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KYBERNETIKA — VOLUME 23 (1987), NUMBER 2

ASYMPTOTIC BEHAVIOUR
OF EMPIRICAL MULTIINFORMATION

MILAN STUDENY

The asymptotic behaviour of an estimator of multiinformation is investigated. It is shown
that it qualitatively depends on the value of certain numerical characteristic. 1f this characteristic
is non-zero then the estimator is asymptotically normally distributed. In the opposite case the
asymptotic distribution of the estimator is the distribution of a weighted sum of squares of
independent normally distributed random variables.

1. INTRODUCTION

This paper deals with the asymptotic behaviour of empirical multiinformation
(it can be also called sample multiinformation). Multiinformation was studied by
Perez in [6] as a generalization of the concept of the mutual information of two
random variables. It enables us to characterize the level of the dependence of more
than two random variables.

Given a sequence of random variables 9,(w) and a non-degenerate probability
distribution D we say that 9,(w) has asymptotic distribution D iff there exist constants
a, >0, b, such that a;'.{9,(w) — b,} > D in distribution. Correctness and
uniqueness of this concept is shown in [2] (Lemma 1 of § 2 of Chapter VIII). More-
over, in case D = N(0, 1) we say that 9,(w) has asymptotically distribution N(b,, a%)
and that a? is its asymptotic variance.

In the present paper we shall study possibility of the estimation of multiinformation
on the basis of empirical data. The investigated estimator is called the empirical
multiinformation; it is simply the multiinformation of the corresponding joint
empirical distribution. We are dealing with the asymptotic behaviour of this esti-
mator. The results are derived for the case of non-degenerated finite-valued random
variables. Note that this assumption seems to be essential (see remark in the third
section). The obtained results are a generalization of the results reported in [5].
The asymptotic behaviour of empirical information (of another type) was studied
also in [8].
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In the first section we define a numerical characteristic of a probability distribu-
tion, P, denoted by R[P]. As it will be shown later, this number is very important
for the asymptotic behaviour of the empirical multiinformation. If R[P] > 0 (we
call it the ordinary case), then the asymptotic distribution is normal and n~* . R[P]
is its asymptotic variance (Proposition 3, n is the sample size). If R[P] = 0, then
the asymptotic distribution is not normal. But this case takes place only if the measure
P is a “truncated product measure” (Proposition 1). Then, the asymptotic distribu-
tion is the distribution of a weighted sum of squares of independent N(0, 1)-distributed
random variable. The weights are given as the eigenvalues of a matrix which is
explicitly obtained. It depends only on the probability distribution P. Note that
some of the weights can be negative and that explicit formulas for densities of such
distributions are given in [4].

Throughout the paper we make the following general assumption.

Let Ty, ..., T,, be nonempty finite sets, where m = 2. Weput T= T; x ...
. x T,, and consider T as a measurable space with o-algebra of all its
subsets. Let (Q, &, Q) be a probability space and
[A] i o, Q) (TexpT), j=1,2,..,
be a sequence of i.i.d. T-valued random variables defined on € and, more-
over, their common distribution P on T is not concentrated in a single
| point of T.

2. NOTATION

N denotes the set of natural numbers, R the set of real numbers; J,, is the well
known Kronecker symbol; card 4 denotes the cardinality of a set 4, f o g the com-
position of functions f and g.

If te Tand ie{l, e m}, then ¢; denotes the ith component of the point te T.
If P is a probability measure on T'and ie {1, e m}, then P; denotes its marginal
measure on T;.

Let S and R be finite sets; by S-vector we shall understand a real function on §
(ie. element of R%), by (S x R)-matrix a real function on S x R (i.e. element of
Rs”‘). Since later we shall multiply vectors by matrices, we shall regard them as
column vectors, i.e. an S-vector is an (S x {1})-matrix. We shall denote matrices
by capital bold faces, vectors by lower case bold faces and their elements or compo-
nents by lower case light faces. Further, elements of matrices and components
of vectors will be denoted by the corresponding letters, i.e. matrix A has always
elements a(t, v), vector f has always elements f| (t) and so on. The transpose of the
matrix A is denoted by A", the identity matrix by /. If a set is indicated by a lower
index ie{l,...,m}, as for example S;, then the corresponding S;-vector and its
components have the same lower index. So the S;-vector f; has components f{s),
se S;. An analogous principle holds for matrices and their elements.
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Finally, N(a, b) denotes normal distribution with expectation a and variance b,
N(0, A) multivariate normal distribution with zero expectation and covariance
matrix A.

