Kybernetika

Friedrich Liese
Estimates of Hellinger integrals of infinitely divisible distributions

Kybernetika, Vol. 23 (1987), No. 3, 227--238

Persistent URL: http://dml.cz/dmlcz/125609

Terms of use:

© Institute of Information Theory and Automation AS CR, 1987

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped with
O digital signature within the project DML-CZ: The Czech Digital Mathematics Library
http://project.dml.cz


http://dml.cz/dmlcz/125609
http://project.dml.cz

KYBERNETIKA — VOLUME 23 (1987), NUMBER 3

ESTIMATES OF HELLINGER INTEGRALS
OF INFINITELY DIVISIBLE DISTRIBUTIONS

FRIEDRICH LIESE

Tt is shown that the f-divergence is a lower semi-continuous functional on the space of prob-
ability measures if this space equipped with a topology similar to the weak topology. This state-
ment is used for estimating Hellinger integrals and the variational distance of infinitely divisible
distributions.

0. INTRODUCTION

Hellinger integrals are useful tools of evaluation a distinction between two prob-
ability distributions. They are applied to many problems both in information theory
and statistics. Hellinger integrals are closely related to the variational distance [3],
[11] and to error probabilities in the problem of testing statistical hypotheses [ 1],
[

Up to the sign Hellinger integrals are special f-divergences introduced by Csiszar
[2]. f-divergences behave monotonously if the distribution laws are transformed
by a stochastic kernel. This and the fact that the Hellinger integral of product measu-
res is the product of the Hellinger integrals of product components give the possib-
ility to estimate the Hellinger integral of the distributions of statistics connected
with independent observations.

A further common method to investigate observations is to study the limit be-
havior of the corresponding distributions. Although f-divergences are continuous
with respect to increasing sequences of sub-g-algebras [12] they are, in general,
not continuous with respect to the variational distance. On the other hand it is
known [5] that the Kullback-Leibler I-divergence, being an f-divergence for f =
= x In x, is lower semi-continuous with respect to the setwise convergence of the
distributions on all sets. In the first part of this paper we introduce a concept of weak
convergence of probability measures which includes as special cases both the setwise
convergence and the common weak convergence on metric spaces. In Theorem 1-8
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it will be shown that f-divergences are lower semi-continuous with respect to the
weak topology introduced in this paper. In the second part Hellinger integrals of
infinitely divisible distributions are considered. Theorem 1.8 gives the possibility to
estimate Hellinger integrals of distributions which can be approximated by compound
Poisson distributions in the sense of weak topology. These estimates are applied to
infinitely divisible distributions on Hilbert spaces enabling to estimate variational
distance of these distributions in terms of their characteristic triplets. Practical
importance of such estimates in the statistics of stochastic processes, in particular
in the non-stationary signal detection, is evident.

1. /-DIVERGENCES AND WEAK CONVERGENCE

Denote by R the real line. Let f: (0, o) — R be a continuous convex function.
Then the limits lim f(u) and lim f(u)/u exist and take on values in (—co0, +0].
0 -

ul = .
We introduce a function f: [0, 00)? = (—o0, + 0] by

0 u=0, v=0
tim f(u) v u=0, v>0
. _ Julo
fu 0) = f(ufvyv u>0, v>0

wlm[f(H)ff] u>0, v=0

f is a convex function which is lower semi-continuous on [0, c0)* and continuous
on (0, )%
Let (X, X) be a measurable space. Denote by &z, 5 and 2 the set of all o-finite,
finite and probability measures on (X, X), respectively.
Given any real valued function h we set h* = max (h,0), h~ = —min (h, 0).
Suppose g, ve ¥ and denote by y € ¥ any dominating measure. Put
du _dy

R =

dyqdy

and set
J(ws v) = [f(p, q) dy
if the integral on the right hand side is well-defined, i.e. if at least one of the integrals

J[fe. 91" dv, [[f(p, 9)]" dv

is finite. J/(1, v) is called the f-divergence of x and v. The definition of |{u, v) is
independent of the choice of the dominating measure y. The functional |, has been
introduced by Csiszar in [2]. As f is a convex function there are constants a, b
so that f(u) Z au + b and consequently f(u, v) = au -+ bv. This means that ] (u, v)
is defined for every u, v € 3. Taking special convex functions f one obtains a large
number of information measures.
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1.2. Example. Put for 0 < x < oo

1
——— (X —ax ~ (l —a)), —0o<a<00, 0, afl
f(x)_[a(awl)(* = (1=9)
“ Inx +x—1 =10
xInx —x +1 o= 1

The family f, is constructed in such a way that f, depends continuously on «. Further-
more the convex functions f, are non-negative. Hence J; (1, v) is defined for every
1, ve Py We set

L, v) = 1, 9) -
For p, v e P it holds

li(wv) = f(pIn(pjg) = p + a) dv

= [pln(p/q)dy

i.e. Iy is the Kullback-Leibler I-divergence.

