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KYBERNETIKA — VOLUME 27 (1991), NUMBER 2

DESIGN OF OBSERVER BASED COMPENSATORS:
THE POLYNOMIAL APPROACH

PETER HIPPE

This paper presents the frequency domain design of observer based compensators related
1o arbitrary observer orders for state reconstruction in direct equivalence to the well known
time domain approach. The parameterization of the state feedback and of the state observer
problems are possible without recurrence to the time domain representations of the system,
however, the equivalent time domain solutions can easily be computed at every design step.
An additional result are the doubly coprime factorizations of a system transfer matrix. Thus the
resulis by Nett et al. [13] are generalized to arbitrary observer orders and in addition, the com-
putation of the stable fractional representations becomes possible directly in the frequency
domain. A simple example demonstrates the new design.

1. INTRODUCTION

Given a completely controllable and observable system of nth order with p inputs
and m outputs, it is well known that by static state feedback u = —Kx the dynamics
of the controlled system can be assigned arbitrarily. The usually not completely
measurable system state can be reconstructed with the aid of an observer of (n — x)th
order with 0 < % < m. State feedback plus the observer form a dynamic com-
pensator of order n — ». Though this has long been known using the time domain
approach, a direct frequency domain design of such compensators was not feasible
so far. The existing frequency domain design methods for reduced order compensators
(see e.g. [16]) did not give a solution in direct equivalence to the above described
time domain approach. In a previous paper Hippe [5] presented the design of the
full order compensator directly in the frequency domain. It was shown that the state
feedback control for a linear time invariant system of nth order with p inputs and m
outputs can either be parameterized by the p x n state feedback matrix K in the time
domain or by the p x p polynomial matrix D(s) in the frequency domain [5]. Equally
the full order observer is parameterized by the n x m output error feedback matrix
L in the dime domain or by the m x m polynomial matrix D(s) in the frequency
domain [5].
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The design of reduced order observers in the frequency domain remained an
open problem, since here any observer design draws on the full order model of the
system. Relations with equivalent time domain solutions therefore require a time
domain formulation of reduced order observers which also bases on a full order
model. This problem was solved by Hippe [8] with the aid of a non-minimal re-
presentation of the reduced order observer in the time domain. As a consequence
of these results any observer of order n — » with 0 < % < m can be parameterized
directly in the frequency domain by an appropriate choice of an m x m polynomial
matrix D(s).

The actual choice of D(s) or D(s) can either be accomplished by pole placement
(with remaining degrees of freedom) or by solving the linear optimal control and the
optimal linear estimation schemes. It is well known that both problems can directly
be solved in the frequency domain by spectral factorization (cf. [11]). So far, there
only existed solutions for the full order case (Kugera [11]) and for the completely
reduced order case (Shaked and Sokora [15] and Bekir [2]). The general case of the
reduced order linear optimal estimator of order n — » was investigated by Hippe [7].
The polynomial matrices D(s) and D(s) resulting from the spectral factorizations
parameterize the linear optimal control problem and the optimal linear observer
(Kalman filter), respectively, provided they have been adjusted such that their
highest degree coefficient matrices I'.[D(s)] and I',[D(s)] have appropriate forms.

Once the parameterizing matrices D(s) and D(s) for the linear state feedback and for
the linear state estimation problems are specified, one can attack the design of the
corresponding dynamic compensator.

Anderson and Kudera [1] presented a “relatively simple” procedure to find the
compensator matrix fraction descriptions in the full order case starting from the
optimal polynomial matrices D(s) and D(s). Hippe [5] presented a further simplified
solution method for the full order case and in Hippe [6], the compensator matrix
fraction descriptions for the reduced (minimal) order case were derived.

Here the general case n — » with 0 < % < m is presented.

After a short summary of the known reduced order observer results in the time
domain and of the parameterization of the state feedback control in the frequency
domain, the relation between the time and the frequency domain representations
of reduced order observers is presented. This makes it possible to define the doubly
coprime fractional representations (DCF) of the system transfer matrix as introduced
by Nett et al. [13] related to reduced order observers.

Investigating the two dual representations of the closed loop, namely the controller
structure and the observer structure it is shown how the parameterizing matrices
for the state feedback control and for the observer are related with these representa-
tions.

Finally, the direct computation of the compensator DCFs in the frequency domain
is presented. From the DCFs the coprime compensator matrix fraction descriptions
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(MFD) can be computed using standard software. These results contain the full
order design (Hippe [5]) and the reduced order design (Hippe [6]) as special cases.
A simple example is used to demonstrate the design procedure.

2. NOMENCLATURE

MFD matrix fraction description

DCF  doubly coprime factorization

I[*] highest column degree coefficient matrix
I[*] highest row degree coefficient matrix
6.[+] Jjth column degree

6,01 jthrow degree

IT[-] polynomial part

SP[+] strictly proper part

3. PRELIMINARIES

We consider completely controllable and observable linear, time invariant systems
of nth order with p inputs and m outputs, described by their state equations
X = Ax + Bu
y=Cx (3.1)
in the time domain. The m-dimensional ouput vector y with rank C = m is sub-
divided into

=Ll-le) e

with y, containing the ¥ < m outputs which are directly used for the reconstruction
of x. The observer of order n — x can be represented by its state equations (Luen-
berger [12])

¢ = Fz + [H, H,] B :] + TBu (3.3)
with :
2 = Tx : (3.4)
in steady state if
TA — FT = [H, H,] [gj » (3.5)

holds. If C, and T are linearly independent the observed state vector £ is given by