3. BASIC CONCEPTS

As was mentioned in the introduction the assumption that & are finite-valued
random variable seems to be essential. For example, let us consider two independent
[o, 1]-valued random variables the distribution of which is given by the Lebesgue
measure. Obviously, the multiinformation (mutual information) is zero, but on
the other hand it can be proved (but we shall not perform it here) that the em-
pirical multiinformation has expectation In () where n is the sample size.

The definition of multiinformation for general case is contained in [6] (the multi-
information is called the dependence tightness there). But we shall use its version
for finite measurable spaces only.

Definition 1. Let P be a probability measure on T. The multiinformation (of P)
is the following value: .

I[P] = Z P) . In(P(1y. PT'(1y) ... . P (1))
P(tre)’>0
Further, we introduce:
R[P]T = Y P().In%(P1).P7'(t)..... P (1)) — P[P].
teT
P(t)>0

Proposition 1. The inequalities /[P] = 0 and R[P] 2 0 hold for all probability
measures P.
I[P] = Oiff Pis a product of its marginal measures.
R[P] = O iff there exists & = 1 such that for each te T
either P(f) = 0 or P(f) = . P(t,)..... P,(tn)-
Proof. The statement about [ P] can be proved by similar way as an analogous
statement about mutual information (see [3]). Now we put

V={ieT P{) >0} and
bty = =In(P™Y ). Py(1y) . ... . P,{1,)), teV.
So, the well-known inequality
(550 PO = 3 5°0) P0) :
with equality only for b constant implies the statement about R[P]. [m|
Definition 2. For every n e N we define a real function on T x Q (see [A]):
Pto)y=n"t.card{j<n &w)=1t}, teT;weQ.
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We call it the empirical probability. Indeed, p"(+, w) is a probability measure on T
for every w € Q. So, the function @ — I[p"(+, )] will be called the empirical multi-
information (see Definition 1). Moreover, we shall use vector notation for the
empirical probability:

P (o) = [p"(t, 0)],r eRT, weQ.
Analogously for i e {,...,m} and n € N we define the function p} on T; x Q by

Pocard {j £ n, Ei(w) = s}, seT;weQ.

pils, @) = n~

Note that the empirical multiinformation is a random variable (it can be seen
from Lemma 3).

4. AUXILTARY CONCEPTS

Definition 3, We introduce the T-vector p = [P(1)],.; and the (T x T)-matrix
A(see [A]):
a(t,v) = P(1) . {6, — Pv)}, twveT.
Analogously we introduce the (T; x T;)-matrix A; by
afr,s) = P{r). {6, — P{s)}, wr,seTsief{l,..,m}.
It is easy to verify that
1 afr,s) =Y Ya(t,v), rseT;;ie{l,..,m}.

teT veT

ti=rv;=s

Lemma 1. The mapping @+ p"(w) is a random T-vector on Q with expectation p
and covariance matrix n”1 . A.

Proof. For every je N and te T we define the function o+ x/(t,w) as the
composition of & and the indicator of the set {1}. [A] implies that the random
vectors @ > x/(w) e R” are i.i.d. It is easy to sce that x/ has expectation p and
covariance matrix A {see Definition 3). Obviously

2) Po)=n1.Yx(t,0), ©weQ;teT;neN.
1

i=

Now we can easy derive expectation and covariance matrix of p"(w). O

For study of the asymptotic behaviour of the empirical multiinformation it will
be useful to restrict the set Q.

Lemma 2. There exists a measurable set Q' = Q such that Q(Q') = 1 and for
every we 2, ne N and t € Tit holds: .

P(t) =0 implies p(r,w)=0.

127



Proof. We put
=0 ne,
teT n
P(1)=0

where 'Q" = {we Q, p'(t, w) = 0}.

