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Summary. Let A be a connected monounary algebra. The paper deals with retract 
irreducibility of A in the class of all connected monounary algebras and in the class of all 
monounary algebras. 
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This paper can be regarded as a continuation of author's articles [2] and [3]. For 
further references, cf. [2]. 

Some questions concerning irreducibility of posets were dealt with by Duffus and 
Rival [1]; the notion of irreducibility is defined by means of retracts of a poset. 

Let (A, / ) be a monounary algebra. A nonempty subset M of A is said to be a 
retract of (A, f) if there is a mapping h of A onto M such that h is an endomorphism 
of (A, f) and h(x) = x for each x e M. The mapping h is then called a retraction 
endomorphism corresponding to the retract M. Further, let R(A,f) be the system 
of all monounary algebras (B,g) such that (B,g) is isomorphic to (M,f) for some 
retract M oi(A,f). 

Let K be a class of monounary algebras. A monounary algebra A will be said to 
be retract irreducible in K if, whenever A 6 R( Y[ A) for some monounary algebras 

iei 
Ai € K, i e I, then there exists j e / such that A € RAj. If the condition is not 
satisfied, then A will be called retract reducible in K. 

Let (A, f) be a connected monounary algebra. Retract reducibility of (A, f) in 
the class of all connected monounary algebras was investigated in [2] and [3]. The 

143 



aim of this paper is to deal with retract reducibility of (A, f) in the class of all (not 
only connected) monounary algebras. The following result will be proved. 

Theorem. Let (A, f) be a connected monounary algebra. 
(a) If (A, f) is a cycle with pn elements (p being a prime, n 6 N), then (A, f) is 

retract irreducible in the class of all connected monounary algebras and, at the 
same time, it is retract reducible in the class of all monounary algebras. 

(b) If (A, f) does not satisfy the assumption of (a), then (A, f) is retract reducible 
in the class of all connected monounary algebras if and only if (A, f) is retract 
reducible in the class of all monounary algebras. 

1. ASSERTION (a) 

In what follows let (A, f) be a connected monounary algebra. We have the follow­
ing obvious 

1.1. Lemma. If (A,f) is retract reducible in the class of all connected mo­
nounary algebras, then (A, f) is retract reducible in the class of all monounary alge­
bras. 

1.2. Lemma. Suppose that (A,f) is a cycle with pn elements, where p is a 
prime and n £ N. Then (A, f) is retract irreducible in the class of all connected 
monounary algebras. 

Proof . The assertion was proved in [3], Thm. (Rl). D 

1.3. Lemma. Let the assumption of 1.2 hold. Then (A, f) is retract reducible 
in the class of all monounary algebras. 

Proof . Take a prime q ^ p and for each i € N consider a monounary algebra 
(Bi,f) such that Bt consists of two cycles, one of them with pn elements and the 
other with q' elements. Put 

(B,f) = ~[[(Bi,f). 
im 

If (K, f) is a connected component of (B, f), then either (K, f) contains no cycle or 
it contains a cycle with qjpn elements, where j e Nu {0}. Further, there exists a 
cycle in (B, f) possessing p" elements, denote it by M. Then we have 

(A,f)~(M,f) 

and (A, f) e R(B, f) in view of [2], Thm. 1.3. Q 



1.4. Corollary. The assertion (a) of Theorem is valid. 

2. ASSERTION (b) 

Now suppose that (A,}) is retract reducible in the class of all monounary algebras. 
Then there are monounary algebras (Bit}),i e M, such that 

(1) (AJ)eR(l[(BiJ)), 
i6/ 

(2) (A,f)iR(Buf) for each* e J. 

Denote 

(3) Y[(BiJ) = (BJ). 
iei 

According to (1), there is a subalgebra (M, f) of (B, f) and a mapping h of B onto 
M such that 

(4) (AJ)=-(MJ), 

(5) h is a homomorphism, 

(6) h(x) = x for each x e M. 

Ifiel, let Ui be the natural i-th projection of (B, f) onto (BtJ) and put 

(7) Mi = Ui(M) for each i e M. 

The following assertion is obvious: 

2.1. Lemma. Hi £ W, then (Mi J) is a connected subalgebra of(Bi,f). 

Now let us denote 

(8) Y[(Mi,f) = (DJ). 
iei 

2.2. Lemma. (M, f) is a subalgebra of (D, f). 

Proof. Let 2 6 MJ(z) = u. We have n(z) e Mi and 2.1 implies that 
f(ui(z)) £ Mi. Then 

Vi(u) = „,(/(*)) = / M * ) ) e M;, 

i.e., u e n Mi = D. • 
ie/ 
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2 .3 . L e m m a . (A J) 6 R(DJ). 