% = {(152]—1 [22] — [¥, 0] BZ] (3.6)
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For the following it is of importance that A U NI SRS

¥,C, + 6T =1, T (38)

and

are implied by (3.6). Introducing ‘ B
L, = OH, e, (39)
the observer (3.3) is equally represented by o o o
i =T(A - L,C,) Oz + [TL,} T(4 — L,C;) ¥,] B’ ;] + TBu  (3.10)
Because of (3.9) the relation
C,L; =0 S (3.11)

results which will also be of importance in the sequel.
Substituting the observed state (3.6) into the state feedback law

u= —Kx, ' (3.12)
the compensator is described by

u(s) = —F(s) y(s) | - | , (3.13)

Fe(s) = KO[sI — T(4 — L,C, — BK) ©]"*.
[TL, | T(4 - L,C, — BK) ¥,] + [0iK¥,]. (3.14)

with

In the sequel we derive time domain equivalent frequency domain results for
the closed loop. In order to have uniquely defined relations in every direction,
we assume that also the compensator is completely controllable and observable.
Therefore it can be represented in a left coprime matrix fraction description (MFD)

Fc(s) = D '(s) N(s) (3.15)
or in a right coprime MFD § et . _
Fels) = Nels) D& () (3.16)

with det De(s) = det D¢(s) = det[sI — T(4 — L,C, — BK) @]. Likewise the plant
transfer matrix

F(s) = C(sI — A)"' B _ (3.17)
will be represented in a right coprime MFD ’ '
F(s) = N(s) D~X(s) -~ (3.18)
or in a left coprime MFD
F(s) = D~'(s) N(s) ‘ . | (3.19)
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in the frequency domain. The denominator matrix D(s) is supposed to be column
proper and the denominator matrix D(s) to be row proper (Wolovich [17]) unless
stated otherwise. The characteristic polynomial of the plant is given by det D(s) =
= det D(s) = det (sI — A).

As was shown e.g. in [5], the dynamics of the state feedback loop without observer
are parameterized in the frequency domain by the p x p polynomial matrix 5(5)

with
I [D(s)] = I.[D(s)] | ' (3.20)

5, [D(s)] = 6,[D(E)], J=1,2 000 (321)

where I'[-] is the highest column degree coefficient matrix and §,,{*] is the jth
column degree. As a consequence of (3.20) and (3.21) the polynomial matrix D(s)
contains exactly the same number of free parameters as the state feedback matrix K,
namely pn.

and

Example 1. Consider a system of fifth order with two inputs and two outputs
with
F(s) = L .
s° + 11s* + 465> + 935 + 91s + 34

[s3+5s2+105+6 s34+ 452 + 35 -2 ]

s34+ 552+ 8s+4 %+ 652+ 135 + 10

or in a right coprime MFD
1 s s>+ 55+ 6 2R3 +2 !
— -1 — o

F(s) = N(s) D (s)—[1s+2j|[ s+ 1 s3+652+lls+6] '

As
10

r.[D(s)] = [0 1] and 3,4[D(s)] =2, 6.,[D(s)] =3,
the polynomial matrix D(s) parameterizing the state feedback law (3.12) in the
frequency domain is given by

Dis)=[s>+as+p es®+ s+ 9
s + 6 s>+ s+ Ys + &

which shows that pn = 10 free parameters exist. When choosing e.g. « = 6, f = 9,
y=0,0=0,e=1,¢0=6,3=9;,v=09, =27; & = 27 all closed loop poles are
locatedats = —3.

Further it is well known that the desired closed loop dynamics assigned in the
time domain via u = —Kx will result in the frequency domain if D(s) is chosen
such that

D(s)D~*(s) =1 + K(sI — A)"' B. : (3.22)
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On the other side the relations o
D(syD~*(s)=1—-K(sI — A+ BK)™'B - (3.23)
and = )
N(s)D~*(s) =C(sI — A+ BK)™'B ' (3.24)
have been shown to hold (see e.g. [13] or [5]).
The relations (3.23) and (3.24) define the system DCFs in the sense of Nett et al.
[13]. They allow a computation of the DCFs with known time domain parameters
(right hand sides) or a direct computation of these DCFs in the frequency domain

(left hand sides), once the parameterizing matrix D(s) for the state feedback is specified.
It is well known that D(s) can be chosen in order to minimize

J = {2 (y"0y + u"Ru)d:. - (3.25)
The optimal D(s) results from spectral factorization (Jezek and Kugera [9]) of
DT(—s) R D(s) = D"(—s) R D(s) + NT(—s) Q N(s) (3.26)

(Kugera [11]) where the solution D(s) must be aligned to meet the conditions (3.20)
and (3.21). If one is interested in the equivalent time domain state feedback matrix
K, one easily computes it as

Y=K with X=1I ~ T - (327)
from the linear diophantine equation ; o

X D(s) + YN,(s) = D(s) | : (3.28)
where '

(sI —A)"'B=N{s)D'(s). - ~ (3.29)

Substitution of (3.27), (3.29) and (3.22) directly shows that (3.27) is a solution to
(3.28). So when starting with a time domain design for K, (3.22) can be used to
compute the corresponding frequency domain matrix D(s) and from a given D(s),
either specified by pole placement as in Example 1 or by spectral factorization of
(3.26) (Riccati approach), Eq. (3.28) gives the equivalent time domain matrix K.

4. A NONMINIMAL REPRESENTATION OF THE REDUCED ORDER
OBSERVER IN THE TIME AND IN THE FREQUENCY DOMAIN

The frequency domain design of observers uses the left coprime MFD F(s) =
= D~ '(s) N(s) of the system (Hippe [5]). Figure 1 shows the observer block diagram
in the frequency domain. In order to formulate the relations between time and
frequency domain representations of observers of (n — %)th order with 0 < x < m,
one needs a time domain representation of such observers which also uses a full
order model.