1.2. Example. Consider the family hu(x), -0 < o< w, o+ 0,a+1of convex
functions defined by
hy(x) = sign (e — 1)) x*, 0 <x < o0.

H(i, v) = sign («{e ~ 1)) J, (1, v) is called the Hellinger integral of order «. Put

*i——lﬂ(Hl(ﬂ,\’)) —w<a<oo, o+0, aFl

alo — 1)
Ra > V) = )
(1 v) (1, ) a0
|1(u, v) o =1
where the conventions In 0 = — o0, In 00 = oo are used. The functional R, has been

introduced by Renyi in [9].

We need a simple convexity property of f-divergences.

Ms

1.3. Lemma. Suppose u;, v,;€ Fy, ¢; 20, i =1,2,..,, ), o; =1 and assume

Yoo pfX) < 0, Y @ v(X) < oo.
i=1 i=1
Then -

1

Jj'( Z ildis Z ‘fxi",’) = Zlai Jf(/lh Vi) .
i=1 i=1 i=
Proof. Let y € &3 be a measure which dominates y;, v;, i = 1,2,.... Put p, =

= dy,/dy, q; = dv;/dy and choose constants a, b so that f(f) = at + b. Introduce f
by f(1) = f(t) — at — b. Then f is a non-negative convex function. Hence

I Y s, Y o) = [H( T apss Zlaifh) dy =
is1 i=1 i=1 i=

lagkd

5§

i

o« Fpi i) dy £ Y o Iy g, vi)
=1

[}
-
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where the last relation follows from the theorem of Fubini. To finish the proof
we note that © o » ©
Jf( Z %l Z “i“i) = Jf( Z Aiflis Z fxi"i] +
i=1 i=1 i=1 i=1

+aZa,./,¢i(X)+bza,v{X). O
i=1 i=1

In the sequel we also make use of the fact that the Hellinger integral of product
measures is the product of Hellinger integrals of product components.
1.4. Lemma. Suppose (X, X,), i = 1, ..., n, are measurable spaces and p;, v, e Fy,.
n n

Denote by [ u;, [] v: the product measures. Then
i=1 i=1

v) = [[Htov) a+0, a+1
1

n

M H( [T

i=

i

n "

) LT e [T =) 2=0, a=1. '

f-divergences have a large number of properties useful for applications in probability
theory and statistics. They do not increase under a transformation of u and v by
a stochastic kernel [2] Furthermore they are closely related to the variational distance
[3]. This means that for strictly convex f the variational distance of the probability
measure P and Q is small provided J (P, Q) — f(1) is small. The converse implication
holds only if lim f(u) + lim f{u)/u < oo, see [11].
wi0 u—w

Consequently, in general J; is not continuous with respect to the variational
distance. But we will show that |, is lower semi-continuous even with respect to
topologies weaker than that generated by the variational distance.

Denote by R" the n-dimensional Euclidean space and by £” the g-algebra of Borel
sets of R". C(R") denotes the space of all real valued bounded continuous functions
on R". The weakest topology t[C(R.)] for Zg. for which all mappings P+ f¢ dP,
pE C(R”), are continuous is referred as to the weak topology for Pg.. It is well-
known that t[ C(R")] is metrizable by the Prokhorov metric g and (24, ¢) is a Polish
space {cf. [9] Theorem 1.11). Given any measurable real valued functions ¢y, ¢, ...
..y @, defined on (X, 36) we introduce the mapping

. P
Tororson P2 Pan

(Toss00en?) (B) = P({{@1, ..., 0,) € B}), Beg".

