Kybernetika

Vaclav Soukup
On transfer function matrix of linear cascade systems

Kybernetika, Vol. 25 (1989), No. 4, 258--270

Persistent URL: http://dml.cz/dmlcz/125829

Terms of use:

© Institute of Information Theory and Automation AS CR, 1989

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped with
O digital signature within the project DML-CZ: The Czech Digital Mathematics Library
http://project.dml.cz


http://dml.cz/dmlcz/125829
http://project.dml.cz

KYBERNETIKA — VOLUME 25 (1989), NUMBER 4

ON TRANSFER FUNCTION MATRIX
OF LINEAR CASCADE SYSTEMS

VACLAV SOUKUP

Lower triangular transfer function matrix of cascade linear system is investigated. The paper
aims to show and prove that unlike for the other multi-input, multi-output systems general
fashions of the coprime transfer function matrix fraction representations can be found in this
case,

1. CASCADE SYSTEM TRANSFER FUNCTION MATRIX

Many technological, industrial and other processes are characterized by an one
way, one line flow of information and energy ([2]). Such cascade processes repre-
sent the special case of multi-input, multi-output structure that may be modelled
by the block diagram in Fig. 1 where

P; denotes the ith stage of the process,

v; the output of the ith stage (ith controlled variable), and

u; the input of the ith stage (ith control variables);

i=1,

% -_l«-ﬂ T .T

Fig. 1.

Feed propertiesibetween parts P,_, and P; of the process are modelled by elements
T,i=2,..,n

The paper deals with the regular n-input, n-output cascade only which is affected
by no external disturbances.

Assuming continuous-time, linear dynamics of P; as well as T; the following
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equations can be written (in Laplace transforms):

) Yy(s) = Py(s) Uy(s)

and
Yi(s) = P(s) [Uds) + Ti(s) Y~-1(S)] sl
The transfer functions

Ps) = Z—ﬁ—;, (apb)~1; i=1,...,n

(2) and

T(s) = g s)’ (pg:)~1; i=2,..,n
Pi(s)

where ay(s), by(s), pi(s) and gq,(s) are supposed to be polynomials in s. Nevertheless
the final results which come in Theorems 1 and 2 of the paper are also applicable
if factors exp (—1;s) corresponding to possible dead times occur in b(s) and/or g(s).

Note that the standard symbols of polynomial theory ([1]) are used in the paper:

(a. b) for the greatest common divisor (GCD) of a and b,

a ~ b if a and b are associates, i.e., a = ab where a = const. (a polynomial

of degree 0) and
b|a if b is a divisor of a.

Combining the equations (1) we can write in vector-matrix form

©) Y(s) = G(s) U(s)

where
4 Y(s) = [Yi(s); ...; Y,(s)]" and U(s) = [U(s);...; U(s)]"
and the system transfer function matrix (TFM)
‘ G14(s) 0
©) 69 = | §10) §:0.

nl(s) an(s) - Guls)

is lower triangu]ar (n x n) matrix with the elements

by(s) .
; for j=i
J( ) (S) -]
G, (s) = bils) ... by(s) qi(s) --- 4;+4(5) for j<i
ai(s) ... a)(s) ps) ... pj+1(s)
Gy(s)=0 for j>i, i,j=1,..,n
The structure given by Fig. 1 includes usual cases which we encounter in practice.
Especially, either

— T, represents the process part which is affected by no external input and has no
own measured output or
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— two neighbouring (i — 1)th and ith stages of a process are coupled through
a physical transducer T; to adapt signal y;,_, to the actuator of P;.

Fraction representations of the matrix G(s) are investigated in the next sections.
It is well known that the coprime matrix fraction (CMF) descriptions of a general
TFM can be found by numerical ways only (cf. [1]). But numerical algorithms
need not be applied in the case of cascade system matrix. It will be shown and proved
that G given by (5) with (6) can be usually transformed into CMF fashion immediately
using the elements a;, b;, p; and g, of single transfer functions in G.

The reader is assumed to be acquainted with the main fundamentals of polynomial
and polynomial matrix theory of dynamic systems ([ 1], [3]).