Figure 2 shows such a block diagram. It is based on a full order plant model,
where the » output estimation errors &, = y, — §, are fed back with infinite gain.
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This infinite gain reduces the dynamic order of the observer to n — » and it has
been shown [ 8] that the finite dynamics of the system shown in Figure 2 are described
by the state equations (3.10) of the reduced order observer.

,“LSA,]) N (s)

X_K
0 L
| T
|
\

J

L
L
Fig. 2. Nonminimal representation of the observer of (n — x)th order in the time domain. .:
B It M

Thus the two block diagrams \in Figures 1 and 2 can be compared.

Cutting open between [81:’ and [fl:, in Figure 2, the “open loop” gain of éhe
observer is given by 2 2 -

][] mrea <[] e

.
tlis

The “closed loop” behaviour of the observer in Figure 2 from y and u to "
o 3 2

described by

[31(5)] -

12(s)

I1-CO(sI —F) ' TL; | C,[— 1 — O(s] — F)™' T(A — L,C,)] ¥,
[ C,A0(sI — F)™* TL, | C,[sI — A — AO(sI — F)"' T(4 — L1 1)] arfz]

[yl(s)J [ C,0(s1 — F)™' TB ]u(s) (42)

ya(s) C,[I + AO(sI — F)"' T] B
(Hippe [8]) where the abbreviation F = T(4 — L,C;) © has been used
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© When introducing the left coprime factorization

{g:] (of = A7 L[ ¥l + B’" 8] SDUWBY. (@)

with D(s) as defined in (3.19), simple manipulations are required to show that Figure 1
depicts the frequency domain equivalent of the observer in Figure 2.
The transfer behaviour of this observer configuration is given by

[;Z((?)} — B1(s) D(s) y(s) — D(s) N(s) u(s) (4.4)
which by comparison with (4.2) shows that

det D(s) = det (sI — F) = det [sI — T(4 — L,C,) @]  (45)
is the characteristic polynomial of the observer. This comparison further reveals that

D*(s) = D™*(s) D(s) =

_[1-c(I~F) ' TL,| C,[~1-6(sI — F)™' T(4 — L,C,)]¥,
T |- CA0(sI = F)™' TL, Cy[sI — A — AB(sI — F) ' T(4 — L,C,)] ¥,

(4.6)
(4.7)

constitute the DCFs of the system related to the observer of order n — ». The
relations (4.6) and (4.7) either allow a computation of the DCFs with given time
domain parameters of the observer (right hand sides) or a direct computation of

these DCFs in the frequency domain, once the parameterizing matrix ﬁ(s) of the
observer is specified.

and

50 = 00RO = | 5 O o ]

C,B + C,40(sI — F)™' TB

Equation (4.3) allows a derivation of the properties of ﬁ(s), parameterizing a state
observer of order n — x in the frequency domain.

Any parameterizing polynomial matrix ﬁ(s) has to be row proper in order to
contain a minimal number of parameters. If one tried to use a parameterizing poly-
- nomial matrix with singular highest degree coefficient matrix, the inherent internal

dependencies would result in a non unique parameterization, i.e. two different
matrices D(s) would yield the same observer. Therefore when designing an observer

of ngth order with ng =n — %, 0 < x < m, in the frequency domain, the left
coprime MFD (3.19) of the plant should be such that

5. = o6 g - |} e

is row proper, where IT{-} denotes taking the polynomial part. If the highest row
degree coefficient matrix I,[D,(s)] should become singular, a regular I',[D,(s)]
can always be achieved by unimodular left operations (Wolovich [17]). This left
unimodular operation must also be applied to the MFD (3.19) before starting the
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design of a compensator of order nc = n — ». The rationale for this construction
of D,(s) will become apparent in the sequel.
The actual form of D(s) can be investigated with the aid of the transfer matrix

-8 [ va- o)

[ o] -1 )

(see equation (4.3)).
Since C,L, = 0and C,¥, = I, the matrix &(s) is strictly proper (Rosenbrock [ 14],
p. 38). In the light of (4.8) this implies that D(s) has the following properties:

r,[D(s)] = I[D(s)], o e (4.1}0)
5,[D()] = 6,,[Dus)]; j=1,2..,m. (4

i.e. the last x columns of D(s) are reduced by s~ ' in relation to D(s).

By construction, D,(s) is row proper and therefore, the following Lemma can be
formulated.

and

Lemma 4.1. Under the restrictions (4.10) and (4.11) the m x m polynomial matrix
D(s) characterizing the reduced order observer in the frequency domain contains
m(n — x)free parameters.

Proof. Since det D(s) is a polynomial of nth order, det D,(s) is a polynomial
of (n — x)th order. Therefore, as D,(s) is row reduced

2. 0,[Ds)] = n — x. o (412)
j=1

Because of (4.11) the number of free parameters in each row of D(s) is
ngy = m{d,[ Ds)]} (4.13)

and consequently the number n,, of free parameters in D(s) is given by

Z Ny =.Z m{6,;[D(s)]} = m(n — x). ' (4.14)

- O

This is exactly the number of free parameters existing in the time domain design
of reduced order observers of order n. = n — x, provided one only uses x» plant
outputs directly for the reconstruction of x. The case where more than x outputs

y; together with n — » observer states are used to reconstruct x will be discussed
in Section 8.