P r o o f . By (4) and 2.2, (A, f) is isomorphic to a subalgebra (M, f) of (£>,/)• 

Further, 2.1 and the relations (3) and (8) yield that (D, f) is a subalgebra of (B, / ) • 

Consider the mapping hi = h\ D. Then hi is a homomorphism of (DJ) onto 

(MJ) in view of (5), h\(x) = x for each x e M by (6). Therefore we obtain that 

(AJ)eR(DJ). D 

2.4. Lemma. (A J) is retract irreducible in the class of all connected mo-

nounary algebras if and only if one of the following conditions is satisfied: 

(i) (A J) =• (NJ), where f(n+l) = n for each n € N, / ( l ) = 1; 

(ii) there is fce M such that (A J) = ( {1 ,2 , . . . ,k},f), where f(k) = fc-l,..., 

/ (2) = / ( l ) = 1; 

(iii) (A, f) = (M, f), where f(n) = n + 1 for each n e M; 

(iv) the assumption of (a) of Theorem is valid. 

P r o o f . It is a corollary of [2], (R) and of [3], (Rl) . D 

2.5. Lemma. If (A J) is retract irreducible in the class of all connected mo-

nounary algebras, then there is j € I with 

(9) (AJ)eR(MjJ). 

P r o o f . Let the assumption hold. By 2.3 and (8), 

(AJ)€R(DJ)=R(]l(MiJ)). 
ieN 

Further, (Mitf) is a connected monounary algebra for each i 6 / in view of 2.1. 

According to the definition, (A, f) e R(Mj,f) for some j 6 / . • 

2.6. Lemma. If (A J) is retract irreducible in the class of all connected mo­

nounary algebras, then the condition (i) of 2.4 faiis to hold. 

P r o o f . Suppose that (i) of 2.4 is valid and that (9) holds, j G / . Then there is 

a subalgebra (M'J) of (Mhf) such that (M'J) = (A J). Since (M'J) fulfils the 

condition (i), in view of [2], Thm. 1.3 we obtain that (A J) £ R(BjJ), which is a 

contradiction to (2). • 
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2-7. Lemma. Let (A,f) satisfy the condition (ii) of 2.4 and k > 1. Plirther, let 

(T, / ) be a monounary algebra. Then (A, f) G R(T, f) if and only if there is a G T 

such that 

/ * ( a ) - . / - " - ( a ) - * / * - * ( _ ) , 

r ( _ - i ) ( / * - 2 ( a ) ) = 0 

P r o o f . Let the assumption hold. Suppose that (A, f) G R(T,f). By (ii) there 

are distinct elements a\,...,ak G T with f(ak) = Ojt_i,. . . ,f(a2) = / ( a i ) = a i . 

Denote S = { a 1 ; . . . ,ak},a = a„. We have ( S , / ) = ( A , / ) and / fc(o) = / f c(o„) = 

Oi = / ^ ' ( o f c ) 5̂  «2 = / f c - 2 (o*) = / * - 2 ( o ) . Assume that _ € / -<* - -> ( / - - - (_ ) ) . 

There is a retraction endomorphism o of (T, / ) onto (S, / ) , which implies 

/ fc-1(ff(_)) = g(fk~1(x)) = g(fk-\a)) = g(a2) = a2, 

.Wer ( M '(a2)nS = 8, 

a contradiction. 

Conversely, let there be a G S with the above properties. Put ak = a, ak~i = 

f(a),... , a i = fk~1(a),S = { a i , . . . ,ak}. According to the assumption, the elements 

a i , . . . , ak are mutually distinct and 

(S,/) = (A,/). 

We are going to define a retraction endomorphism g of (T, f) onto (S,f). Consider 

x G T. We distinguish two cases. 

a) First assume that 

fn(x) $S- {oi} for each n G N U {0}. 

Then we put g(x) = o_. 

b) Next suppose that the assumption from a) fails to hold. Let n be the smallest 

non-negative integer with fn(x) G S - {a i} . There is m £ { 2 , . . . , k } such that 

/ n ( _ ) = am. Then 

/ " ( _ ) = /*-"* (o„) = / f c " m ( o ) , 
„ G r n ( / f c - m ( a ) ) £ r ( n + m - 2 ) ( / „ - 2 ( a ) ) 

and the assumption implies that n + m — 2 < k — \, i.e., m+n ^ k. Put g(x) = a m + n . 

It is easy to see that g is a retraction endomorphism of (T, f) onto (S, / ) . Hence 

(A,f)eR(T,f). a 
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2.8. Lemma. If (A,f) is retract irreducible in the class of all connected mo-
nounary algebras, then the condition (ii) of 2.4 fails to hold. 

Proof. Suppose that (ii) of 2.4 is valid. If k = 1, then card M = card Mj = 1 for 
each i e I and then it is obvious that (A, f) = (Mi,f) e R(Bt,f), which contradicts 
(2). Let k > 1. By (ii) and (4), there are distinct elements {oi,..., ak} = M such 
that f(ak) = afc_i,..., /(a2) = /(ai) = a.. Further, 2.7 implies 

r(*-1)(/ fc-2(a fc))=0. 

If i e /, then the elements ai (i),.. ., ak(i) are mutually distinct if and only if a2(i) # 
ai(i), i.e., if and only if fk(ak(i)) = fk~l(ak(i)) # fk~2(ak(i)). Let J be the set of 
all i G / such that ai(i),.. ., ak(i) are mutually distinct. According to (2) and 2.7 we 
get that Hie J, then there exists x{ e f~(k~1'>(fk-2(ak(i))). The set J is nonempty 
in view of 2.5. Let y e T be such that 

... \ak(i) ifie I-J, 
2/W = \ .c . , 

\xi iiieJ. 

