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ON A CLASS OF DARBOUX FUNCTIONS FROM
A TOPOLOGICAL SPACE TO A UNIFORM SPACE

BELOSLAV RIECAN, Bratislava

Let X be a topological space, Y be a uniform space, #Z be a base of open
connected sets in X,.# be a base of the uniformity of Y. We shall say that
a function f: X — Y belongsto Dy(<#) if and only if there are no U e #,
Ve, A, B < Y such that f(U) =AUB, A+0, B+0, A X Bc Y x
X Y\ V. The family Dy(#) does not depend on the choice of a base .# of the
uniformity of Y. If Y is a metric space then fe Dy(%) means that for any

U € 4, f(U) cannot be written as a union of two non-empty sets with a positive

distance.
We prove first that D(%) is closed under the limits of uniformly con-

vergent sequences. If Y is moreover an abelian topological group, X is regular
and Z fulfils an additional condition (1*) (see Lemma 2), then f 4 g € Dy(%)
for any f, g € Dj(#) such that in any point x € X at least one of f, g is con-

tinuous.
The families D(Z) (resp. Do(%)) of all real-valued functions with the Darboux

property (resp. with the Darboux property in the Radakovitch sense) on a to-
pological space were introduced and studied by L. Misik ([3], [4]). In [1]
J. Farkov4 introduced two similar families Dy(%), D'(#) from a topological
space X to a metric space Y. By Farkovéd’s definition, f € Dy(#) if and only
if f(T) is connected for any U € Z.

Clearly Dy(#) = Dy(%) if Y is the real line. But in the general case (when
only Dy(%#) = D;(%#)) the family Dy(#) seems to be more convenient since
for D,(#) the above mentioned theorems do not hold.*) Of course, our family
D;(Z#) has a meaning only if the range space Y is uniform. In a certain sense
we extend Farkova’s results in two directions: we consider a larger class
of range spaces Y and a larger class of functions Dg(%).

Theorem 1. Let {fx} be a sequence of functions belonging to Dy(%#) and con-
verging uniformly on X to a function f. Then f € Dy(H).

*) The corresponding results of Farkové contain some additional assumptions and
follow from our theorems.
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Proof. Assume that f¢ Dj(%). Then there are A, B < ¥, Uc®, Vel
such that A X B< Y x Y\ V, f(U)zAuB, A+0, B+0. Put C =
={xelU:flw)ed}, D={xeU:flx)eB}. For 8,T e.#/ denote by ST,
as usually, the set {(z, y): there is z € Y such that (,2) e S, (2, ) eT}. Then
there is W e# such that Wo Wo W < V (see [2], chapter 6). Choose n such
that (fu(x), f(z)) € W for all x € X.

Clearly C % 0, D & 0. We assert that f,(0) x fa(D) = Y x Y\W. In the
reverse case there are xe(C, ye D such that (fal2), fuly)) € W. But then
(f(@), fa(x)) € W, (fal@), fu(y) € W, (fa(y), f(¥)) € W and (f(z), fy)) eW o W W <
< V. But f(x) e 4, f(y) € B, hence A X BN V % ), which is a contradiction
with the property of V stated above.

Hence fu(C) X fa(D) < Y x Y\W for a sufficiently large », which is
a contradiction with the assumption f, € Dy(%).

The corresponding result of Farkova follows from Theorem 1 and the follow-
ing lemma.

Lemma 1. If fe Dy(#) and there is a compact set C such that f(X) < C,
then f € Dy(%).
Proof. If f ¢ Dy(%), then f(U) = A U B, where 4, B are disjoint, non-void

and moreover compact. Hence there is V €.# such that A x B< Y x Y\V,
therefore f ¢ Dy(%).

Corrolary ([1], Theorem 1). If {fa} converges wuniformly to f, fu. € Dy(%)
(n=1,2,...) and there is a compact set C such that f(X) < C, then fe D('](ﬂ).

Proof. Clearly Dy(#) = Dy(#). Then fe Dy(#), according to Theorem 1
and f € Dy(%) according to Lemma 1.