Example 2. Consider again the system of Example 1 with a left coprime MFD
F(s) = D™'(s) N(s) given by

F(s) = —s?—4s—4 —5> -T2 —i6s— 1] [—-5s—-2 —s5s-3
- s24+ 554+ 6 s2+7s+ 8 2 2 )
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Since n = 5 and m = 2, three observers for state reconstruction can be considered.
The full order observer (» = 0) is parameterized by D(s) meeting the restrictions

r,[D(s)] = I,[D(s)]
8D = 6,015 = L2 e,
With 6,.[D(s)] = 3, 5,,[D(s)] = 2 and I,[D(s)] = [‘1’ ‘i] we have

a2+ Bs+y —s* =P —es— ¢
'.‘ﬁ(s)ﬁ[s2+93+v sT 4+ s + & )

and

Observer poles at s = —4 result e.g. when choosing the mn = 10 free parameters
such that D(s) becomes

~ 0 —s3 — 1257 — 485 — 64

D(S)_—[sz+8s+l6 s> + 8s + 16 ]
Since

- —s?—4s -4 —s*—7Ts—16
D‘(S)_[ s+ 55+ 6 s+7 ]
the observer of fourth order (x = 1) is parameterized by
o —s2—as—f —s>—9ps—39
D(s)“[ s>+ e+ 0 Is + v ’
showing that m(n — %) = 8 free parameters exist. With

- —s—4 —s*—17s—16
DZ(S)_[ s+ 5 s+ 7 ]

the minimal order observer (x = 2) is parameterized by

p— 2 —— —
B(s) = [ocs + B —s*—ys 5].
s+¢ s+ ¢
Choosing the m(n — x) = 6 free parametersasa = f = 0;7 = 8,6 = 16,6 = ¢ = 4
an observer with eigenvalues at s = —4 results. :

When starting with the time domain approach, Eq. (4.3) directly gives the equi-
valent polynomial matrix D(s), parameterizing the observer in the frequency domain.
When starting with a frequency domain matrix D(s), the equivalent time domain
parameters can be computed as

Y=[L, ¥,] with X = [(’)"'-” 8] ' (4.15)
from the linear diophantine equation |

N.(s) Y + D(s) X = D(s) ‘ O (4.16)
where ' - ‘

C(sI — A" ' =D (s)N(s). , (4.17)
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Substitution of (4.15), (4.17) and (4.3) in (4.16) readily shows that (4.15) is a solution
to (4.16). In order to get the complete time domain parameterization of the observer
(3.10), T has to be chosen such that

T¥, = 0. . (4.18)

Choosing D(s) as demonstrated in Example 2 corresponds to a “pole placing”
observer design. If the system is described by

x = Ax + Bu + Gw
y=Cx +0v o ) , (4.19)
y2 = Cyx

with xeR", y, e R"™; y, = R*, weR%, ve R" ¥ and w and v zero mean white
noise with

Ew() wi(e) = 03(t — 1) - (4.20)
E{u() 57()} = Ro(t — ) , a2
B} =0 - w2

then an optimal reduced order estimator (Kalman ﬁlter) can be designed (Gelb [4]).
Using the frequency domain description

yi(s) = Fi(s) u(s) + F(s) w(s) + os)
ya(s) = Fa(s) u(s) + F,.(s) w(s) S (4.23)
of the system (4.19) and defining

[F0]- 7w (424)

and

and
le(s) . B-1 = » o .
(- prome e
and observing that R

G = II{s F,5(s)} N | \ - (4:26)

the optimal reduced order filter of order n — 3 can directly be designed in the fre-
quency domain by spectral factorization (JeZek and Kucera [9]) of

b(s) [f %] BT(s) = D(s) [f 8] Di(=s) + NJ() O NX(=s)  (427)
with ,
. X = C,G0G'CT S O (4.28)

(Hippe [7]). A stable filter of order n — x results if F,,,(s) does not contain zeros
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on the imaginary axis and if

RO - S ‘ ,
rank[0 X] =m. o o (4.29)
Again, D(s) resulting from the spectral factorization of (4.27) has to be aligned
to meet the conditions (4.10) and (4.11). Hence any reduced order observer can

directly be designed in the frequency domain and Eq. (4.16) can be used to compute
its equivalent time domain representation.

5. TWO DUAL REPRESENTATIONS OF THE CLOSED LOOP

If one considers the closed loop consisting of plant, linear state feedback, and
observer, two possible frequency domain representations exist. The controller
structure is characterized by a right coprime plant and a left coprime compensator
MFD and the observer structure by a left coprime plant and a right coprime com-
pensator MFD (Hippe [5]).

) puEpanEms s

Mk

T

Fig. 3. Closed loop with compensator of (n — x)th order in the time domain.

Figure 3 shows the time domain block diagram of the closed loop with the usual
minimal observer representation (3.10). The external input r is the p-dimensional
reference vector. The isolated compensator can be described by its transfer behaviour
from y and u to the internal quantity i, namely

i(s) = (KO(sI — F)"* [TL, | T(4 — L,C,) ¥,] + [0|K¥,]} [yl(S)]

J’2(s)
+ KO(sI — F)™* TB u(s) (5.1)
where again we use the abbreviation F = T(4 — L,Cy) O.
If one introduces the left MFDs

KO(sl — F)"'[TL, | T(A — L,C,) ¥,] + [0]K¥,] = 47'(s) Nc(s) (5.2)
and
KO(sI — F)™ ' TB = A" Y(s) N,(s), ‘ (5.3)
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such that 47"(s) [Nc(s) N,(5)] constitutes a left coprime pair, the closed loop of
. Figure 3 can equally be represented by the block diagram of Figure 4.