Next we generalize the concept of weak converegence in such a way that different
concepts of convergence as the weak convergence of measures on metric spaces,
the setwise convergence and the weak convergence of finite dimensional distributions
are included as special cases.

by
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1.4. Definition. Let @ be a set of real valued measurable functions on (X, X).
The weak topology r[(l)] for 2y generated by ® is the weakest topology for which
the mappings

Tyont P2+ (Pa S[C(R)])

Y.

are continuous for every choice ¢, ..., ¢, € ®. 17(‘1)) is said to be complete if the
smallest o-algebra o{®) for which ali ¢ € ® are measurable coincides with X.

Going back to the definition of t[C(R")] we can also say that t[ ®] is the weakest
topology for 2y for which the mappings P+ J‘(p((pl, ..., @,) dP are continuous
for every ¢y, ..., , € ® and every ¢ € C(R").

1.5. Example. Let X be a metric space and X the o-algebra of Borel sets. Denote
by C{X) the space of all real valued bounded continuous functions on X and put
@ = C(X). Since the system

Wiy =o(e..n0), ¢ic®, @eCR),n=12.1}

coincides with C(X) we see that t[C(X)] is the common weak topology for 2.
t[C(X)] is complete as in a metric space X the o-algebra of Borel sets is generated
by functions from C(X).

1.6. Example. Suppose T is any non-empty set. Denote by R” the set of all real
valued functions on T. Let ® = {¢,, te T} be the family of all projections. Denote
by €7 the g-algebra generated by @, i.e. 87 = o(®). Obviously 1[®] is complete.
It is clear that the convergence with respect to 1] @] means the common-sense weak
convergence of finite dimensional distributions.

1.7. Example. Let (X, X) be a measurable space and X, < X is a subalgebra of X.
Denote by S(¥,) the set of all functions ¢ of the form

@=Ycl,,, Adie¥,, c;eR, n=12,...
i=1 -

where 1, denotes the indicator function of A. It is easy to see that 1[S(X,)] is the
weakest topology for 2 for which every mapping P — P(A4), A € X,, is continuous.
1[S(%,)] is complete iff X, generates X.

It is known (cf. [5]) that the Kullback-Leiber I-divergence is lower semi-continuous
with respect to t[ S(X)]. This property is employed in the theory of large deviations
[5]. We will show that this property continuous to hold for every }, and every weak
topology which is complete.

1.8. Theorem. Let f be a continuous convex function on (0, c) and t[®] a weak
topology for #; which is complete. Then the f-divergence J, is a lower semi-conti-
nuous function on (P x Py, 1[®] x t[@]).

Proof. Let 4 be a directed index set and (P,, Q,), 1€ A be a net which tends
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to (P, Q) in the sense of t[®] x t[®]. This means
3) limP, =P, 1lmQ,=Q
Aed AeAd

in the sense of t[®]. Put R = (P + Q) and
X, ={4: Ae X thereexist ne{1,2,...}, Beg"
@, e® i=1,2..,n A=T;! ,/,"(B), R(T;‘f"”%(aB) = 0}

PLaeny
where 8B denotes the boundary of B. It is clear that 4 € X, implies A° € X,. Assume
A;eXgi=1,2,
=T! (B), Bief", ¢,,e®

i PistyePiom,

and put B = B, x B,. Then
(Tt o OB)) = R(TGE g ((9B1) % R™) © (R™ x (0B,)) <
SR, orn@B1)) + R(TLL s, (9B2) = 0
Hence A, n 4, € ¥,. This means that X, is a subalgebra of ¥. For every Qe Pan
and a; € R it holds

(@l(=0,a) % .. x (=0, ) = 3 Bf{a))

where @, is the ith marginal distribution of @. Since there are at most countably
many a; such that the right hand term is non-zero we see o({B: B € £*, 3(2B) = 0}) =
= 2" Puting § = Ro T;‘f”_y% we obtain that the system of sets
{B:Be ', R(T,._,[0B)) = 0}
generates 2", As it is assumed X = o(®), X, generates X. The weak convergence
of probability measures on (R", £") implies the convergence of the values: of the
measures on every Borel set with boundary of limit measure zero.
Consequently, by (3) and P < 2R, Q < 2R,

lim P,(4) = P(4), lim Q,(4) = Q(A4)
Aed ied
for every A € X,. Denote by & the set of all partitions of X into sets of X,. A simple

modification of the approximation theorem for f-divergence (see Theorem 5 in [12])
shows that

J/P, Q) = sup ; f(P(4), Q(4)) .

where A is taken from Z and sup is considered for all Ze &. f is a lower semi-conti-
nuous function. Hence

lim inf J (P, Q,) = liminf (sup ¥ f(P,(4), Q,(4)) =
ied AeA A
Z sup (lim inf § f(P,(4), Q;(4)) = sup 3. f(P(4), Q(4)) = 1P, Q)
. Aed A A
which proves the lower semi-continuity of J. a
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2. INFINITELY DIVISIBLE DISTRIBUTIONS

Suppose (X, +) is a commutative semigroup with zero element 0.