According to Lemma 1 all sets Q2" are measurable. Further

o' = Qf{w, I ndw)=1} £Y 0{lo, & (w) =1} =0
i=1

since P is the distribution of &/ and P(r) = 0. Hence all sets 'Q" have Q('Q") = 1. 3

Definition 4. The symbol Q' will denote the set from Lemma 2. Further, we denote
V={teT,P(t) >0}, V,={seT,Ps)>0}, ie{l,...m}.
According to Lemma 2 it is possible to interpret p"(w) as a random V-vector defined
on Q'. Further, the lemma says:
P(s) =0 implies pi(s,)=0, neN; weQ ;seT;ic{l,...m}.

So, p(w) is a random V-vector defined on Q'.In addition, p, A and A, from Definition
3 are V-vector, (V x V)-matrix and (¥; x V;)-matrices respectively. Since we are
interested in the asymptotic behaviour of a random variable, the restriction to Q'
is not essential.

Definition 5. Normalized empirical probability is a real function on ¥V x Q':
o) =yn. {p(t,w) — P()}, teV; weQ;neN.
Analogously we define: )
s, @) = /n. {pils, w) = P(s)}, seV;; we@;neN;ie{l,...,m}.
The corresponding random V-vector (resp. V-vector) is f*(w), (resp. f{(w)).
The following proposition summarizes properties of f"(«) which we shall use later.

Proposition 2. The normalized empirical probability f*(w) is a random F-vector
on Q' with zero expectation and covariance matrix A (see Definitions 3 and 4);
f#(w) is a random V;-vector on @', Further, the following formulas hold:

(3) Yt wy=0, we@;neN

teV

(4) fils,0) =Y (o), we@;neN;seV;ie{l,.,m}.
teV
ti=s

Finally, f"(@) —» N(0, A) in distribution and f{{®) - N(0, A;) in distribution.

Proof. The first part is a consequence of Lemma 1. Lemma 2 implies ), p(t, o) =
. teV
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=Y p(t,w) = 1 for every we Q' and ne N. Hence (3) is evident. Since pj(-, @)
€T
is the marginal measure of p'(, w) on T}, we conclude, using Lemma 2 that
pi(s, w) = Y. p'(t,w) forevery weQ',seV,, neN.
'rie:vs
Analogous expression holds for P(s), hence (4).

The statement concerning f"(co) is a consequence of the multivariate central limit
"

theorem (see [2] or [7]). Indeed, (2) says p"(w) = n~* .} x/(w), where x/ are i.i.d.
j=1

By Lemma 2 it is possible to understand x/ as V-vectors on €'

Now we introduce the (¥; x V)-matrix K; by

kis,v) =0d,,, seVi;veV.

According to (4) fj(w) = K;.f'(w) and hence we derive (see [1]) that f{(w) —

- N(0, K;. A. K) in distribution. However (1) implies K, . A. K] = A, m}

5. ORDINARY CASE

Proposition 3. Let assumption [A] hold and R[P] > 0 (see Definition 1). Then
the empirical multiinformation (see Definition 2) has asymptotically normal distribu-
tion N(I[P], n L R[P]), i.e.

Jn RP]V2 {[p'(+, 0)] ~ I[P]} = N(0, 1) in distribution .

Proof. Let us introduce @ = <0, )" and a real function .# defined on @:

Hx) =Y % dn(x, . ([Trdx)"Y), xe0,
teV i=1
where
rdx) =Y x,, ie{l,..,m};teV.
veV
vizh

Note that 0. In(+) is defined by 0. We see that /[ p'(w)] is the composition of p"(w)
and .# (since w € ', see Definition 4). We compute that

g(z— Inrfy) =6 - r'(0), wvteV;ie{l,...,m}; ye(0, o)
ox,
and further
n
ai () =Iny, =Y Ir() +(1-—m), veV;ye(0, o).
X, i=1 N

v

So, p (see Definition 3) is an inner point of ¢ and £ has the Frechet differential at p.
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Finally, we introduce the V-vector g by:

g(f) = EL‘ Sp) = (P(). PTHE) . .. P (t) + (1= m), teV.
xt
Since g*.A.g = R[P] >0 (as it can be seen from Definitions 1 and 3) and
Jn.{p"(@) — p} > N(0, A) in distribution (see Proposition 2) it is possible to use
the known theorem (see [7], Theorem II in 6.2.2). So /n. {F o p"(w) — F o p} =
— N(0, R[P]) in distribution. M

6. CASE OF “TRUNCATED PRODUCT MEASURE”

In this case we can describe the asymptotic behaviour of the empirical multi-
information by means of eigenvalues of the matrix defined below.