Eliminating the internal feedback loop via 4~ 1(s) the block dlagram of Figure 4
assumes the shape shown in Figure 5 with

De(s) = N(s) + 4(s). o (54

ris) uls) 07l (s) oN ) yls)
= ‘—_ -——T‘ »! e ——-—rwh .
ils) l ’
o
= Ny(s) N¢ (s) :
i
L a™Ms) e

ols) a
— 0 Ms)ats) |

Fig 5. Alternative block diagram of closed loop in controller structure.

It is well known that the basic loop equation for the loop in Figure 5 reads
N(s) N(s) + De(s) D(s) = A(s) B(s) . (5.5)

The reference behaviour of the closed loop configurations shown in the Figures 3
through 5 is given by

y(s) = N(s) D~ (s) r(s) . . (5.6)
This, however, is identical to the reference behaviour when applying the state feedback
control (3.12) without observer. Therefore the closed loop configurations shown
in the block diagrams of Figures 4 and 5 are said to be in controller structure.
An alternative closed loop representation is shown in Figure 6. It is based on
“the nonminimal observer structure of Figure 2 and this time, the external inputs
are the p-dimensional input disturbance vector w and the (m — x)-dimensional
output disturbance vector v (see Eq. (4.19) and (4.23)). In analogy to the reduced
order optimal estimation scheme, the x-dimensional output vector y, is supposed
to be undisturbed.
Considering the isolated compensator, the compensator transfer behaviour from
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51 2% .
. | to and u is given b
[’72] l:ﬂz:l g y

[ ={-[6]er -4 mom e wa <[]

Fig. 6. Closed loop with compensator of order n — x based on the nonminimal observer repre-

sentation.
~

and by

u(s) = —K(sI — A+ BK)™*[L, | ¥,] [5218] ' (5.8)

When introducing the right MFDs

[(C;:] (sI — A+ BK)™'[L; | ¥,] - [g (;:l = N,(s) 27(s) (5.9)

and
K(sI — A+ BK) ™' [L, | ¥,] = N(s) 47 *(s) (5.10)
such that [g”gﬂ 47 1(s) constitutes a right coprime pair, the closed loop in Figure 6
c

can equally be represented in the frequency domain by the block diagram shown
in Figure 7. Eliminating the internal compensator feedback path via 4~ (s), the block
diagram of Figure 7 assumes the shape shown in Figure 8 with

Dc(s) = Ny(s) + 4(s) . (5.11)"
It is also well known that the basic loop equation for the loop of Figure 8 reads
N(s) Nc(s) + D(s) Dc(s) = D(s) 4(s) . (5.12)

In the closed loop configurations shown in the Figures 6 through 8 the transfer
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v

behaviours from w and l: 0

. g
:I to the output observation error [711] namely
2

[;§3]==D-1@yﬁg)w@) | | f | (5.13)

Bﬁﬂzﬁﬂ@ﬁwry] S (5.14)

are the same as if the isolated observer was coupled to the uncontrolled plant (see
equation (4.4))‘ Therefore the closed loop configurations shown in the block diagrams

lw[s) ]
T - ]

and

Fig. 7. Closed loop in the frequency domain (observer structure).

tw(s‘/ . ) l[vﬂ

sy [ Pogo ¥ e
g Nis) - ‘{—_DI;_\'”"'F-T‘-» [YZ[S)
| g
- : - s}

I

Fig. 8. Alternative block diagram of closed loop in observer structure.

of Figures 7 and 8 are said to be in observer structure. The observer structure is
mainly of theoretical interest since it can only be realized in the full order case.
For % > 0 the quantity A(s) D¢ '(s) (see Fig. 8) is no longer proper.

The state feedback control is parameterized by the p x p polynomial matrix D(s)
and the observer by the m x m polynomial matrix D(s). Both matrices, however,
appear in two different diophantine equations which are related with the controller
structure (5.5) and with the observer structure (5.12) of the closed loop. Neither
equation can be solved for the desired compensator transfer matrix F(s) since
in(5.5) the parameterizing matrix D(s) for the observer and in(5.12) the parameterizing
matrix ﬁ(s) for the state feedback control does not appear explicitly. A solution
to this problem is presented in the next two sections.
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6. THE COMPUTATION OF THE LEFT COPRIME COMPENSATOR . .
MFD '

Consider any polynomial solutions Y(s) and X(s) of the linear diophantine equation
Y(s) N(s) + X(s) D(s) = D(s) (6.1)

where D(s) characterizes the controlled plant dynamics (see Section 3 and Example 1).
Since D(s) and N(s) are relatively coprime, such polynomial matrices exist (Kucera

[10]).
With I7[ -] denoting the polynomial part and SP[-] denoting the strictly proper
part of a rational matrix it is obvious that for a given transfer matrix P(s)

P(s) = II[P(s)] + SP[P(s)] ‘ (6.2)
holds. ‘

Lemma 6.1. Consider the plant transfer matrix F(s) = D~ !(s) N(s), a solution
Y(s) of (6.1) and the m x m polynomial matrix D(s) characterizing the observer
dynamics (see Section 4 and Example 2). Then the strictly proper part of Y(s) D™ !(s) .
. D(s) is given by

SP[Y(s) D~'(s) D(s)] = K(sI — A)~' [Ly| ¥,] . (6.3)

