Matematicky casopis

Josef Kaucky
Some More Remarks on Certain Algebraic Identities

Matematicky casopis, Vol. 18 (1968), No. 3, 213--217

Persistent URL: http://dml.cz/dmlcz/126470

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1968

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/126470
http://project.dml.cz

Matematicky &asopis 18 (1968). No. 3

SOME MORE REMARKS
ON CERTAIN ALGEBRAIC IDENTITIES

JOSEF KAUCKY, Bratislava

Let

and
Xj (j = 1, 2, ooy m)

be given complex numbers, the a; are distinct while x; are arbitrary.
If we put

n

(1) S(m, n) = z (s — 21)(@s — 22) ... (@i — %) ,
(@ — ao

) (az — ai_l)(ai _ ai+1) (ai —_— an)

1=0
then
n n+1l
(2) S(n+1,n) =>a— j,
1=0 j=1
(3) S(n’ ’I’b) = 1:
(4) S('m, n) =0, m<n.

Three proofs of these formulas are known: one by induction (Barto§ [1]),
one using the calculus of residues (Kaucky [1]) and one by means of the
Lagrange interpolation formula (Carlitz [2])

By the method used in the last two proofs we can evaluate also the sums
S(n + 2, n), S(n + 3, n),...

In this article T am going to show that the formulas (2), (3) and (4) are simple
consequences of certain well-known relations.

For this purpose we denote

f)y=(x —x1)(x — 22) ... (¢ — 2n) = % —1)kopam—t,

k=0
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If

ag . Oy
1 a1 ...a7 n
(5) A(ao, ar, ..., an) = Y= ﬂ (ax — )
e e £120
1 ap...a" k>1

is the Vandermonde’s determinant, then according (to [3], p. 9)

1 ap ...ap f(ao)
1 cealt
(6) S(m, n) = “ @ fla) s Ao, a1, ..y Wp) =
1 ap...a flan)
1 a ...apt ap*
1 ar ...a%t ok
m 1 ap...a™t o™t
=2 (—1)to - . -
=0 A(ao, a1, ..., az)

From this equation we derive immediately the formulas (4) and (3). In fact
if m < n, all the determinants in numerators vanish because they have in the
last columns the numbers

ab, a, ...al

where 0 < 7 < n — 1. So we get the formula (4).

If m = n, then obviously
S(n,n) =00 =1

-and this is formula (3).
Now we still have to prove equation (2). However with the use of a further

well-known formula ([3], p. 9)

ap ...ayg’t aptt
ay ...a¥1t qott! i
(7) 1 1 s Ao, a1, ..., ) = > ai,
e . i0
1 ap...at a't!
‘the equation (6) gives
n n n+l
S+ 1Ln)=>a—0=a—_)a
i-0 i0 j=1

‘which is the formula (2).
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3.
As we have already pointed out it is possible to calculate easily for example
with the help of the calculus of residues the sums S(m, n) also for m > n + 1.
In reference to the method desceribed in the above paragraph this does not

hold good. To demonstrate this let us calculate the value of the sum S(n + 2, n).
As we can see from equation (6) we must know the value of the quotient

1 ap...a0"t ap*?
1 ap ...a%1 ao™?
(8) 1 1 . A(ao,al, ceey a,,,)
n-1 n+2
1 ay...aq, a,

For n = 1 the value of the quotient is
} 1 &

. 2 2
1 a? : (a1 — ap) = ag + apmr + aj.

For n = 2 it is also easy to show that
4

1 ap a
1 a1 af|: (a2 — a1)(ez — ao)(a1 — ao) =
1 a aé

= a2 + a? + a3 + a1 + aoaz + aas

We may therefore assume that the quotient value (8) will be

n n
9) D @+ > aia;
i0 §,3=0
1<)

which can be proved by induction.
We have just shown that for » = 1,2 this statement is correct. Let us
therefore assume that statement holds also if (» — 1) is inserted in place of ».
We subtract now in the determinant in the numerator of (8) the first column
times a, from the second, from the third column the second times a,, etc.
until from the nth column the preceeding column also multiplied by a,.
Finally we subtract from the last column the last but one multiplied by a?.
Thus we obtain a determinant with the numbers

1 0 ... 0 0

in the last row. The remaining rows are as follows

1 ap—ap  ao(@o — an) el Hap — ay)  all(ad — ad)
1 a1 —ap  ai(ar — ag) e @@ — ay)  ayi(ad — ad)
1 ag-1—an Au-1(@n-1 — @n) ... @ Han-1 — an) a i@l , — ad)
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Expanding this determinant according to the elements of the last row and
reducing the quotient by the product

(@n — a0)(an — @1) ... (@n — Gn-1)

we see that the quotient (8) has been reduced to

- - 2
ap  ...ar? ailad + a0 an + al)
-2 -1(,2 2
a  ...ai ay e + m a”+“”) . A(ao, a1 (n-1)
. , A1, .e., (e
1 n-2 n-1¢.2
On-1 ... 07 anilas_q +“" 100 + a)

The above quotient may be decomposed into three parts. The first

1 a a{,“z a{,‘“

1 a1 ...a%2% g*t?
! Vol Ao, aa, ..., aned)
-2 n+1

1 apa...ap3 apt]

has by assumption the value

The second part

1 ap Lay? ap
n-2 7
ay . a a
an ! ! : A(ao, A1y oeny an-l)
1 apq...a0% a

has in accord with formula (7) — if » is replaced by (» — 1) — the value

n-1
(/7% z a; .
1=0

And finally the third part has evidently the value a2.

Summing up all these results we see that the quotient (8) really has the
value (9).
Having put down, further, for the sake of simplification,

gx) = (x — ag)(x — a1) ... (x — ay) =n§1(—-1)k-,;kxn+l—k’
£=0

we see that expression (9) is equal to
2 — 5.

Thus we have now everything to enable us to find the value of the sum
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S(n + 2, n). According to formula (6), in which we replace m with (n + 2),.
the following holds

Sn + 2,n) =1} — 12 — o1m1 + 02 = 02 + (11 — 01) — T2.
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