Definition 6. We introduce the (V' x V)-matrix E by

e(t,0) =%+.8, — 1 Pv).Y 8,,,. P7 (1), tveV.
=1

It is easy to verify that

(5) Ye(t,v)=1(1 — m) forevery t1eV.
veV
In particular,
(6) Y {e(t,v) —e(z,0)} .y =0 foreveryt, zeV and yeR.
o

Proposition 4. Under assumption [A] let us suppose R[P]=0. Then
n AI[p(+, w)] — I[P]} tends in distribution to a random variable

card(V)—1

o) = Y 4. Ge),
=1

where {t{(w), j = 1,...,card (V) — 1} are independent N(0, 1)-distributed random
variables and 2; are the eigenvalues of E (see Definition 6) with the exception that
the multiplicity of 4, = -}(1 — m) must be reduced by 1. Moreover, all eigenvalues
of E are real.

The proof is based on the following three lemmas.

Lemma 3. For every we @ and ne N

m

n AP (, )] = I[P]} = V(@) + U(w) = ¥ Ul(w),

i=1

V(@) = n }; {p"(t, ) — P} . In (P(1) . PT (1) . oov - Pt(t))

where
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and (cf. Definition 5)
U'(w) = Y P o). {f"(t, @)} + n™'2Y o'(1, o) . {f*(t, ®)}>
tel teV
Ullw) = 1 3 P (s) - {fis @)} + n ™' 3 @is. ) {fis, )}
seVi sV
where ¢"(, ) and PY(t, w) are measurable functions bounded by constants which
are independent of we Q' and ne N.
Proof. Since w and n are fixed we shall write p{) instead ol p'(t, w) and pys)

instead of pi(s, ). Further we denote i(u) = u . In (u) for u > 0; h(0) = 0.
I) We introduce L= {te V, p(t) > 0} and put

k() = tn(p(t). p7'(t) ... . pu'(tw), te€L

K(t) = In(P() . PY'(t)) . .... P (1), -teV.
Since L = ¥(sec Lemma 2) it holds

2] = 11P] = 50) 460 = 5 7). () =

= ¥ {0() ~ PO} KO + X000 (K — K9}
The first term is ™ . V*(w), the second oneécan be written as
0010 (P0). p0) = 5 ¥ 0. (P70 pi1)

Since ¢ @ it holds p(t) = 0 for every {e VL. Thus
% 5000 n (P70 - p(0) = X P0). K210 p00)
() ‘ZL p(t) - In (P (1) - pi{t) :séipi(s) h(PTI(s) - pis)) -

To show (8) we divide Linto groups with the same ith components and compute
sums over these groups. We denote the expression in (7) as n™ "' . U"(w), the expression
in(8)asn™! . U{w).

II) Using the Taylor expansion of I at the point u = 1 we see, that there exists
a Borel measurable function 7: [0, o) — [0, 1) such that

©) W) = (o = 1)+ 3~ 1)~ belw) (= 1),

Indeed, for the remainder we have (Cauchy’s form)

%
<

Ayu) = YHu —o0)*.(u~1).h"(c) where u<o<1 or l<o<u.

Putting 8 =(u — 1)™". (6 — 1) and (u) =(1 = 0)*. {1+ 0.(u—1)}? it is
easy to see that 0 < 0 < 1,1 — 0 <1+ 6. (u — 1) and thus 0 < 7(u) < 1.
By substituting (9) in (7) we obtain:

Uw)=n ';;{p(t) ~ P{t)} + %n; P Y1) . {p(t) — P()}* -
—in .t;; wP7Y(1). p(2)) . P73(1) . {p(t) — P(1)}3.
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According to (3) the first term is zero. Putting ®"(f, w) = —3(P7Y(2). p'(t, w)) .
. P~%(t) we obtain the first formula. Analogously it is possible to prove the second
one. m]

Lemma 4. Let A and C be real symmetric (k x k)-matrices with A positive definite.
Let us consider the quadratic form H on B* defined by H(x) = x”. C . x for x e R*.
Let X(w) be a k-dimensional random vector with distribution N(0, A). Then all
eigenvalues of C. A are real and we can describe the distribution of H X(cu) as the

k
distribution of g{w) = Y ;.4 w), where A; are the eigenvalues of C.A and
i1

{t{w),j = 1, ..., k} are independent N(0, 1)-distributed random variables.