2. LEFT COPRIME MATRIX FRACTION REPRESENTATION OF G

Any (n x r) TFM G of a linear, free of dead times, continuous-time system can be
always written in the form (cf. [1])

(7) ' G=A'B
where A, and B, are (n x n) and (n x r) polynomial matrices in s, respectively. -
The corresponding input-output equation

(8) 2 . AY=BWU
is valid. ' ’

The matrices A, and B, represenf a left matrix fraction description of G. Such
a representation is left coprime (LCMF) if and only if

9) A, = DF, and B, = DH,

where the (n x n) polynomial matrix D known as the greatest common left divisor
(GCLD) of A, and B, has the property det D ~ 1, i.e., D is unimodular. The pairs
A, F; and B,, H; are then the pairs of left equivalent polynomial matrices; A, and
B, are called left coprime matrices.

Theorem 1. LCMF representation of a cascade system TFM G standing in (5)
with (6) can be written in the form

v a; ’ 0
(1()) A= - bz‘b' apz )
0 —bu, a,p,
and .
(11) B, = diag [b;; byps; .- -5 baPa)
if and only if ’ , ,
(12) - (Pi» bib;_;) ~1 forany i=2,..,n.
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Proof.

A. At first we must prove that the matrices (10) and (11) represent a left matrix
fraction description of G at all.

Using (10) and (11) in the equation (8) we get

(13) a,Y, = b,U,
and
—byq;Y,, + a,p;Y; = b;pU;, for i=2,..,n.
Hence
(14) v, =2y,
a
and
a. b.
Y, = M'Yi_l +—U; for i=2,..,n.
a;p; a;

Gradual substitutions Y; into the (i + 1)th equation in (13)i =1, ..., n — 1, yield
the relation Y = GU with G standing in (5) with (6). The same result can be obtained
if the inverse of A is formed and then G = A; 'B, determined. Thus (10) and (11)
is a left matrix fraction representation of G.

B. Secondly, it must be proved that the matrices (10) and (11) are left coprime
if and only if the conditions (12) are true.

If: Assume a polynomial matrix D to be GCLD of A, and B, and denote d = det D.
The expressions (9) can be written as

(15) [a,;...;a,] = D[f;;...;f,] and [by;...;b,] = D[hy;..;h,]
where a;, b;, f; and h; are the columns of A, B, F; and Hy, respectively; i = 1, ..., n.
Obviously a; = Df;and b; = Dh,.

Now the set {M,} of (n x n) polynomial matrices M, can be considered each
of them being constructed as a different combination of a; and b;; i,j =1,...,n,
i.e., M, is formed by n mutually different columns which are taken from 2n columns.

Combining f; and h; in similar way the set {L,} of (n x n) polynomial matrices
L, is defined. Note that A,, B, € {M,} and F;, H e {L,}. Then

(16) M, =DL,
and hence
(17) det M, = ddetL,

is true for any corresponding pair of M, e {M,} and L, e {L,}.

Let all nonzero determinants m, of all matrices M, constitute the set {m,} and the
GCD of all m, be denoted by (m,).

It follows from (17) that

(18) d|(m,).

Hence A, and B, are LCMF of G if (m,) ~ 1. But it is not easy to survey the finding
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of {m,} and (m,) for general n. That is the set {M,} contains (2n)! (n!)”? matrices.
To overcome this difficulty we start with n = 2.

Here we determine |
—baq, ayp, 0 a,p, —baq; 0 baps 42Dz
a, 0 ] [bl 0 ]}
—byq; byp, |’ 0 bypa |}’

{m,} = {aya,p,, byasp,, byb,q,, a b,p,, bib,p,} and (my) = (p2s byb,)
Then (p,, byb,) ~ 1ensures (m,) ~ 1.
For n = 3 we obtain
{m3} = {a,a,p,a3ps, b1as3p,a3ps, a;a,p,b3p3, bya,psbspss by1bad2a3ps,
b1b;d2b3ps, b1b2q2b3d3, aibsprasps, asbypabsps, a1b2pabadss

byb,p2asps; bibypsbags, b1b2p2b3p3}
and

(m3) = (Pz’ b2b1) (Pa: bs (bzljzpz) (bza by, Pz)) .

Obviously (p;, byb;) ~ 1 together with (ps, b3b,) ~ 1 ensures (m3) ~ 1. Thus ‘
far sufficiency of (12) for n = 2and n = 3 has been proved.

The structure of determinants m,, for an increasing n must be studied for a general
proof.

One can see that :
(19) M, = C1Cs ... Cp

where either a, or b, stands at the position ¢, and either a,p; or b;p; or biq; at the
position ¢;, i = 2, ..., n. But not all combinations occur in m, since ¢; = b;q; can

succeed to ¢;_; = b;_1p;—1 Of ¢;—y = b;_14;_, only.
Then we can decompose

(20) , {ma} = {mu} © {m,g} U {m,}

where the subset

{m,,} contains all m, ended by ¢, = a,p, ,
{m,y} contains all m, ended by ¢, = b,p,, and
{m,o} contains all m, ended by ¢, = b,g, .

