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KYBERNETIKA CISLO 6, ROCNIK 6/1970

Statistical Data Reduction via Construction
of Sample Space Partitions™®

JAN BIALASIEWICZ

The statistical data reduction problem is presented as a problem of construction of sample
space partitions. Then, the algorithm for synthesis of an e-sufficient partition of a sample space
is derived and its modification from the view-point of applications is formulated and discussed.

1. INTRODUCTION

Let the triple (2, %, P,) be a probability space: here Q is a set whose elements
are called w’s, 2 denotes the o-algebra of all subsets of Q, P, is a probability measure
defined on the (measurable) space (2, A). Let {(w) be the random variable cor-
responding to P, and with range Q. We shall call (Q, %, P,) the parameter space.
This name will be used also in refering simply to Q.

We shall call (X, X, @, Py,,) the sample space, where (X, X) is the measurable
space of outcomes of an experiment and Py, are conditional probability measures
defined on (X , X) for each given parameter value w € Q. Elements of the real space X
are called x’s, ¥ denotes the g-algebra of all subsets of X. The set 2 can be also con-
sidered as an index set of probability measures Py, on (X, ¥). &(w) is a random
variable defined on the space Q and taking its values in X. The name “sample space”
is also used when refering only to X, its first element.

Let Y be a proper subset of X and let (Y, 9) be the measurable space with 9 being
the g-algebra of all subsets of Y. We define the problem of data reduction as the
problem of finding a partition &/ of X defined by some measurable transformation
T from (X, X) onto (Y, 9). In other words, the problem of data reduction may be
considered as the problem of searching the new experiment to be performed which
is nothing different than the determination of a new random variable n(w) defined

* Results presented have been obtained when the author was with the Department of Mathe-
matics, Oragon State University.



on Q which may be expressed as a following composition: 443
0] nlw) = To &(w)

To each point y € ¥ corresponds some event A, € ¥ such that

(2) Tx =y forall xed,

and, of course, by definition 4, € /7.

The diagram below summarizes the principle notations to be used and gives the
view of their relationships, where all the probability measures are generated in
a standard way, provided Py, {Pﬂm, we Q}, Tare given and # is defined by (1)

Py, Py x Pe Po Pe < P,

(ﬂxX.QIiI)

|
r——g;(gx Y, % x 9)
F

Ye)fe. w) s (X, %) = (Y, D)
JaE N 4 |
Py Poss Py Py Pejo P

It should be clear that usually some constraints are imposed on a class of transfor-
mations to which T belongs. These are constraints concerning preservation under
transformation T of information about the unknown value of parameter w which is
incorporated in events 4 € X. To be able to make it more clear we introduce now
some additional notations. Let D be an arbitrary space of actions or decisions d, let L
be a loss function defined on Q x D, let & be a class of ¥-measurable decision func-
tions & with the range D. Further, let X’ < X be the g-algebra generated by the parti-
tion &7 and let B’ = % be a class of X¥'-measurable decision functions §’. We are
now in position to give the following definition.

Definition 1. The space X and the partition &/ are said to be equally informative
if there exists an element d; € 4’ such that

(3) (P, 80) = {i‘;‘;r(f’:v 3)
where
@ HPer8) = j Lo, () 4P

In the sequel we shall consider partitions o/, which are “as informative as” X,
as well as, such which are not. We remark that in general case only the latter lead
to the essential data reduction. This statement is clarified later.
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2. PARTITIONS WHICH ARE SUFFICIENT ON A SAMPLE SPACE

In Backwell and Girshick [1] may be found the following definition of a suf-
ficient partition.

Definition 2. Let (X, X, 2, Pz,,) be a sample space. A partition .« of X is said
to be sufficient on (X, X, Q, Py,) if for every bounded function f defined on X and
every A € &, the conditional expectation of f, given A and @

1
S0 g e

is independent of w for those @ € Q for which Py, (4) > 0.
Using the factorization theorem (see [1] for the formulation and proof) one can
prove

Theorem 1. Let o be a sufficient partition on (X, X Q, Pm,). Then X and of are
equally informative.

It follows from Theorem 1 that if & is a non-trivial sufficient partition (i.e. such
a sufficient partition which does not exclusively consists of individual points of X),
then instead of making precise measurements of the physical parameters of some
objects represented by the vector x € X, one can check only to which 4 e & this
vector belongs. If there exist non-trivial sufficient partitions &/ of X, the question
arises how to construct the minimal sufficient partition.

