@Az AYl+ (@ Ay) =[aA @Ayt AleAy) )V eA@ayh)tA@ay)] =
(A (@AY L)Vt VAy)A(zAy)] = (@A{zAy)t) vV (xAy). By (d), it is equal
to @, which completes the proof. O

Theorem 2. Let P = (L:+,-,0,1) be an orthopseudoring. Put xt Vy =1+ (1 +
2)(1+y), zrAy=x-yandxt =1+z. ThenL = (L;V, A, L1,0,1) is an ortholattice.
If, moreover, P is also an orthomodular pseudoring, the L is an orthomodular lattice.
L is called an orthomodular lattice induced by P.

Proof. Commutativity, associativity and idempotence of A as well as commu-
tativity of V are trivial. Let us prove associativity of V:

xV(yVvz)=14+1+0)1+0+0+y)(1+2))) by (1)
=1+1+0)1+y)(1+=) by (1) once more
=14+0+2)0+0+0+2)(1+y))
=zV(zVy)=(zVy)V=z.

Further, by (1),
(‘I‘J‘)J' =1+ (1 + J)) = .
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by (2) we obtain @ A 2+ = x(1 +2) = 0 and, by (1) and (2), aval =1+
lI+a)(1+(1+2)=1+1+2r)x=14+0=1.
Let us prove De Morgan laws: by (1) we have

@vy)t=1+0+0+2)14+y)=>0+2)1+y) =zt Ayt
Using this law with (21)1 = 2, we obtain the second law:
et vyt = (et vyt = (e Ayt
[t remains to prove the absorption laws: by (b) and (1) we immediately obtain
sV(@Ay)=1+41+2)1+zy)=1+1+2) =z
Using this law and the De Morgan law, we infer
A (xVy) =zt VEtayHt = @h)t =a,

thus L is an ortholattice.

If, morcover, P is orthomodular, we infer by (d) (r A (x Ay)Y) V(z Ay) = (2 A
(AP VAA(EAY) = (A @AYIA@AYH) V(@A @AY A@AY) =
(kA (@AYt V(at Az Ay + ey = (0 + ay) + 0y = 2. According to (d), L is an
orthomodular lattices. a

Remark 1. Orthomodular pseudorings do not satisfy (z +y) +y =2 + (y +v)
or (1 +y) = x4+ 2y in the general case. If e.g. L is the orthomodular (and modular)
lattice visualized in Fig. 3 and P the orthomodular pseudoring induced by L, then
(a+ct)+ct =[ance) Vi@t Anc)+ct =at +ct =@t AV (@Aact) =0,
but a+ (ct +ct)=a+0=a#b Alsoa(l+ct)=aAc=0#a=a+act. Of
course, if L is distributive, then it is boolean and both of the foregoing identities are
satisfied in the induced pseudoring (which is in this case a boolean ring).

Theorem 3. Let L be an ortholattice, P(L) the induced orthopseudoring and
L(P(L)) the ortholattice induced by P(L). Then

L = L(P(L)).

Let P be an orthopseudoring, L(P) the induced ortholattice and P(L(P)) the or-
thopseudoring induced by L(P). Then

P = P(L(P)).
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Proof. Denote by \, A and * the operations in L(P(L)) and by Vv, A, L
those L. Evidently, A = A and «* = (1 + x) = o+, which proves * =1. Further.
eyy =141 +2)1+y) = QAL +2)(1+ )V OA[L+2)(1 + )b =
(T4 2)1+y))*t = (@t Ayh)t = 2 Vvy, thus also y = V. which proves the first
assertion.

Further, denote by ¢ and ' the operations in P(L(P)) and by +, - those in P.

Trivially, ® = - and, by (c) and (1), we obtain x fy = (x Ayt) VvV (zt Ay) =
z(l+y)vy(l+a) =1+ 1+x(1+y)1+yl+2) =141+ @ +y) =a+y,
thus proving the second assertion. O

Remark 2. We cannot introduce the operation V in the induced ortholattice by
the rule
rVy=(x+y)+uay

similarly as in boolean rings. In such a case, we have
ryy= (g tay= @Ay Vet Ay V(e Ay)

but the last term can be different from x V y. For instance for the ortholattice in
Fig. 2 we have aVd =1 but

(andt)V(atAd)V(and) =0vVOVO=0.

Because of lack of associativity of 4+, we can try to introduce V in another way similar
to that of boolean rings, namely xVy = z+ (y+xy). In also leads to a contradiction.
as we can see in the ortholattice given in Fig. 1:

y=ayy=a+(y+ay) =c+y+a)=a+[yAr )Vt ra)=a+0=u.

Remark 3. Let (4;+4,-,0.1) be an orthopseudoring. If card A = 2, ie. 4 =
{0,1}, then, by (i) and (ii), (4:4,-,0,1) is the two clement boolean ring and hence
the induced ortholattice is the two element boolean lattice.

If card A > 2 then the operation 4+ need not be associative and it need not satisfy
the distributive law. However, the groupoid (A;+) is a union of four element Klein
groups. Namely, for any @ € 4 we have

+ ’ 0 a at 1

0] 0 a at 1

a a 1 at

at at 1 0 a

1 1 at a 0

where a* denotes 1 + a.
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Example. Let A = {0,2,y,2%,y*, 1} and L = (4;V,A,1,0,1) be the ortho-
lattice whose diagram is in Fig. 1. Denote by +,- the operations of the induced
orthopseudoring P(A). Then the operation + is not associate since z + (z + y) =
r+0=0#y=0+4+y=(z+)+y and P(A) is not distributive:

rA4y)=atayt =yt £at =at 4 0=at 142 4.

The operation table of + is the following:

+ T Yy 2 L Y 1
0 0 X y at oy 1
| @ 0 0 11 ot
y |y 0 0 11 oyt
Tl B 1 1 0 0 T
Y yt 1 1 0 0 Y
1 1 at oyt 1 Y 0
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