Proof. Using the basic relation (4.3) we can write

¥(s) D) B(s) = ¥(s) C(sI — A)~* [Ly | %3] + ¥(5) [f) g]
Since Y(s) is a polynomial matrix it remains to be shown that
SP{Y(s) C(sI — A)" ' [Ly | ¥,]} = K(sI — )" [L,| ¥,] (6.4)
or equivalently that '
W(s) = [¥(5) € — K1 (T — A)* [Ly | %]
is a polynomial matrix. Right multiplication of (6.1) by D~ '(s) yields
Y(s) N(s) D™1(5) + X(5) = B(s) D™'(5).
or with (3.17), (3.18) and (3.22)
| [¥(s)C = K](sI - A" B=1—X(s). | (69

The right hand side of (6.5) is a polynomial matrix. As we have assumed a com-
pletely controllable plant, (sI — A)"! B is a coprime pair and consequently,
[Y(s) C — K] has the form N(s)(sI — A) with N(s) being a polynomial matrix.
Therefore [Y(s) C — K] (sI — A)™* constitutes a polynomial matrix which com-
pletes the proof. \ O

With this preliminary result we can formulate the solution procedure for the
left coprime compensator factorization.
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Theorem 6.1. With the polynomial matrix

V(s) = [¥(s) D'(s) ()] 69

the doubly coprime left factorization of the compensator is given by '
; NE(s) = 47(s) Ne(s) = Y(s) — V(s) D~*(s) D(s) o (67)
DX(s) = 47'(s) Ds) = X(s) + V(5) D~ '(5) N(s). (6.8)

The left coprime compensator MFD and the observer matrix A(s) can easily be
computed from (6.7) and (6.8) by prime factorization of [Ng(s) D&(s)] =
= A7!(s) [Ne(s) De(s)] (Kugera [10]).

Proof. We first observe that

V(s) = H[Y(s) D~*(s) D(s)]
- v o] + ¥ € - 7 [ )

~ ¥(s) [g g] + ¥(s) C(sT — A)"* [Ly | ¥,] — SP{¥(s) C(sT — 4)"" .
L W] |
V(s) = Y{(s) [1 0] +[Y(s)C —K](sI — A) ' [L, | P,] - (6.9)

Using the relations (6.9), (4.6), (3.7), (3.8), (3.11) and F=T(4—L,C,) @ the numer-
ator matrix (6.7) is given by

N&(s) = Y(s) = V(s) D~'(s) Di(s) =
- ¥(s) - [Y(s) [f) g] £ [Y(5)C = K] (5T — A)* L] qu]]
[1 — C,0(sI — )_-leL1 C[-I - @—(sl - F)‘: T(f11— ngl)] ¥, ]
C,AO(sI — F)™' TL; | Cy[sI — A — AO(sI — F)™' T(4 — L,C,)] ¥,
I - C0(s1 —F)"*TL, —C4[I + O(sI — F)"'T(4 —L,C,)] TZ:I

=Y(s)_y(s)[ 1O e A
= [Y(s)C = K](sI — A)~*{L; — (L,C; + ¥,C,4)O(s] — F)"' TL, |
[sI — ¥,C4 — L,C; — (L,Cy + ¥,C,4) O(sI — F)™'T(4 — L,C,)] ¥}

— Y(s) - ¥(s) I:I - c1@(s10— F)y™ ' TL, —Cy[I + O(sI — FZ)—I T(A -L,C,)] qu]
— [¥(s)C — K](sI — 4)"'{OTL, — (OTL,C, + A — OTA) O(s] — F)"' TL, |

[sI— A+ OTA — @TL1C1 —(OTL,C; + A — OTA) O(s] — F)"' T(4 - L,C))] .
. q’z} = Y(S) -
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_ Y(S)[I - Cl@(slo—— F)™ TL; | —C,[I + ©(sI - g)-l T(4 - L,C,)] Y’z]

—[Y(s)C = K] (sI — A)* {(s] — @TA + OTL,C, — OTL,C, — A + OTA).

.O(sI — F)~*
.O(sI — F)!
= Y(s) — Y(s)

TL,{[sI — A + (sI — OTA + OTL,C, — OTL,C; — A + OTA).
T(A - Llcl)] Y’Z} =

[1— C,0(s1 —F) ™' TL,| —C,[I + O(sI — F)™* T(4 — L1C1)]T2]
! 0 0

—[Y(s)C — K][O(s] — F)"' TL, | ¥, + O(sI — F)™' T(4 — L,C,) ¥,] =

= Y(s) — Y(s)

é (I)] + K[O(sI — F)™' TL, | O(sI — F)™* T(4 — L,C;) ¥, + ¥,]

= KO(sI — F)"![TL, | T(A — L,C,) ¥,] + [0{K¥,] = 47 *(s) Nc(s) »
because of (5.2)

Successively

using (6.9), (4.7), (3.7), (3.8), (3 11), F = T(4 — L,C;) 9, (6.1), (3.22)

(3.17) and (3.18), the denominator matrix (6.8) is given by

Dg(s)

= X0+ VO DO NG = x6) + {0 o] +

C,0(sI — F)"' TB ]

+ [Y(5) € = KI (o = A)7" [ L4 | TZ]} I:CZB + C,AO(sI — F)"' TB

=X(

R e

L 0

+ [Y(s)C — K] (sI — A)"*[(L,C; + ¥,C,4) O(sI — F)"' TB + ¥,C,B]

=X(

)+ ¥(e| O - D7 TB] £ [Y(5) C = K] (5] — 4)*

L

.[B = (sI — OTA + OTL,C, — OTL,C, — A + OTA) O(sI — F)~* TB]
=1+ K(sI —A)*B—Y(s)C(sI — A" B+ Y(s) C(sI — A)"' B —

—K(

_ -1 _ - -1'7TB
S— A) B + Y(s)[c,@(sl F) TBO C,0(GI-F)™'T ]+

+ KO(sI — F)"' TB = I + KO(sI — F)™' TB = A7 '(s) D(s)

where the latter becomes obvious by inspection of (5.3) and (5.4).
The right hand side of (5.5) constitutes the generalized characteristic polynomial

of the MIMO
in (5.5) by the

NE(s)