The appropriate algorithm may be readily written on the basis of Lemma 8.4.1
and Lemma 8.4.3 given in [1] under the following assumptions:

(a) the sample space (X, %, Q, P;,,) is auch that for each x € X there exists at
least one w € Q with Py (x) > 0,
(b) the parameter space Q is finite.

The assumption (a) means that the space X is such that its points really occur
as results of the experiment performed. It is clear that from the view-point of applica-
tions the assumption (b) can not be considered as a restriction.

3. SUFFICIENT STATISTICS

Classically the sufficient statistic T on (X, X, @, Py,,) is defined as a random vari-
able such that the partition s/ of X determined by T'is sufficient on (X, X, 2, Py,,).

Proposition 1. Let (X, X, Q, Py,,,) be a sample space, let (2, %, P;) be a parameter
space, and let T be a random variable defined on X and with range Y3 y. Then
T is a sufficient statistic on (X, X, @, Py,) if and only if for each pair (x, y) such
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that 44
(5) y=Tx
the equality
(©) Py(B) = Py,(B)
holds for all B € U such that [ Py(x) Py(w) do > 0.
Proof. Suppose that T is a sufficient statistic on (X, ¥, 2, Pgo) and oy is the

corresponding sufficient partition. Then for every x € 4, and each 4, ¢ o/
Tx =y
Define
salx) = Peiox) _

LP elo(*) Pro(@) do

assuming that for each x the denominator is positive which is true by hypothesis
(see Definition 2). This is also equivalent to the appropriate condition in Proposition 1.
Then, from factorization theorem for sufficient statistics

sax) = h(Tx, ) q(x) _ h(Tx, w) (T
‘Lh(Tx, o) ¢(x) Pw) dw Jﬂh(Tx, w) Pyw) dw
and
©) Pyo(x) = r,(Tx) Px).

Using (7) we obtain
® Pau(B) = () ax[ Py Pio) o =
= _P:(j;) J‘APg(x) dx J‘B 7o TX) Pw) dw
where A€ X, Be U . P, ,(B) may be also expressed as
O Pauld) = s [ Pa®are) = 15 [ P ox | Pado)do

Now, assuming that 4 = 4, e o/ we conclude that for x€ 4, l‘m(Tx) does not
depend upon x. Moreover, the left hand sides of (8) and (9) become Py, (B). Next,
comparing the right hand sides of (8) and (9) we conclude that [, Py(®) do does not
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depend upon x € A,. This means that (6) holds for all x € 4, and B e A such that
I8 Pejo() Pi(w) dw > 0. Conversely, suppose (6) together with (5) holds. Since

Pya(e) = Pal) P)

Px)
and .
Py(0) = MP"'“’I()); 2;)) (®)
we obtain
Pau) = T p

Pyul) = %(—(TTT) P)

which making appriopriate definitions is equivalent to the necessary and sufficient
condition (given by factorization theorem) for a random variable T'to be a sufficient
statistic.

This completes the proof of the proposition.

4. PARTITIONS WHICH ARE ¢SUFFICIENT ON A SAMPLE SPACE.
GENERAL CONSIDERATIONS

Let T be any measurable transformation from the measurable space (X, X) onto
a measurable space (Y, 9) as stated in Introduction. We have by definition

(1) P:uy(3)=%$;)i)=l%i;)i), Be®, AeX
where

(11) A=T"'y={x:Tx=y}.

From (10)

(12) Py,(B) = iifi’{;) == %LP;&(B) d{’:

which is equivalent.to (6), provided A is an element of a sufficient partition. Note that
[P,] the following relations hold:

(13) L(x)-;o, xeX, yeY
Py)



1 —
(14 ?JdP =1, AeX and A=Ty.
Py) )4 ¢

Let h be any concave function. Then, since (13) and (14) hold, we can apply to (12)
Jensen’s inequality. We get then

1 1
(15) h (;J‘ P x(B)dP) > ﬁ'[ (P, (B)) dP; .
P ) s\ B) APy o 7 ¢
Taking the integral of the both sides of (15) over the space 2 x Y, we obtain
(19 [ aof P o) @ 2 [ o P9 oo a.
2 Y 2 X
If we denote
¢ = [ a0 nO)iPo) oy - [ do [ PP ox
Q Y 2 X

and if we choose
(17) P) = —Plog P

where the basis of logarithms is equal to 2, then, from (16) we get

(18) —J dwf Py(o, y)log Py,(@) dy +
Q y

+ I dw.[ Py(w, x) log Py (w)dx < ¢
2 Jx

where ¢ = ¢’ is a non-negative number.