2.1. Definition. Let X be a o-algebra of subsets of X. (X, X) is said to be a measur-
able semigroup if the mapping
(x5 ) x4y
is X ® X — X measurable.
Denote by B the Banach space of all real valued finite measures on (X, I) equipped
with the total variation norm || ||. For every u, v e B we introduce the convolution

prv=(uxv)oy™?

where p x v is the product measure. Denote by 6, the d-distribution concentrated
at x. Similarly as in 1.4, 1.5 in [6] one can show that (B, «, || |)) is a real Banach
algebra with the unit element J,.

Denote by u"* the convolution powers for n = 1,2, ... and put p° = J,.

2.2. Definition. Let (X, X) be a measurable semigroup. P e 24 is called infinitely
divisible if for every n = 1,2, ... there exists P, € # such that P = P*™*.

" .
It is easy to see that for every ue Fx = B the series Y p**/k! converges in the
norm of B, i.e. in variational distance. Put k=0
U = =nu(X) i ﬁ
»=e Ko kU
Then U, € 2;. As in the case of complex valued power series one obtains the func-
tional equation
U, U, =Up,y,.
Hence U, = (U,,)"* which shows that U, is infinitely divisible.
We now deal with Hellinger integrals or with other R -related functionals of the
distribution laws approximable by distributions of the type U,,.

2.3. Theorem. Let (X, X) be a measurable semigroup and t[®] a complete weak
topology for #;. For P, Q &€ &4 it is assumed that there are u, ve ¥y, anet x, € X
and a net 4, € X such that g(4,) < o0, ¥(4,) < o and

P=1limo,, *U,...,,; Q=1imd,, * Uy 4,
AieA seA

in the sense of t[®]. Then it holds
R(P, Q) < I(1,v) forevery —oo <o <ao.
2.4. Corollary. Under the assumptions of Theorem 2.3

1P - Qf = V41 — exp { =% . }ya, )] -
Proof. Put p; = pl- 0 4,), v; = v(* n A,). For every x € X the mapping y:
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Y=y + x is ¥-measurable and for every g€ F it holds gty ~' = §, % 0. Since
J-divergences do not increase under measurable mappings [2] we get

(4) J”x(é-\'}. * Un;,’ 5.(,; * Uv;,) pS J"u(Ullz’ UV).) .
We consider at first the case 0 < & < 1. Then by H, = —},, and (4)
(5) Haféx)_ *U,,, 0., * U‘.) = H,/ Uips Uv)')

In view of Lemma 1.3

H(U,, U,z Y e ! Iy fl a0 hk ol =valX) \hky |
e A g g
1t holds H,/cu, dv) = ¢*d' "*H,fu,v), ¢, d > 0. This means
21 e ks
(6) H(U,,. U,,) Zexp{ — auy(X) — (1 — o) vy(X)} ¥ m H,(*, vi%)
k=0 K!
AsH, = —},,, 0 < a < 1, the functional H, increases under the measurable mapping

(X150 X)) P Xg + ...+ X, x; € X. Hence
HAE V) = Hfp, < cx v, XL X y)

and, by Lemma 1.4,
H ¥, v’;*) = (Hf, v))'k .

Inserting the term on the right-hand side into (6) we arrive at
(7 HU,,. U, 2 exp{—aufX) = (1 — @) vy(X) + Hp, va)} 2
= exp {o'a — 1)L, v,)} -
f, = 0 implies
Jz(.u).’ VA) = J,r,(#(‘ 8} Az), “(' n A;)) = Jf,(/‘: V) =1, ") .
The inequalities (5) and (7) yield

. 1
lim inf R(6,, * U,,, 8., * U, .} = lim inf — 7'ln H/6.,%U,,, 6, % U, )< 1{,v).
led AeA .‘Z\Z -

R, is lower semi-continuous in accordance with Theorem 1.8. As ., *U,, and
J., *U,, tend to P and Q, respectively, in the sense of the complete weak topology
t[®] Theorem 2.3 is proved for 0 < o < 1. The case «¢(0, 1) may be treated
analogously. O