=Y(
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control loop. Substituting the compensator matrices Nc(s) and Dc(s)
right hand sides of (6.7) and (6.8) one obtains

N(s) + DE(s) D(s) =

= [¥(s) = V(s) D7*(s) D(s)] N(s) + [X(s) + V(s) D™'(s) N(s)] D(s)

S)NGs) + X(5) D(s) + V() B1(5) [N(s) D(s) = Ds) N(s)]= Bs):

'



Since N&(s) = 47'(s) Nc(s) and DE(s) = 47*(s) Dc(s) this becomes
A47*(s) Ne(s) N(s) + 47*(s) Dc(s) D(s) = D(s),
and by left multplication with A(s) the basic loop equation (5.5) results. gn|

7. THE COMPUTATION OF THE RIGHT COPRIME COMPENSATOR
MFD

Consider any polynomial solutions Y(s) and X(s) of the linear diophantine equation

N(s) Y(s) + D(s) X(s) = D(s) TR (7.1)

where D(s) characterizes the observer dynamics (see Section 4 and Example 2).
Since D(s) and N(s) are relatively coprime such polynomial matrices exist (Kucera,
[10]).

Lemma 7.1. Consider the plant transfer matrix F(s) = N(s) D™*(s), a solution
Y(s) of (7.1) and the p x p polynomial matrix D(s) parameterizing the linear state

feedback control in the frequency domain (see Section 3). Then the strictly proper
part of D(s) D™*(s) Y(s) is given by

SP[D(s) D™(s) Y(s)] = K(sI — A)"* [L, | ¥,]. (72)
Proof. Using the basic relation (3.22) one obtains o ‘
B(s) D~Y(s) ¥(s) = ¥(s)+ K(sI — A)"*BY(s). S (13)
Since Y(s) is a polynomial matrix, it remains to be shown that
SP[K(sI — A)~' BY(s)] = K(sI — A)"'[L, | ¥,] (7.4)

or equivalently that
W) = K61~ AY* (B Y() - [L, %]}
isa polynomlal matrix. Left multlphcatlon of (7.1) by D~*(s) yields
D™(s) N(s) Y(s) + X(s) = D™(s) D(s)

or using (3.19), (3.17) and (4.3) L | »
C(sI — A" {BY(s) — [L, | ¥,]} = [ J X() (7.5)

The right hand side of (7.5) is a polynomial matrix. As we have assumed complete
observability, C(sI — A)™" is a coprime pair and consequently {B Y(s) — [L, | ¥,]}
has the form (sI — A) N(s) with N(s) being a polynomial matrix. Therefore
(sI — A)"*{BY(s) — [L; | ¥,]} constitutes a polynomial matrix which completes
the proof. O

Now we can formulate the solution procedure for the rlght coprime compensator
factorization.
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Theorem 7.1. With the polynomial matrix

7(s) = I[B(s) D) ¥(5)] | (76)

the doubly coprime right factorization of the compensator is given by

N(s) = Ne(s) 2~1(s) = ¥(s) ~ D(s) D~(s) 7(s) (7.7)
and

D&(s) = Dc(s) 4 (s) = X(s) + N(s) D™(s) V(s) . (7.8)

The right coprime compensator MFD and the matrix 4(s), containing the controlled
plant dynamics, can easily be computed from (7.7) and (7.8) by prime factorization of

[gs((g] = [gs((g] 7-1(s) (Kugera [10]).
Proof. The polynomial matrix ¥(s) is given by
V(s) = m{D(s) D~*(s) Y(5)} = I1{Y(s) + K(sI — 4)"* B Y(s)}
= Y(s) + K(sI — A)~' BY(s) — SP[K(s] — 4)™! B Y(s)]
= Y(s) + K(sI — A)"" {BY(s) - [L, | ¥,]} . (7.9)

Using the relations (7.9) and (3.23) the numerator matrix (7.7) of the compensator
has the form

N&(s) = Y(s) — D(s) D=*(s) V(s)
= Y(s) — [I — K(sI — A + BK)"* B] [Y(s) + K(sI — A)~' {B Y(s) —
- [Ll '1/2]}]
= K(sI — A+ BK) " BY(s) + K(sI — A + BK)™' BK(sI — A)™" .
ABY() ~ [Ly| 1} — K(sT = 4)™* (BY(5) - [L, | ¥,]}
= K(sI — A+ BK)"'[BK — sI + 4 — BK](sI — A)™* {B Y(s) —
—[L,} %]} + K(sI — A + BK)™! B Y(s)
=K(sI — A + BK)"'[Ly | ¥,] = Ne(s) 47 4(s)

because of (5.10).
With the aid of (3.24), (7.9), (7.1), (4.3), (3.19) and (3.17) one can show that the
denominator matrix (7.8) is given by

DE(s) = X(s) + N(s) D=1(s) V(s)
= X(s) + C(sI — 4 + BK)™! B[Y(s) + K(sI — A)~* {BY(s) - [L, AN

= C(sI — A)" ' [L, | ¥a] + [é 8

+C(sI — A+ BK)"" BY(s) + C(sI — A + BK)™! BK(sI — A)!
ABY(s) — [L,| &, ]}
= C(sI — A + BK)""[BK = sI + A — BK](s] ~ 4)~' B ¥(s) —

] — C(sI — A" BY(s) +
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~[L, 1 ?,]} + [é 8} + C(sI — 4 + BK)"* BY(s)

= C(sI — 4 + BK)"'[L, ¥,] + [(I) g] = Do(s) 47 '(s)

which becomes obvious by inspection of (5.9) and (5.11).

