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KYBERNETIKA —VOLUME 12 (1976), NUMBER 6

On Cooperative Games Connected
with Markets

MILAN MARES

The presented paper deals with the model of cooperative equilibrium in markets with trans-
ferable utility, as suggested in {8] and [7]. It presents some ideas concerning the connection
between such markets and cooperative games with transferable itulity. Namely, it suggests a way
ot construction of such games which maximally reflect the properties of given market and its
cooperative equilibria.

1. INTRODUCTION

This paper is a free continuation of {7] and, especially, [8]. It presents some
further properties of the ./#-equilibrium defined there. The motivation of that equi-
librium definition was explained in [8]. Here we are interested in the connection
between equilibria and some game-theoretical solutions. These connections were
already investigated and interesting results were obtained. They are introduced
in[4],[6] and also in [8]. These results, usually, show that the equilibria are stronger
than the game theoretical solutions in the sense that the existence of equilibrium
implies the existence of some game-theoretical solution. The opposite implication
may be obtained for the .#-equilibrium under very special assumptions. The main
goal of this work is to suggest a new definition of game connected with market,
which would better reflect the properties of market. Solution of such game, namely
its core, could be more close to cooperative market equilibrium. Hence, the well-
known game theoretical results could be better applicable into market theory.

2. FUNDAMENTAL CONCEPTS AND RESULTS

In this section we repeat the basic definitions and the main auxiliary results, intro-
duced and discussed in [8] already.
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If m s a positive integer number then R, R, R™ and R™ are the sets of real numbers,
non-negative real numbers, real-valued m-dimensional vectors and of those vectors
with non-negative coordinates, respectively. If .# is a class of sets then we denote

(1) <y ={Kedl:if £ < M, & isa partition of K then & = {K}}.
A cooperative market is a quadruple

m = ([s R x R%, (Ui)(ela(ai)iel) s

where I is the set of all players, vectors x = (Xo, Xy, ..., Xp), X0 € R, (X1, ..., X,) €
€ R" represent x, units of money and xy, x,, ..., X, units or regular goods; vectors
a’e R x R" are the initial quantities of money and goods owned by players, and
U;: Rl - R,iel, are the utilities of real goods for players.

We denote, further, the class A of all non-empty subsets of I, which are caled
coalitions, and the mappings u; : R x R} — R, iel, such that

Ui(Xg, X5+« Xp) = Xo + Ujlxs, s )

which are called utility functions of players. All goods in the market, even money,
have their prices. We denote them by p = (pg, py, - . -» pm) € R%*, where p; >0,
j=0,1, ..., m,and the set of admissible price-vectors is denoted by P. We suppose,
moreover that vectors pe P and x€ R x R are such that the scalar product px
has sense. We denote

X ={X=(x):x'eR x RY, iel},
Xy ={XeX: Zx‘<z 1, Ked,
ieK
Alp)={XeX:Y px' <Y pa'}, KeA, peP.
rd ek

The following statements were proved in [8] as Lemmas 1, 2, 3 and 4, respectively.
Statement A. Let K € X7, p € P. Then there exist the maxima

max {;{ ufx): X = (x'), ;€ Xg} and max {%ui(xi) 1 X = (x)is e AdpD)} .

Statement B. If pe P, Ke %', # c A, if £ is a partition of K thep for all X =
= (x)ir € Ag(p) is
(2) ;{“i(xi) = szmax { ZJ “i(yi) Y= (yi)iel € AJ(P)} .

Statement C. Let pe P, ./ < A", (M) be a partition of . Let X e A,(p) for all
J el Then Xe Adp) forall K € 4.



Statement D. Let pe P, # < A", {4 be a partition of I, and let X = (x);,, € X.
If

Tuf') = max { Tufy): ¥ = (i A(p)}
for all J € {.# then also
Tule) = max { T uls): ¥ = ()« Axlo)}

forall Ke . #.
Any pair (X, p), Xe X, pe Pis called a market state. If # = A then the market
state (X, p) is called an .#-equilibrium if X € X;, and for any K e .# is X € A(p) and

%lli(xi) =max { Y uy’): ¥ = (¥)irc Adp)} .
ic ieK
If we denote by .# the class of all one-element coalitions in ¢, i.e.

)] I = {iBu

then the classical equilibrium, defined e.g., in [4] is identical with #-equilibrum
in our terminology, and the following statement, proved in [8] as Theorem 2, is
true.

Statement E. Let # < A4, Xe X, pe P. If (X, p) is an f-equilibrium then it is
also an .#-equilibrium.