Let Y be now an abelian topological group. It is well known that Y be-
comes a uniform space in which the family of all sets of the form {(z, y):
:x — y € W}, where W is an open neighbourhood of the zero element O, is a
base of the uniformity. Hence f e Dy(%) if and only if there are no U € 4,

A, B < Y and no neighbourhood W of O such that A — B < Y\WW,*) f(U) =
AUB, A+0, B+

In the following we shall use the following lemma due to J. Farkova in [1].
Lemma 2. Let X be a topological locally connected space, B be a base of open

connected sets satisfying the following property:

(1*%) To any open F, any E € B and any x € F N E there is C € B such that
CcFNnE, zeC.

Let Fe#, F = C VU D, where C, D are disjoint non-void sets.

*) While 4 \ B moans the set theoretic difference, A — B = {u:u =2 — y, x€ 4,
y € B}. :
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Then there is xg € C N D such that to any neighbourhood V of xo there is U € &,
U<V, el U={UNnC)UUND), and UNC, UN D are disjoint
non-void sets.

Theorem 2. Let X be a regular topological space, B a base consisting of open
connected sets fulfilling (1*). Let Y be an abelian topological group, f, g € Dy(#)
and any x € X 1s a point of continuity of at least one of the functions f, g. Then
[+ g € D).

Proof. Let f 4 g ¢ Dg(%). Then there are F € 4, A, B < Y and a neigh-
bourhood W of O such that A — B< Y\ W, f+gF)=AUB, A+ 0,
B # 0. Let T be such a symmetric neighbourhood of O that 7'+ T + T +
+7T < W.

Put C=Fn(f+g)Y4), D=Fn (f+g)4B). Then CND =49, C, D
are non-void and F = C U D.. Let 2 be an element of C' N D having the
properties stated in Lemma 2. Let e. g. fbe continuous in zp. As X isregular,
there is an open neighbourhood V of x¢ such that f(u) — f(xo) €T for all
uwe V. Finally, let U have the properties stated in Lemma 2 with respect
to this set V.

Letae UNC,ye UN D. Then f + g(x) — f + g(y) ¢ W but f(x) — fly) =
— f(@) — flao) + fwe) — fy) €T + T. I g(a) — gly) €T + T then J + g(z) —
—f+9y) =f@) —fy) + 9@ —gy)eT +T + T + T < W, which is
impossible. Therefore g(x) — g(y) ¢ T + T forallee U N C,ye U N D, or by
others words g(U) N C) — g(U N D) < Y\(T + T).

For K,L < Y, K =0, L + 0 write o(K, L) > 0, whenever there is S e.#
such that K x L = Y X Y\S. We have just proved o(g(U N C), g(U N D)) >
> 0. The proof will be complete if we prove that o(K, L) > 0 implies o(K, L) >
> 0. Indeed, we get o(g(U N C), g(U N D)) > 0, hence g(U) = g(U N C) U
Ug(U N D), where g(U N C), g(U N D) are nonvoid disjoint sets of “positive
distance‘‘ therefore g ¢ Dy ().

But the implication o(K, L)> 0= o(K,L)> 0 can be proved easily
as an exercise. Indeed, o(X, L) > 0 implies the existence of a neighbourhood
Z of O such that K — L < Y\Z. Take a symmetric neighbourhood R of O
such that R 4+ R + R < Z. We prove K — L = Y\R. In the reverse case
there are z € K, y € L such that # — y € R. Then also there are ue K, ve L
such that ue R + y, ve R + x. Therefore v —ve R + R 4+ R < Z, which
is a contradiction to the inclusion K — L < Y\Z.

By proving the last implication also the proof of Theorem 2 is complete.

Corrolary 1 ([1], Theorem 2). Let X be a regular topological space, & a base
of open connected sets fulfilling the condition (1*). Let Y be the real line. Let
f, 9 € Dy(B) and any point of X is a point of continuity of either of g. Then
f+ gDy
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Proof follows immediately from Theorem 2, because Dy(%) = D'(;(gf?)
in this case.

Corrolary 2 ([1], Theorem 3). Let X, # fulfil the assumptions of the previous
Corrolary. Let Y be a linear metric space. Let f, g € Dy(%) and any point of X
is @ point of continuity of either f or g. Let there exist a compact set C such that
f+ 9(X) € C. Then f + g € Dy(P).

Proof follows from Theorem 2 and Lemma 1.
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