Let A{-} denotes the number of determinants within a set {-}. Since
(21) Mm, g} = Mmg = A{m,-,}, and
)"{rn"Q} = )'{mn—l,B} -+ A{mnwl,Q}
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the recurrent relation
Mmy} = 22{m,_,} + A{m,—y 5} + A{m,_y 0}
is true starting with

) AMmy} = A{my ) + A{mygl + A{myg)

A{mZA} = l{ng} =2 and /{{sz} =1.
Suppose now that (m;) ~ 1 is ensured by the conditions
(22) : (pis bibi—y) ~ 1 forany i=2,....j<n.

Considering i = j + 1 we need to show that together with (22) the only additional
condition

(23) (Pj+ 1 ijbj) ~1
is sufficient to satisfy (m;,,) ~ 1.
According to (20) and (21)
{mj ) = {mjs1.45 L {mjs18 v {mj+1,Q} =
= {ma 1P} U {mybyeipied} O {mysbji g1} O {nobsaidea}

and then

(24) (M) ~ (Pje 1o byaa(mym myp)) -
Considering (22) we determine
‘ (ij’ m;g) ~ (b;Pj bj-1P;-1b;a;5 bj—1d;-1b;a;) ~ bi(p;, bj—1) ~ b,
and hence taking into account (24)
(25) (’“j+1) ~ (Pj+1’ bj+1bj) .

Consequently (m; ) ~ 1 is ensured by (23) for any j < n if (22) are valid. Hence
A, and By, are left coprime if (12) are true.

Only if: The conditions (12) can be decomposed for any

i into two separate
relations: _ ‘ :
(26) - (pi b)) ~ 1
and ' : :

(27) (P bizy) ~ 1.

Assume now that A, and B standing in (10) and (1), resp., are left coprime but
(12) are not valid.

1. If (12) are broken by (p;, b;) ~ 1 for one i € [2, n] we can denote

(28) o P = P and by = — .
‘ (pi» b) (pi» by)
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Then the matrices (10) and

(11) can be decomposed into

a
—byq, azp, 0
_.b._ q;- -a._ Di- = DA
\ — i-14i-1 i-1Fi—-1 LO
(29/ A.=D —b;q; a;Pi;
—bis19i+1 Ais1Pis1
- _bnqn a4, Pn |

and
(30) B, = D diag [b1§ bapay s bi1Pie 15 biDiis bis1Pivys oo ann] = DB,,
where
(31) D = diag[1;..;1; (pi, by); 15 .5 1] ’
is the GCLD of A, and B;.

Asd = det D = (p;, b;) » 1 A, and B are not left coprime.
2. 1f the conditions (12) are broken by (p;, b;—) ~ 1 for one i € [2, n] the denota-

tions .
D bi—l
(32) pii-1 = ——— and bi—l,i =
(pis bi-1) (pi> bi-1) .
can be applied. . ,
Then the matrices (10) and (11) may be written as
_ a, _
—byq, aip;
0 —byq; asP3 0
(33) A =D 0 —bi—1qi-1 ai-1Pi-1 = DAL,
v y a;Di,i-1
0 0' —bir1giv1 ai+_1Pi+1
i 0 - ndn a,Pp |

and !

b, _

0 b,p, 0

0 b, Di-
34 — i-1Fi—1 -
( ) B.=P z bipii-y DB.o
0 biy1Pist
o
s 0 bup, |




with the GCLD

1
0o 1 0 .
\ 0 1
(35) ) . D= X (Pi, b;_ 1)
T 0 1
0
i o 0 1]

The polynomials x and y satisfy the equation

(36) a;-1pi-1x + (Pi, bi—l)y = —bq;

which is always solvable seeing that (p;—q, b;—1) ~ 1 as well as (a;,_;, b;_;) ~ 1 is
assumed.

Having x, y the remaining polynomials in (33) and (34) are -
(37) v= b yi-1%, and
z= —bi_y,pi-1X.

Fori =2 weput p,_; = land g;_, = 0in (36) and (37); the polynomial v in 4,
is omitted.