3. GAME CONNECTED WITH A MARKET

The basic situation in cooperative market and in cooperative game is analogous
in the sense that players form their coalitions, correlate their behaviour and distribute
the final profit. These analogies may be expressed even in exact form, This section
presents two of such expressions — the classical one, and a new one which is in some
. cases more adequate to the real relations between games and markets.

Statement A (i.e. Lemma 1 from [8]) enables us to define the mapping v : #" — R
in the following way

4 oK) = max { Y ufx): X = (xf) e Xy}, Kex,
ITeK
which has the following property proved in [8] in Lemma 5.

Statement F. The mapping v defined by (4) is superadditive, i.e.

o(K U L)z oK)+ oL) forany K,Lext' , KnL=9.
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We accept here the game-theoretical terminology, and we call an imputation

any real-valued
for which ¢ =

6]

&)

Then the ordere

vector ¢ = (&), &R, such that there exists X = (x'); e X
ux%), i el. Further, we introduce the following auxiliary symbols:

= {& = (E)ier 1 X = (¥ € X)V (i €]), u(x’) = £},
k= {8 53X = (e X) V(i el), ufx') = &}

d pair I',, = (I, v) is called a coalition-game connected with market

m = (I, R x R%, (Udier> (@");e;), and mapping v is called its characteristic function.

Lemma 1. Let & = (&), & € R. Then

Proof. Let &

teF ey ¢ <)),
iel

€ E. Then there exists X = (x'),; € X, such that & = u(x'). By (4)

&= Yulx) < ).

On the other hand, let

Then there exists, according to Statement A, ¥ = (v‘)

Let us construc

Then X € X}, as

ol) 2 3¢

iel
ier € X, such that

o) = ;”i(yi) = ;yé + ZU-'(,V;, L k)

mj .

t X = (x');e; € X such that

xo=yo + & —ufy), ieg,

and Y € X;. Moreover, for any i e I is

so that ¢ e 5.

xj:y}’ lgg, =1 m
s, M
Z= l'+ i\' -
;xo EZ{% 215 sy
i P e
o i -1
;ellj gry] o Terom,
uf(x’) = xb + Ufxl, ..., xh) = 4 )
0“‘)‘6“]4(;')
)+

F UM v = e



Now, we may formulate the following definition of a game-theoretical solution.
We say that vector & = (&), is .#-stable in game I',,, where 4 < A, if

el and Y &2 uK) forall Kes.

ieK
According to Lemma 1, & is .#-stable iff
YE <o) and Y E = oK), forall Ke .
iel iek
The reasons for presenting the game-theoretical solution in such form were discussed
in [8]. Here we note, only, that the ./#-stability is a generalization of the concept
of core, as any ¢ € = is A -stable iff it is an element of core in game I' .

There are some interesting results concerning mutual connections between equi-
librium and core, given in literature. Their analogies, formulated in terms of our
cooperative market model and game model, were proved in [8], in Theorem 3 and
Corollary 4. It simplifies the further references if’ we repeat here Theorem 3 from [8]
as the following statement.

Statement G. Let m be a market and let I',, be the coalition-game connected with
m. Let &4 < A, X = (x") e X, peP, & = (&), €Z, and let &' = u(x) for all
ie . TIf (X, p)is an J-equilibrium then the imputation & is .#-stable. :

Theorem 3 and Corollary 4 in [8] are formulated as implications, where the pro-
perty of .Z-equilibrium or #-equilibrium, according to (3), for (X, p) implies the
A -stability or # -stability of & € Z where &' = u(x’), i € I. The form of implication
is essential for statements of this type. It may be substituted by equivalence only
under very strong assumptions, as it was done in Theorem 5 in [8] The main problem
of the presented work is to find another definition of game connected with a market,
which would better reflect the existing analogies, and which would enable us to
formulate some analogical statements in stronger form with equivalence instead
of implication.

4. MARKET CHARACTERISTIC FUNCTION

The topic of this section is to introduce a modified form of coalition-game connected
with a market, and to prove the main results concerning mutual connections between
A -stability in such game and .#-equilibrium in the considered market. Statement A,
i.e. Lemma 1 from [8], enables us to introduce the following mapping w : A x P —
— R such that

(%) w(K, p) = max {; ufx): X = (x') 6 Alp)}, KedA',peP,

which we call a characteristic function of market m.
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Remark 1. For Ke ', pe P is w(K, p) = o(K) as X, = A(p).
Remark 2. Let Ke #, pe P, X = (x%),; € X; n A(p). Then (X, p)is a {K}-equi-
librium iff
ZK”i(xi) = W(Ka P) B
and, according to Statement A, for any K € 4", p € P, there exists X e X such that
(X, p) is a {K}-equilibrium.
Mapping w(., p): # — R for fixed p e P is not generally superadditive, so that

it is not convenient for definition of a new coalition-game I' = (I, w(,,p)) which
could describe the cooperation in the considered market. Moreover, the following

statement can be proved.
Lemma 2. The mapping w(., p) is subadditive for any p € P, i.e.
w(Lp) +wM,p)2w(LUM,p), LMeX, LaM=90.