Proof. Since A is positive definite there exists a real nonsingular matrix Q such
that A = Q. Q™. It is possible to choose Q in such a way that G = QT.C. Q is
a real diagonal matrix. In the opposite case we find an orthogonal matrix F such that
F'.G.Fis diagonal and use Q. F instead of Q. It is easy to see that G and C. A
are similar, hence they have the same spectrum. Since G has its eigenvalues on
a diagonal, the eigenvalues are real. Let us put Y(w) = Q™. X(w). It is easy to
verify that ¥(w) is an N(0, I)-distributed random vector. Moreover

k
H o X(0) = X"(0). C. X(w) = Y(0).G.Y(w) =Y ;. Yi(w),
J=1
where 1; are the diagonal elements of G, i.e. the eigenvalues of C . A. [}

Lemma 5. Given z e V we put K = V\{z} (see Definition 4). Note that K =+ 9
(P is non-degenerate — see [A]). Let us introduce the (K x K)-matrix D by (see
Definition 6):

(10) d(t,v) = et,v) — e(z,v), tvekK.

Then D has the same spectrum as E with exception that the multiplicity of A, =
= }(1 — m) must be reduced by 1. (But (5) implies that 4, corresponds to constant
eigenvector.)

Proof. Given A # X1 — m) and se N we consider the following statements:

[B] A is an eigenvalue of E with multiplicity at least s

[C] 4 is an cigenvalue of D with multiplicity at least s.

I) [B] implies [C].
Indeed, let [f(f) ], 1 = 1, ..., s be a system of linearly independent eigenvectors of E

corresponding to A. By adding the constant vector f.. 1(t) = 1 we preserve linear
independence, because [ fi+1(f)]:cr corresponds to A, (see (5)). We put:

gi) =f{t) — flz), teVii=1,..,s

s s
Let us suppose that Y ¢; . ¢,(t) = 0 for every te K. If we put ¢, = =) ¢; . f{(2),
then =1 =1

s+1 S

';ci N0, :i;c; 1) _-ici Sz =_;ci .g{)=0

i i

132



for every t € K. This equality also holds for ¢ = z. Linear independence of [f{#)]er>
{

i=1,...,s+1,implies ¢, = ... = ¢;4; = 0. So, we have proved that [¢:(f)],cx,
i= l, ..., s, are linearly independent. In particular, they are nonzero. Since [ fi(t)]ey>
i=1,...,s, are eigenvectors of E corresponding to 1 we can take the respective

equations and subtract from them the equation for ¢ = z:

Y {e(t, v) — e{z, v)} . filv) = A {fi{f) = f{z)} = A.g(t) for teK and i=1,...,5
vev

By subtracting the formula (6) for y = f(z) and considering g, (z) = 0 we can
easily derive that Zd(t v).giv) =2.g{t) for teK and i=1,...,s So, we

have proved that [g,( Veex> i = 1, ..., 5, are linearly independent eigenvectors of D
corresponding to A.

1) [C] implies [B].

Indeed, let [gi(t)],s,(, i=1,...,s, be linearly independent eigenvectors of D corre-
sponding to 4. We put g,(z) = 0. Since 4 + }(1 — m) we can define:

flz) ={4 -1 - m}~! .';Ke(z, v).giv), i=1..,s,

(11) ) =) + fz), teVii=1,..,s
‘Let us suppose
(12) Z =0, teV.