In virtue of (35) we have d = det D = (p;, b;~;) ~ 1and consequently the matrices
(10) and (11) are not left coprime. ; O

3. RIGHT COPRIME MATRIX FRACTION REPRESENTATION OF G
Any (n x r) TFM G of a linear, free of dead times, continuous-time system can
be always written also in the form (cf. [1])
(38) ‘ G = B A;*

where Ag and By are (r x r) and (n x r) polynomial matrices in s, respectively.

The matrices Ag and Bg represent a right matrix fraction description of G. Such
a representation is right coprime (RCMF) if and only if

(39) A, = F,D and By = H,D

where the (r x r) polynomial matrix D is the greatest common right divisor (GCRD)
of Ag and By and det D ~ 1, i.e., D is unimodular. The pairs Az, F; and B,, Hy
are then the pairs of right equivalent polynomial matrices; A; and By are called
right coprime matrices.

Theorem 2. RCMF representation of a cascade system TFM G standing in (5)
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with (6) can be written in the form

aip;
‘ —biq, axps 0
(40) Ag = " . e
' 0  —by-2du-y Gu1Pa
—by-14s 4,
and ’
(41 - By = diag [b;p;; byp3; .- 5 bue1Dus ba)
if and only if
(42) (pi» bibiy) ~1 forany i=2,..,n.
Proof.

A. Considering r = n for a regular cascade system and using an auxiliary (n x 1)
vextor signal X we can express according to (38)

) Y = BeA7'U = B X
and hence
(44) U= AgX.
If (40) is substituted into (44) the components of U are
(45) Uy = ap Xy,

Ui= —_bi-lini—l +aip,~+1Xi for i=2,...,n—‘ 1
and

Un = _bn—lann~1 + aan .

Then by gradual substitutions X from ith into (i + 1)th equation (45),i = 1, ...
e — 1,

1
(46) . Xl = Ul’
aipa
i—1
X, = Z bi—lqi...quj+1 Uj+ 1 U, i=2.,n—1,

J=1a;Pi+1 - AjPj+1 AiPi+1

and
n—1
...byq; 1
Xn — Z bn-lqn b1q1+1 Uj 4+ Un .
, J=18,8,_ 1Py -+ ;D)4 1 a,

Now using By given by (41) in (43) we get
4n Y, =byp,. X; for i=1,..,n~1, and
| Yn = an”

If the equations (46) are substituted into (47) the desired form ¥ = GU with G

given by (5) and (6) is obtained. Thus (40) and (41) is a right matrix fraction descrip-
tion of G.
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B. It remains to prove that the matrices (40) and (41) are right coprime if and only
if (42) are valid.

If: Assume that a polynomial (n x n) matrix D is GCRD of Ag and By with
d = det D.

Considering (39) we can write

a, fi b, h,
(48) =] |D and =] 1{D
a, f. _b,, h,

where a;, b, f; and h; denote now the rows of Ag, B, Fp and Hyg, respectively,
i=1,...,n. Obviously a; = f,D and b; = h,D.

The approach used in the previous proof of Theorem 1 can be simply transformed
here with the rows playing the former role of columns. For this reason the proof
of sufficiency of (42) is given very briefly referring for details to the previous section.

Thus the sets {M,} and {L,} are considered where (n x n) polynomial matrices
M, and L, are formed by different combinations of the rows a,, b; and f;, h;, respect-
ively; i,j = 1, ..., n. Then we have

(49) . M, =LD
with
(50) det M, = detL,d

for any corresponding pair of M, e {M,} and L, e {L,}.

Although the matrices M, and L, differ from the ones which considered under
the same denotations in the proof of Theorem 1 the set {m,} of all nonzero deter-
minants of M, is identical with {m,} which has been considered there.

Since the conditions (42) are also identical with (12) the continuation of the proof
can be found in the previous section starting with the equation (18) until (25).

Only if: Suppose that A, and By standing in (40) and (41), resp., are right coprime
but (42) are not valid.

1. If (42) are broken by (p;, b;) ~ 1 for one i € [2, n] we use the denotations (28).
The matrices (40) and (41) can be decomposed into

aip>
—big, aps
0 —byg; -, 0
0 ai-2Pi-1
o =Dbi29i-¢ @;-1Pi;
(51) A = 0 ) 4 D = Ap,D
v —big;y, A
0 0 Ay 2Pt
. —by-29y-1 Dy
| 0 —b,1q, a,i
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and

0 ) 0
bi_2pi-1
0 bi_ypu
Br = z bipi+1 D = BoD
0
0 s . bn-lpn
X 0 b,
with the GCRD ,
-1 -
0. 0
|
- 0 P bi
(53) D= x( )
0
0 |
] 0 1

The polynomials x, y represent a solution of the equation
(54) apieyx + (pi b))y = —bi_q;
which is always solvable since (p,, (, b;) ~ 1 as well as (a;, b;) ~ 1 is assumed.
Then
(55) v=bugis1x, and
z= —b;pis1X.