The corollary follows from H,,(x, v) = exp {—4R,,5(u, v)}, Theorem 2.3, and
the inequality .
8 [P~ Q| = V41 - (P, Q)]
established in [11]
We apply Theorem 2.3 to infinitely divisible distributions on separable Hilbert

spaces.
Let X be a real separable Hilbert space with the scalar product (-, -). Denote by X
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the c-algebra of Borel sets. Then (X, X) is obviously a measurable semigroup
in the sense of Definition 2.1. Put ® = X, i.c. ® is the family of mappings y +— (y, x),
x e X. As X is separable one easily concludes that ¥ = o(X). Hence the weak topology
1[X] for 2y is complete. Convergence in the sense of t[X] means the weak con-
vergence of all finite-dimensional distributions.

Put

S={xeX:|x] <1}.
The characteristic functional of P € 2 is defined by
@p(x) = fexp {i(x, y)} P(dy), xeX.

If P is infinitely divisible then ¢, admits a Levy-Khintchin representation [4] This
means that there exist an element a € X, a nuclear operator A and a o-finite measure p
with
9) J ()7 15(x) + 1ns(x)) #ldx) < 00, p({0}) =0
such that

oelx) = exp {i(a, x) = Hx, %) + ] (exp {iCx, ) = 1 = i, 5) 1) )}
is called the canonical measure and (a, A, ) the characteristic triplet. If the canoni-
cal measure yu is the zero measure then the corresponding infinitely distribution is
a Gaussian distribution with expectation a and covariance operator A. This distribu-
tion is also denoted by N(a, A).

In order to prove the next theorem we need a technical lemma.

2.5. Lemma. Suppose that u, v e &3 fulfil condition (9). If 1, »{g, v) < o then

(10) P50 <] 1p(x) = a()] edx) < oo
where ¢ = ¢ + v, p = dp/de, ¢ = dv/de.
Proof.

§15(x) ] |p(x) — a(x)] eldx) =
= [15(3) o] | V(@(x)) = V@G | VIp(x) + J(a(x))] ofdx)
and by the Schwarz inequality
= (J(W(e(x)) = V(a(x))? e(dx))"> (§ 1s(x) 5] (/(2(x)) + (a(x))* o(dx))*2
Using the relation [(/(p(x)) — +/(q(x)))* e{dx) = 4 1,,5(s, v} and the simple ine-
quality (\/(u) + V(©))* < 2(u + v), u, v = 0 we get
F15(x) [x] p(x) = q(x)] o(dx) = (3 1120 )72 (2 [150x) [ ofdx))*2 .

In view of Iy;,(y, v} < oo and (9), for both y and v, the stated inequality holds. ]

If the conditions of Lemma 2.5 are satisfied then there exists an element a, , € X
such that
(11) (% a,,) = [1s(2) (x, 2) (p(2) = alz) ¢{d2)

for every x € X. Put a,, = 0if l;,,(n, v) = o0.
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2.6. Theorem. Let P, Q be infinitely divisible distribution laws on the Borel sets
of the separable Hilbert space X. If (a, 4, u) and (b, B, v) are the characteristic
triplets of P and Q respectively then

RAP, Q) < R(N(a, A), N(b + a,.,. B)) + L1, v).
2.7. Corollary. Under the assumptions of Theorem 2.6 the inequality
1P — Q| = [4(1 — exp {~ HRy2(N(a, A), N(b + ., B)) + lyalan W)}]?
holds.

Proof. It is easy to see that for every —oo < a < co there exists a constant
¢, such that
Si2(u) € ¢, f(u) forevery ueR.

Consequently, if |;,,(u, v) = co then l(u, v) = co for every —oo < &« < oo and the
stated inequality is trivially fulfilled. Assume now I;,,(s,v) < oo and put C, =
= n"! £ |x]}. Condition (9) implies [I5.c(x) [x] u(dx) < oo. Consequently
there exists a, € X with : .