We substitute (11) in (12). Using (12) for ¢ = z it follows that Y ¢;.g,() =0
i=1

for te K. So, [fi))wer»i = L, ..., s, are linearly independent. Now we can rewrite
the definition of f(z):

vezveiz, 0).g/v) ={4 -1 — m)}.f(z) for i=1,..,s.
Using (11) and (5) for t = z we derive from it:
(13) Ele(z, v) . fiv)=2.f{z), i=1,..,s.
Our assumptions concerning [¢{#)],.y imply that
z]:,{e(t, v) —e(z,0)} . gv) = 2.gt) for teV and i=1,..,s.
We add up (6) to it, where y = f(z) and using (11) get:
v;{e(t, v) — ez, 0)} . fi{(v) =A.g(t) for teV and i=1,..5s.

Finally we add up (13). So, we have proved that [f(f)],., are eigenvalues of E
corresponding to 4.

III) So, I) and II) together yield the proof. m]
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Proof of Proposition 4. Let us introduce the (V x V)-matrix B by
(14) Bt,0) = 3. 60 P7N(i) = } 21‘5 PPN, toev.
Let us further introduce the sequence of random variables (see Definition 5):
(15) k'(w) = ZT:/ ZV b(t,v) . f'(t, w) . (v, 0}, ©eQ ;neN.
eV ve

(D) n.{[p"(-, ®)] — I[P]} — k(@) — 0 in probability. According to the Proposi-
tion 1 there exists a constant o > 1 such that for every teV a = P({). PT'(). ...

.. P, *(t,). Hence in Lemma 3 V(o) = 0 for w € Q" and n e N (we have used (3)).
According to- Proposition 2 f"(t, w) tends in distribution (for fixed 1 € V). So (see
Lemma 3) @(t, w) . {/*(, -)}* is a stochastically bounded sequence (see [2] or [7]):
It implies (see Lemma 3)

U"(w) — 3 Y. P71 . {f"(t, w)}* > 0 in probability .
eV

Similarly we can derive that
Ui{w) — 33 P7M(s). {fi(s, @)}* > 0 in probability .
sV .

But using (4) we easily verify that L

TP A @) =% Y b P S @) (0, )

5V iV oev
Combining these facts we get the desired statement (I).

(IT) Thus, we are now interested in the asymptotic behaviour of k(). We choose
afixed ze ¥, put K = ¥\ {z} and introduce the (K x K)-matrix C by
(16) e{t,v) = b(t,v) — b(t, z) — b(z,v) + b(z,z), t,vekK.
We express f"(z, w) according to (3), substitute it in (15) and get:
o)y=Y Yt ).t o). (v, ®).
teK vek

So, k"(w) = H o f"(w), where f*(w) is taken as a K-vector and H is a quadratic form
on R* defined by H(x) = xT. C. x for x € R*. According to Proposition 2 f"(w) —
— N(0, A) in distribution (A is a (K xK)-matrix here), hence H o f"(w) converges
in distribution to N(0, A) transformed by H (see [1] Theorem 5.1). But this distri-
bution is described in Lemma 4. Since the (K X K)-matrix A has dominant diagonal,
it is nonsingular and hence positive definite.

(III) It remains to characterize the spectrum of D = C. A. For t, re V fixed
we shall express its element d(z, r). We substitute (16) in the definition of d(z, r)

and use the following formula: Y a(v, r) = 0 for r € V. So we get:
veV

17) a(t, r) =u§ b(t, v) . a(v, ) —';,b(z, v).a(v,7), trekK.
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Now we compute 2. b(t, ). a(v, ) for te ¥V and re K. After substitution (see
veV

(14) and Definition 3) we get:

Y80 P00 P(1) = % ¥ by P18 ()

velV i=1

=58, P70 PY). ) + ¥ zl(s P71 P(0). P(r).

veV

Obviously the first term is 3, the second one is —P(r). Y J,,,. P;'(t,), the third
one is — P{r). Further =t

Y S b PTN1) . Pu) = AZIP; ). z}a, . Pv) =

vV =1
C = ilP[l(ri) CPt)=m.
It means that the fourth term is m . P(r). Together we obtain (see Definition 6):
Z;lb(t, v).a(v,r) =elt,r)y + Hm —1). Pr) for teV and rek.

Thus (17) implies (10). By Lemma 5 it completes the proof. 0
(Received February 18, 1986.)
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