Definition 3. The measurable transformation T from the measurable space (X, X)
onto a measurable space (Y, 9) is e-sufficient if the inequality (18) holds with & > 0.
The partition &/ of X determined by such T is said to be e-sufficient on (X, X, @,
P élw)‘ )

Remark 1. Tt is obvious that if and only if ¢ = 0 in (18) then T'is sufficient.

The concept of e-sufficient transformation was in the different way first introduced
by Perez [2] and was studied by him in [3, 4, 5]. The equivalence of both definitions
is straightforward.

Equality (3) defines the Bayes risk. As stated by Theorem 1 the Bayes risk remains
unchanged if X is replaced py its sufficient partition &, This is, however, no longer
the case if &/ is an e-sufficient partition. This means that in the case of e-sufficient
data reduction we do need an estimate of the Bayes risk increase. Such an estimate
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is given by the Perez’s theorem to be found in [3]. See also Perez [4, 5] for further
considerations.

5. e-SUFFICIENT DATA REDUCTION. CONSTRUCTIVE RESULTS

The class of sample spaces to be considered in this section is that with finite para-
meter space Q; a member of this class is denoted by (X, %, @, PC[‘W)' Let M be the
number of points ; in Q. We will give an algorithm for constructing an e-sufficient
partition. This partition turns out to be finite. The considerations of this section
extend the earlier results of the author presented in [6] and [7].

Let us assume, for a moment without any motivation, that in the case of finite
parameter space it is possible for any positive value & to construct an e-sufficient
partition of X which is finite. This implies the finiteness of the space Y. Let K be the
number of elements A; in /y (or the number of elements y; in Y). With these assump-
tions we can replace the inequality (18) by

(1) — T 3P0, 4) 08 Pyafo)
+ [ Pade)ios Pode) ans) 5 5.

Now, we give an information-theoretic interpretation of the problem of searching
an e-sufficient transformation in the case considered. Let (?, X, X, P;,,,) and (@, %, P;)
be a semicontinuous channel and a source of information, respectively. The average
amount of information per transmission received through the channel is given by

R = H(Q) - H(Q|X)
where

H(Q) = _gp (o) log Pw),
H(@ | ) = =3, [ Pode) og Pase) 7).

It was proved by Feinstein [8] that for any ¢ > 0 one can replace the semicontinuous
channel defined above by a discrete one which assures the decrease of the average
amount of information per transmission not greater than &. This means that one can
find the transformation T defined above for which

(20) R—-R <¢

with
R = H(Q) — H(Q| s74)
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K
_;P (@, 4;) log Pyia(e) -

J

HR| oty) = =),
Q
Clearly, (20) is equivalent to (19). This leads us to the following assertion:

Theorem 2. If the parameter space Q is finite, then for any positive ¢ there exists
an e-sufficient measurable transformation T from the measurable space (X, X)
onto a finite measurable space (Y, %) This means that the corresponding e-sufficient
partition of X is finite.

We propose an algorithm for constructing an e-sufficient partition &/ of X This
algorithm is based on the proof of Feinstein’s theorem, given in [8].

To construct an appriopriate set &/7 = {Aj} we explicitly put

(21) —log Pyw) =0 for Py(w)=0, weQ.

Then, denoting by m any positive integer, we define the following sets:

(22) Aw) = {x: —log Py (0) < m}, 0,eQ,
@) Ay =0 Ao,
2
Algorithm 1

1° Find the smallest subscript m = m, such that

(24) = YP{w, X N\ Ayg) log Pwy, X N A,
Q
+ PX \A,,) log P{X \A,) 7
where
(25) P05 XN Apy) = Py (XN Ayp) Pe(w)
(26) PX N Ap,) = :/:.P @i X\ Ay,)

and v is a positive number such that
27 y<e

where ¢ is a positive number chosen before.
As a result of this step of the algorithm we obtain the set A

mg*

2° Choose the smallest positive integer n such that

(28) | Lp(tn) se—1.
n
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3° Find
(29) P = sup P{[x(wi)
Qx Amg
and then
(39) Fin = [1 — 11 10g Prr] -
4° For each w; € Q construct the following sequence of sets
(31) Ao = {x 127" < Py (0) £ 274 1 4,

k = kyins ..., Bg
3 Aoy = {5 Pog(@) = 0} ) Ay

5% Construct all the following sets:

) M
(33) Ak gy ooy kng) = ) Ay
i=1
where
(34) . ki =0, knyjgy i + 1, ..., nimg .

It is proved in the sequel that as a result of this step we obtain the set

(3) sty = {4} = {{Aky, zr oo Ka)} s XN Ang)

Now we make some remarks which will be found helpful in proving that the formulat-
ed algorithm possesses the desired properties.