Proof. Lemma follows immediately from Stetement B, i.e. from Lemma 2, [8];
ifweputK = Lu Mand # = {L,M}. Then (2) represents the desired inequality.

_ Lemma 3. Let X = (x),€ X,, pe P, .4/ < A, let .# be a partition of 1, and let

Yux') =z wK,p) forall Ke.#.

iek
Then X € Ay(p) for all K e ..

Proof. Let us suppose that there exists Le .# such that X ¢ A;(p), i.e.

() Ypx'>Y pa'.

il iel

As X e X, the inequality

holds, and there exists J € .4 such that

Yoxi<Y pa'.

icd ieJ
Let us construct ¥ = (J);; € X such that

Yo = x4 + (pa’ — px')[po,

Vi=xj, j=1..,m, iel.



This ¥ belongs to A,(p), as
rpyi=) pa,
ied iet

and

i i 1 i i i
Luly) =L ufx) + —(Lpa' = L px)> Tufx) = w(J, p),
e iel Po el it ied
which is a contradiction with (5). Consequently, (6) can not be true for any Le .#
and X € Ay(p) for all K € 4.

Remark 3. If /#/ < A and {.) is defined by (l) then there is no set of coalitions
Ky, ....K,e{#> suchthatK, n K, =0, r#s,r,s=1,.. ., K, u ... UK, eld>.
It means that any real-valued set function defined on {(.#)» may be considered to be
superadditive on {.#).

The last Remark implies that the triple I',(p) = (I, {.#), w(., p)) forms a coali-
tion-game in usual sense, e.g. in the form used in [2] and in other papers. The set I
is set of players, {.#) is the class of admissible coalitions and w(.,p), where pe P
is fixed, is the characteristic function of the game I',(p). The core of that game is
identical with the class of all {.#)-stable real-valued vectors & = (¢');.; € Z, where
is the set of imputations in the game I', (p). For the game defined in such way we can
prove the following statement.

Theorem 1. Let X = (x%),,€ X, peP, & = A, let (M) be a partition of I,
and let & = (&), € 5; be such that &' = u,(x) for i el. Then (X, p) is an .#-equi-
librium if and only if ¢ is {.#)-stable in the game I',(p), i.e. iff £ is an element in the
core of I',(p).

Proof. If (X, p) is an .#-equilibrium then

0 Y & = w(K, p)

i=K

for all K € .# and, consequently, ¢ is {.#)-stable in I‘m(p), as (#y < 4. On the
other hand, let (7) be true for all K e {.#). Then, according to Lemma 3, X ¢ A(p)
forallKe (#). As Xe X, (X, p) is an {.#)-equilibrium. Lemmas 3 and 4 from [8],
i.e. Stetements C and D from Section 2, imply that it is also an .#-equilibrium.

Corollary 1. Under assumptions of Theorem 1, if ¢ is {.#)-stable in game I',(p)
then ¢ is .#-stable in I',, as follows from Theorem 1 and from Statement G, i.e.
from Theorem 3 in [8].
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Theorem 2. Let pe P, /# < A, and let {(.#) be a partition of I. Then there
exists X € X such that (X, p) is an .#-equilibrium if and only if

Y. wK,p)=w(lp).

Ke< >

Proof. If (X, p) is an #-equilibrium then for all K € {.#)

Y zwK,p),

ik

it means that

ri=3% r&z 3 wkp)

iel Ke<udt> ieK Ke< it

and .
Te < un) < wik.p),

as X € X; and Remark 1 holds. Consequently, according to Lemma 2, the desired
equality holds. Let, now.

(®) w(l,p) < Y wK,p),

Ke< 4>

and let there exists X € X;, X = (x%),, such that
Yulx) =% zwkK p),
iel ieK .

for ali K e .#, where ¢' = u'(x’), iel. Then

Tz T wK.p)> wll.p) z o).
iel Ke<udli>

according to Remark I. It follows from Lemma 1 that this result contradicts to the

assumption X € X;. So, (X, p) can not be an .#-equilibrium for any X e X, if (8) is

fulfilled.