() = = [ 1506,(2) (5, 2) u(dz)
Let ¢ € # be given. The characteristic functional of U, is
(12) Pu,fx) = exp { [ (exp {i(x, y)} — 1) o(dy)} .
Denote by i, and y, the characteristic functionals of 8, * U, ¢,y and 6, * U,(.nc,)-
Then, by (12),
Vulx) = exp { ¢, (exp {i(x, »)} — 1 = i(x, y) 15(»)) u(dy)}
1(x) = exp { = fc,i(x, ») 1s(y) (1 = ) (dy) + fe,(exp {ilx, y)} —
= 1= i(x, ) 1s(») (dy)} -
Let P’ and Q' be infinitely divisible distributions on (X, X) with the characteristic

triplets (0,0, ¢) and (—a,,, 0, v), respectively. Inequality (10) and property (9)
which holds for both u and v yield

lim Y, (x) = @p(x), lim 2,(x) = @g.(x)

for every x € X. Consequently 8, * U, c,, and d, * U, converge to P’ and Q'
in the sense of the topology t[X].

Using Theorem 2.3 we get
(13) RJ(P', Q') < 1(p, v) .
f-divergences do not increase under measurable mappings. The definition of R,
shows that this property remains true for R,. Hence

Rz(Pl #P,, Q% Qz) = Ra(Pl x Py, Qq x Qz)
and, by Lemma 1.4,
(14) Ra(Pl Py, Q, Qz) = Ra(Pp Ql) + Ra(PZs Qz) .
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Put P, = N(a,A),P, = P, Q; = N(b + a,,,B),Q; = Q. Then P, » P, = P, Q, %
* Q, = Qand our statement follows from the inequalities (13) and (14). O

Corollary 2.7 follows from Theorem 2.6 and inequality (8). The calculation of the
first term on the right-hand side of the inequality in Theorem 2.6 requires to answer
the question under which contitions N(a, A) and N(b + a,,, B) are mutually
singular or equivalent. We refer to [4] for details. For normal distributions on the
real line, however, the values of R, can be easily calculated.

Put for y,z2 2 0,xeR,

1 x=0, max(y,z)=0

x+0, max(y,z)=0

0
Yo x, v, z) = a
}, max (y, z) > 0

YT e {_a(l P S

az 4+ (1 —~a)y az + (1 —a)y
Denote by N(a, 6%) a normal distribution on the Borel sets of the real line with
expectation a and variance ¢ = 0, where N{a, 0) = §,. In order to avoid a complicat-
ed formulation we restrict ourselves to the case 0 < o < 1. An easy calculation
of the corresponding integrals shows

(13) HiN(as, 01), N(as, 03)) = ¥ilay — a3, 01, 03) .
Corollary 2.7 and related (15) yield

2.8. Proposition. Suppose Py, P, are infinitely divisible distribution laws on (R, 2)
with the characteristic triplets (a;, 67, p;), i = 1, 2. Then for 0 < & < 1

1
(16)  R(Py,Py) < 1 =) Inyfa; — az = a4, 0%, 03) + L, 122)
and
pr - Pz” =< [4(1 - ‘//1/2((11 = Ay, e Gf, 0’%) CXp {“% qu(#p #2)}]1/2 .

2.9, Example. Denote by =, the Poisson distribution on {0, L, ...} with parameter
4 > 0.Suppose P; = m;,, i = 1,2, ; > 0. Then an easy calculation leads to

H(Py, P) = exp {—(ahy — (1 — ) A, — A5A57%)} .
Hence

1 1 a —a A
Ry(Py, P2) = Jl—z{) (0 + (1 =) 4y = M7 = f, (l—l) 2.
- 2

Otherwise P; is infinitely divisible and the characteristic triplet is (0, 0, 4,6,). Con-
sequently, 2
|a(,l-‘1’ /12) =fu (—i> Az -
A2

This means cquality in inequality (16). Furthermore, it is clear that the equality
in (16) holds for normal distributions as well.

2.10. Example. We will illustrate by an example that the estimate (16) may be very

237



rough if the distributions P; are too far from normal and Poisson distributions,
Let P, be an infinitely divisible distribution on (R, £) which has the characteristic
triplet (0, 0, p;) where
#(B) = s [u] ¥ du, 0<a <2.

By definition, P; is symmetric and stable. It is known that P; is absolutely continuous
with respect to the Lebesgue measure and the density is symmetric, increasing for
x < 0 and decreasing for x > 0. Hence the measures P; and P, are not mutually
singular and

(18) R(P;,P)) <o for O0<a<l.

On the other hand

L) = [ 5y 7 4 1 = e

- }u a(l+ag)+(1-a)(t +arz)) du = o0

for g # o,. This means that the right hand side of (16) is infinite while the left hand
side in view of (18) is finite. (Received September 18, 1985.)
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