Remark 2. The sequence 4,, 1s a non-decreasing sequence of sets. Therefore
(36) lim4,=U4,=X.
m=1

Remark 3. It follows from relations (29), (30), (31) and (32) that

(37) U Aoy = Ay, €2,
k=0,kmins..., nno
(38) V] Ay, =90, @;6Q.

k=0,kmin,...,nmo
The same assertions are clearly true for the sets A(k,, ks -y kyg)-

Remark 4. The set s given by (35) is a partition of the space X (it is motivated

. by Remarks 2 and 3).

Remark 5. Since 0 < y < ¢ and y may assume any value from this interval, then
for the fixed value ¢ we can obtain uncountably many partitions 71 of the space X.
We formulate now the theorem concerning Algorithm 1.



Theorem 3. Let (X, X, 2, Py,,,) be a given sample space with the parameter space
Q which consists of M points, and let also the a priori probability measure Pw)
be given. Then a partition s/ = {A;} of the space X obtained as a result of Algo-
rithm 1 is e-sufficient.

Proof. Taking into account Remark 2 and lim a log a = 0 we conclude that it is

a=0
possible to find m = mg such that for the chosen positive y < & and any ¢ < 0 we
will have

(9) B ZQP (@0 X\ Auo) 108 Poix auo @) =
=" ZQP @i X N ) log Po(w, XN A,,)
@ {E!
+ PYX N Apy) log PAX N Ayg) S 7

where the set 4, is defined in the step 1° of Algorithm 1.
If » > 0, then

(40) 27 < Pyfey) £ 27C70

for all x belonging to any A(ky, ks, ..., ky) for which k; = r, where n is defined
by (28) and the sets A(ky, ks, ..., ky) are defined by (33). Since

1

—_— Py (w;) dP,
PoA(ky, ks s k1)) J ko ez, eaed

(41) Priag ks k,,)(m.') =

the same inequality should be true for Py g, ks,...kn(@:) €XCEDt those cases when
Po(A(ky, ky, vy kpy)) = O, which means that Pgw;, A(Ky, ka, -, kag)) = 0.
Further, if k; = 0, then

(“2) Pe(@n Alky, Koy ... ag)) = O

for all corresponding sets A(ky, ks, ..., k). \
Define on A, for each w; the following function (recall Remark 3):

=108 Py e o seaf(@3) i x € ALk Koo k)
(43) g(@,x) =4 such that Pylw;, Aky, ks, ..., ag) > 0,
any value at all other points of A, -

Thus

(aq) - | ~log Py() — g(e, )| éj;mg]

451
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on A, i=1,2,.., M. Since —log Py (®,) and g{w,, x) are positive [P], we have

(45) f log Py (w;) dP{w;, x) Z ~f g(w;, x) AP {w;, x) —
Amo

Amg

1
- pPCé(wis Amu) .
n

(46) j o(w;, X) dPfw,, x) =
Amo
=— Y Pylo, Alky, Koy ooy kar)) 108 Prpagey s, sean(03) -
[CTR 2NN 395

So that, taking into account' the definition of conditional entropy H(Q ! X) given
above, and Egs. (45) and (46), we obtain

(47) HQ|X) =z ‘—ii .L log Py {(w,) dPfw;, x)

M
2 “;{(k 2 Pl Alky, ko, o, kar)) 108 Pryage, s, pan(@2) =

..... kae)
1
- ;P (@0, Amg)} «

Now, taking into account (28) and (39), we obtain from (47) the following inequali-
ties: .

M
(48) H(Q l X)z '}: Zk )P“(w,-, Alky, ks, .y kM)) log P;lA(k.,hz,...,kM)(“’i)

=1 (k1seeny

1 M
- Pe( o) = 2 Pre(@5 X N Ayyo) 108 Ppyy gmg@)) — 7
i=1

M
z -} 2 Pylo,4))log Pyyfw) -
i=1 djesdr

where 7y is defined by (35). One can very easily see that the inequality (48) is equi-
valent to the inequality (20). This proved e-sufficiency of the partition o7, of X.

This completes the proof of the theorem.

One can easily see that since 0 < y < ¢ there exists some optimal y which mini-
mizes

(49) 4 =nmy —[1 - nlogP,,],



i.e., y corresponding to the minimal amount of the computational work to be done
in steps 4° and 5° of Algorithm 1. The problem of this optimization, however, is in
fact not very important from the view-point of applications of e-sufficient data
reduction.