Corollary 2. Under the assumptions of Theorem 2, if .# < .#, then J = {(#),
and there exists X e X such that (X, Pp) is an .#-equilibrium if and only if

S w({i}, 1) = w(l, 7). 3

iel

Com]léry 3. LetpeP, M <= KA, let & < M be a partition of I. If there exists
X e X such that (X, p)is an .4-equilibrium then

> w(L, p) = w(l,p).

Le?



Theorem 4. Let peP, 4 < A and let {#) be a partition of I. Then there
exists X € X such that (X, p) is an .#-equilibrium if and only if the mapping w(., p)
is additive on the class of coalitions .# U {I}.

Proof. According to Theorem 3, it is sufficient to prove .hat

© 2. w(K.p)=wlp)

Ke<.it>

if and only if w(., p) is additive on the class .# U {I}. According to the assumption
that {.# is a partition of /, Lemma 2 implies that for any K € .# is

wiip)z 3wl p)+ wK,p) = (L p),

Je<dl> Je< > Jcl-K
and (9) implies that

wiLp= ¥ w(p)

Je<c >, JcL

for all L € 4. This equation means the additivity of w(+, p) on .# U {I}. On the other
hand, if

w(K, p) + w(L, p) = w(K U L, p)

forall K, L, K U Le .# v {I} then also

2 WK, p) = w(l, p)

Ke?

for all & =  such that % is a partition of J, and, consequently (9) holds.

5. ADDITIVE CHARACTERISTIC FUNCTIONS

The last statements of the previous section show the importance of additivity
of w(-, p) for existence of equilibrium. Also Theorem 4 in [8] concerns the same
subject and some other results dealing with that topic are introduced in this conclusive
section of the presented paper. They all represent auxiliary tools for solving some
special problems connected with the existence of .#-equilibria in cooperative markets.

Lemma 4. If p € P then the mappings (. ) and w(., p) are equal on " if and only
if they are equal on .#. In such a case both v(.) and w(., p) are additive, i.c.

oKuL)=0oK)+oL), wKulL, p)=wkK,p)+wL.p),
K Led,KnL=0.

459
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Proof. If o({i}) = w({i}, p) for all {i} € # then Lemma 5 from [8] (i.c. Statement
F in Section 3) and Lemma 2 from Section 4 imply for any K € 4~

w(K,p) = 3 w({i}. p) = Tol(i}) = oK)

On the other hand, Ag(p) > X for any K e &', p € P, so that w(K, p) Z v(K), and
the equation is proved. The opposite implication follows from .# = # immediately.
As v() is superadditive and w(., p) is subadditive, and as they are equal, théy must
be additive.

Theorem 5. Let pe P, 4 < A, let .# be a partition of I, and let the mapping
w(., p) be additive. If there exists X € X such that (X, p) is an .#-equilibrium then
there exists ¥ e X such that (¥, p) is an .4 -equilibrium for all .4~ = 4",

Proof. Let us consider X = (x);;;€ X; such that (X, p) is an .#-equilibrium.
It means that for all K € .# is X € Ag(p), and

(10) zK: ux) = w(K, p).
The additivity of w(+, p) and relation (10) imply

Yufx) =Y w({i}, p) forall Ke.#,

ieK ieK

and, as .4 is a partition of I,

S ul) = Zulli)p).

i, ief

Let ¥ = (y'),.; € X, be such that for all i e I

=

vo = xo + w({i}, p) — ux),

i i :
yi=x;, j=1,...,m.

- This Y is an element of X, as

Yy =Yxzgyad,

iel el " iel

and
(11) : u;(J;i) =w({i},p) forall iel.

According to Lemma 3, ¥ € Ayy(p) for all i e I. This fact, together with (11), implies
that (¥, p) is an F-equilibrium and, in accordance with Theorem 2 from [8] (i.e.
Statement E in Section 2), (¥, p) is an A -equilibrium for 4" = A"



Theorem 6. If pe P, and if the mapping w(.,p) is additive then there always
exists X € X such that (X, p) is an .#-equilibrium for any .# <= .

Proof. According to Remark 2 and according to definition of .#-equilibrium,
there exists ¥ € X such that (¥, p) is an {I}-equilibrium. As {I} is also a partition
of I, Theorem 5 may be applied. Consequently, there exists X € X such that (X, p)
is an .#-equilibrium for any 4 < .

Corollary 4. If pe P and if o({i}) = w({i}, p) for all i €1 then there always exists
X e X such that (X, p) is an .#-equlibrium for all # < #".

(Recived May 3, 1976.)
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