For i = n we must put p;,; = 1 and ¢;+, = 0 in (54) and (55). The polynomial
vin Agg is omitted.

According to (53) d = det D = (p;, b;) ~ 1 and hence the matrices (40) and (41)
are not right coprime.

2. If (42) are broken by (p;, b,_;) ~ 1 forone i e [2, n] then using the denotations
(32) the matrices (40) and (41) can be written in the form

ap;
—byq, 0
. i-2Pi-1
~bi_2qi-1 Gi—1Di,i-1 _
A = —bi—l,iqi aiDi+1 D = ArD
—bigi+1 ’

0 E . Qy—1Pn

L. - bn—lq" a, ]
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and
(57)  Bg = diag [byp,; ..

= BroD
where

(58) D = diag[1;...;
v Sinced = det D =

5 by aPim13 bioyPisi-15 biPis 15

1 (pi bizy); 15 -
(pi» bi—) ~ 1 the matrices (40) and (41) are not right coprime.

e by_1Pu; b,] D =

1]

o

Note. Polynomial fraction fashions of Py(s) as well as Ti(s) have been assumed
so far. If dead times t; are present in a cascade system factors exp (—1;s) occur

in the numerators b,(s) and/or g,(s).

But the results of both Theorems 1 and 2 are valid for dead-time systems too,
of course, with A;, B; and Ap, By being not necessarily polynomial matrices. The
algebraic structure containing the elements #,(s) exp (—1,s) instead of polynomials
can be considered where #,(s) is a polynomial and t; = 0. Then going through the
steps of presented proofs no special pressumptions and operations in this structure
are required. It can be appreciated from the physical system viewpoint that exp (—1;s)
and an arbitrary polynomial ¢(s) have only the common factor equivalent to unit,

ie., (exp (—1;5), ¢) ~ 1.

4. EXAMPLE

Let the three-stage cascade process (according to Fig. 1) be described by

Py =2 210 p o bal)

Py(s) = 22 =

by(s) s+ 2
s(s +1)7

as(s)

Ts(s) =£1§@ = .

s+ 1

ps(s)

0

s+ 2

ay(s) (s +2) ay(s) S+2
S) 112(5) eXp(
pz(s) s+ 0 1
and hence its TFM
- 10 0
s(s + 2)
G(s) = 10 exp (—s) 1
s(s + 2)2 (s + 0-1) s+ 2
10 exp (~s) 1
| s* (s +2) (s + 0-1) (s + 1)° s(s + 1)?

s(s + 1)

Observing that (p,, b,b,) ~ 1 as well as (ps, bsb2) ~ 1 the conditions (12) = (42)

are fulfilled.

269



Using (10) and (11) the LCMF representation of G is given by

[ s(s +2) 0 0

A, =|—exp(=s) (s+2)(s+01) 0 ,
i 0 —(s+2)  s(s+ 1)?
[10 0 0

BL = 0 s + 0‘1 0

0 0 (s+2)(s+1
and according to (40) and (41) the RCMF description of G is formed by

[s(s + 2) (s + 01) 0 0
A, =| —10exp (—s) (s+2)(s+1) 0 ,
] 0 -1 s(s + 1)
[10(s + 0-1) 0 0
B = 0 s+1 0
0 0 s+ 2

(Received December 27, 1988.)

REFERENCES

[1] V. Kufera: Discrete Linear Control — The Polynomial Equation Approach. J. Wiley,
Chichester 1979.

[2] M. G. Singh: Dynamical Hierarchical Control. North Holland Publ. Co., Amsterdam 1977,

[3] L. N. Volgin: Optimalnoje diskretnoje upravlenije dinamideskimi sistemami. Nauka, Moskva
1986.

Ing. Vdclav Soukup, CSc., katedra Fidici techniky elektrotechnické fakulty CVUT (Department

of Automatic Control, Faculty of Electrical Engineering — Czech Technical University), Karlovo
ndm. 13, 121 35 Praha 2. Czechoslovakia.

270



		webmaster@dml.cz
	2012-06-05T20:11:27+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