In practical cases one will:

1. Restrict the computation to some bounded space X.

2. Assume some “regular” partition & = {S} of the space X, where the sets S e &
are “sufficiently small”.

3. Assign the values Pys(w;), i = 1,2, ..., M. found experimentally, to all points
x € S. This means that one will have in X only points x such that either Py, (w;) = 0
or Py(w,) > 0 with the condition

(50) Pys(w;) > @

fulfilled for every x and each w; for which P, (w;) = 0, where ¢ > 0 is small.

4, Construct &/ = {4}, where every A;e o/, will consist of at least one set
S e &, according to Algorithm 2, which is given below and is the obvious modi-
fication of Algorithm 1.

Algorithm 2
1° Find the smallest positive value of Pys(w,), i = I,2,..., M,
Pon = inf  Pyg(o))
Qx ¥
Pris(o)#0

and then choose
my = [—log Ppi] + 1.
2° Choose the smallest positive integer n such that
1

- &
n

IIA

where ¢ is a positive number chosen before.

3° Proceed as in Algorithm 1 with x replaced by S. .

4° Proceed as in Algorithm 1 with x replaced by S and the operations of intersec-
tion with 4, deleted.

5° Proceed as in Algorithm 1.

As a result of Algorithm 2 one obtains a partition
Ay = {A(ku kas oo kM)} .

We remark that such a partition will be g-sufficient with respect to the computed
probability measures Pys(w;), i = 1,2,.., M, Se &.

453
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Even if {P,} and P, are exactly known one can assume some “convenient”
partition & of X and compute “how sufficient” is this partition, i.e., one can compute
the number

M
ey = =3, 3, Pyl ;) log Ppyo (@)

i=1 S
M
+ 3 | log Pyw;) dPy(w,, x)
=1 ) x
Then, if a partition «/; should be e-sufficient one can find

Eyrly =& — &y

provided ¢ > eg. Further, using Algorithm 2 one can find o/ being an ¢, s-sufficient
partition with respect to & and being s-sufficient on (X, X, Q, Pg,,).

(Received July 10, 1969.)

REFERENCES

{11 D. Blackwell, M. A. Girshick: Theory of Games and Statistical Decisions. John Wiley and
Sons, Inc., N. Y. 1954,

{2] A. Perez: Notions generalisees d’incertitude, d’entropie et d’information du point de vue
de la theorie de martingales. Trans. 1st Prague Conference on Information Theory, Statistical
Decision Functions, Random Processes, Prague 1957, 183—208.

[3]1 A. Perez: Information, e-sufficiency and Data Reduction Problems. Kybernetika I (1965), 4,
297—323.

{41 A. Perez: Information Theory Methods in Reducing Complex Decision Problems. Trans. 4th
Prague Conference on Information Theory, Statistical Decision Functions, Random Pro-
cesses, Prague 1967, 55—87.

{51 A. Perez: Information-theoretic Risk Estimates in Statistical Decisions. Kybernetika 3 (1967),
1,1-21.

[6] J. Bialasiewicz: Data Reduction Problems in Pattern Recognition. Proceedings of IFAC
Symposium on Technical and Biological Problems in Control, held in Yerevan, September
1968.

{71 J. Bialasiewicz: On Sufficiency, e-sufficiency and Data Reduction Algorithms. Department
of Mathematics, Oragon State University, Techn. Report No. 42, December 1968.

[8] A. Feinstein: Foundations of Information Theory., McGraw-Hill, N. Y. 1958,

Dr. Jan Bialasiewicz, Industrial Institute for A ion and M s, Al. Jerozolimskie
202, Warszawa, Poland.




VYTAH

Statistickd redukce dat pomoci konstrukce rozkladf vybérového
prostoru

JAN BIALASIEWICZ

V €ldnku je problém statistické redukce dat formulovén jako problém konstrukce
rozkladi vyb&rového prostoru. UvaZuji se suficientni a e-suficientni rozklady. Je
uvedena novd definice suficientni statistiky, ze které plyne definice g-suficientniho
rozkladu, jeZ je ekvivalentni definici Perezové. Novd definice suficientni statistiky
umoZnila dokdzat, Ze pro koneény parametrovy prostor je problém syntézy e-sufi-
cientniho rozkladu ekvivalentni problému redukce polospojitého kandlu na diskrétni
kandl, nemd-li pokles priim&rné informace na p¥enos prekroéit &. To umoZnilo odvodit
algoritmus pro syntézu e-suficientniho rozkladu vyb&rového prostoru inspirovany
praci Feinsteina [8]. Je predloZena a studovdna modifikace tohoto algoritmu.

Dr. Jan Bialasiewicz, Industrial Institute for Automation and Measurements, Al. Jerozolimskie
202, Warszawa, Poland.
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