Then 

Hence 

( Г _ 1 Ы ) ( І ) = 
fk-l(ak(i))=ai(i) = a2(i) iíiel-J, 

fk~2(ak(i)) = a2(i) iíieJ. 

fk-\y)=a2 = fk~2(ak), 

yef-^)(f-2(ak)), 

which is a contradiction. 

2.9. Lemma. Let (iii) of 2.4 hold. Suppose that (T,f) is a monounary algebra. 

Then (A, f) e R(T, f) if and only if each connected component (K, f) of(T, f) fulfils 

the following condition: 

(cond) there is x e K such that f~(n+1)(fn(x)) = 0 for each neNli {0}. 

Proof. Let the assumption of the lemma be valid. First suppose that (A, f) € 
R(T, / ) , and let (K, f) be a connected component of (T, / ) . Then there is a subalge-
bra of (T, / ) isomorphic to (̂ 4, / ) , i.e., by (iii) of 2.4 there exist distinct elements {a„: 
n6M} in T with /(a„) = a„+i for each n e M. Further, there is an endomorphism 
g of (T,f) onto {an- n e N} with g(an) = an for each n 6 M. Take the smallest 
meN such that 

ff-
1(am)n^^0; 
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such m obviously exists. Let a; be an arbitrary element of the set g l(arn) n K and 
n £ M U {0}. Suppose that there is z 6 r ( n + 1 ) ( / n ( z ) ) . Then 

r+1(g(*)) = g(r+1(z))=g(r(x)) = r(g(x)) = r w = am+„, 

g(z) e /-<n + 1 )(am +„). 

Since / _ ( m + n ) ( a m + „ ) = 0, this implies that ro + n > n + l,ro > 1. Further, 
g(z) 6 {a;: i 6 N}, thus 

We have 

ø(г) = am_i. 

z e j - ' K - i l n J f / S , 

which is a contradiction. Therefore the condition (cond) is satisfied. 
Conversely, let (cond) be fulfilled for each connected component (K,f) of (T,f). 

Then no connected component of (T, f) contains a cycle. In each connected com­
ponent (K, f) of (T, f) let x = xK be a fixed element of K satisfying the condition 
(cond). Take one of these elements and denote it by a\. Then there are distinct 
elements {a„: n € N} in T such that f(an) = an+i for each n 6 N. Let us prove that 
{a„: n£M} forms a retract of (T,f) (it is obviously isomorphic to (A,f)). We are 
going to define a retraction endomorphism g as follows. Let y e K, where (K, f) is a 
connected component of (T,f). Then there are i,j eMu{0} with f'(y) = /^(x/c). 
Further, if h,ji are such that fll(y) = }^(XK), then the fact that K contains no 
cycle yields that j — i = jx — t'i. According to (cond), i < j + 1. Put 

g(y) = Qj+i-ii 

the mapping g is correctly defined. For n e N w e have /°(a„) = / n - 1 ( a i ) , thus 

g(an) = a„. 

The mapping a is a homomorphism and therefore (A, f) e R(T, / ) . D 

Let (K,f), (L,g) be connected monounary algebras and let v be a surjective ho­
momorphism of (K, f) onto (L, g). If (K, f) satisfies (cond), then there exists i e i f 
such that fn(x) = fm(y) implies m ^ n for any n,m e N U {0} and any y 6 K. 
This yields that gn(v(x)) = gm(t) implies m ^ n for any n,m G N U {0} and any 
t & L, because t = v(y) for some y € K. Hence, (L,g) satisfies (cond). 

2.10. Lemma. If (A,f) is retract irreducible in the class of all connected 
monounary algebras, then the condition (iii) of 2.4 fails to hold. 
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P r o o f . Suppose that (hi) of 2.4 is valid. We have (A,f) e R(B,f), thus in 

view of 2.9 each connected component of (B,f) fulfils the condition (cond). Let 

i € I. The projection vi is a homomorphism of (B,f) onto (Bi}f) and therefore 

each connected component of (Bi} f) fulfils the condition (cond), too. Hence, by 2.9, 

(A, f) G R(Bi, f), which is a contradiction with (2). D 

2 .11 . Coro l l a ry . The assertion (b) of Theorem is valid. 

P r o o f . Let the assumption of (b) hold. Consider the following conditions: 

(cl) (A, f) is retract reducible in the class of all connected monounary algebras; 

(c2) (A, f) is retract reducible in the class of all monounary algebas. 

In view of 1.1, 

(cl) = * (c2). 

Now suppose that (c2) holds and (cl) is not satisfied. According to 2.4 we obtain 

that either (i) or (ii) or (iii) of 2.4 is valid. By 2.6, 2.8 and 2.10, respectively, the 

condition (i), (ii) and (iii) is not satisfied. Therefore we have got a contradiction, 

hence 

(c2) = > (cl). 

D 
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