The right hand side of (5.12) constitutes the generalized characteristic polynomial
of the MIMO control loop.

Substituting the compensator matrices Ne(s) and De(s) in (5.12) by the right hand
sides of (7.7) and (7.8) one obtains

N(s) N&(s) + D(s) D&(s)
= N(s)[¥(s) = D(s) D™"(s) ¥(s)] + D(s) [X(s) + N(s) D7*(s) "(S)]
= N(s) Y(s) + D(s) X(s) + [D(s) N(s) — N(s) D(s)] D~*(s) V(s) = D(s).
Since N¥(s) = Ne(s)A~*(s) and Di(s) = De(s) 4~ '(s) this becomes '
N(s) Ne{s) 47(s) + D(s) Dc(s) 4™'(s) = D(s)
and by right multiplication with A(s) the basic loop equation (5.12) results. [

8. GENERAL REMARKS

The above presented results are valid for any observer/compensator order nc
within the limits

nZn.=n—m ' ‘ ' (8.1)‘
or equivalently ‘ |
0<x<m (8.2)

and therefore, they contain known results as spemal cases. The full order case (Hippe
[5]) is characterized by

x=0,Ci=C, T=0=1,
and vanishing C, and ¥,, and the minimal order case (Hippe [6]) by
x=m, C,=C, ¥,=Y¥

and vanishing C, and L,. The state feedback control ¥ = —Kx is independent
of the observer/compensator order (as long as this order stays within the limits
defined by (8.1)) and it can be parameterized in the frequency domain by the p x p
polynomial matrix D(s) which has the following propertles

I[D(s)] = I[D(s)] ' (8.3)
3[D(s)] = 8, [D(s)], j=12....p (3.4)
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where I'.[*] is the highest column degree coefficient matrix and 501 is the jth
column degree.

These two restrictions reduce the amount of free parameters in D(s) to the minimum
value pn, which corresponds to the number of free parameters in the state feedback
matrix K. Of course I',[ D(s)] is supposed to have full rank, i.e. the denominator
matrix D(s) in the MFD (3.18) must be column proper.

The parameterization of the observer of order n — x bases on the matrix D,(s),
which is related with the denominator matrix D(s) in the MFD (3.19) by

5.0 - nfoe[ 5 0, ] | ©3)

where IT[ -] denotes taking the polynomial part.

If D,(s) is not row proper, i.e. the highest row degree coefficient matrix I',[ D,(s)]
is singular, it can be made proper by unimodular left operations. These left operations
then have to be applied to the plant MFD (3.19) also. The observer of order n — x
is parameterized by D(s) which has the following properties

r,[D(s)] = I[Dfs)] ; (3.6)
8,[D(s)] = 6,[Du(s)], j= 1,2, .c.,m . o (8.7)

where I,[+] is the highest row degree coefficient matrix and §,,[ -] is the jth row
degree. The two restriction (8.6) and (8.7) reduce the amount of free parameters,
in D(s) to the minimum number m(n — x), which is also the amount of free para-
meters in the time domain design of reduced order observers, provided one only
uses the » outputs y, for the reconstruction (3.6) of the plant state x. This, on the
other hand, implies that p(m — x) compensator transfer functions are strictly proper.

The polynomial matrices D(s) and D(s) therefore parameterize the observer based
compensator of order nc = n — x and they contain

ny = np + m(n — x) . (8.8)
free parameters. In a general compensator of (n — x)th order, a total amount of
n,=mp+ (m+ p)(n — %) (8.9)

free parameters exist. The difference n, — n, = p(m — x) results from the fact,
that generally the compensator transfer functions only need to be proper. In the
time domain approach, this corresponds to the case when all m plant outputs y are
used for the reconstruction of the state x. In the frequency domain approach presented
herein, these additional degrees of freedom can be exploited by modifying the ap-
propriate p(m — ) constant elements in the first (m — x) columns of V(s) or ¥(s)
(see Example 3).

The actual computation of the compensator transfer matrices goes along the
lines defined in Theorem 6.1 for the left coprime MFD and in Theorem 7.1 for the
right coprime MFD. Since the left coprime compensator MFD is the one usually
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used (controller structure) its design shall be shortly summarized.
i) solve  Y(s) N(s) + X(s) D(s) = D(s)
i) compute V(s) = [ Y(s) D~ '(s) D(s)]
iii) compute N&(s) = Y(s) — V(s) D~*(s) D(s)
D(s) = X(s) + V(s) D~"(s) N(s)
iv) find D(s), Ne(s) and 4(s) by prime factorization of
[NE(s) DE(s)] = 47(s) [Ne(s) De(s)] -

The parameterizing matrices D(s) or D(s) can either be specified arbitrarily (see
Examples) or they may be computed from the optimal linear control or the optimal
linear estimation problems (see (3.26) and (4.27)).

Thus the DCFs related to arbitrary observer orders can directly be computed in the
frequency domain. From a (stable) choice of the parameterizing matrices the system
DCFs (3.23), (3.24), (4.6), (4.7) can directly be computed. The corresponding DCFs
of the compensator follow from the Theorems 6.1 and 7.1. Thus the DCFs in the sense

of Nett et al [13] can
— directly be computed without recurrence to time domain representations
— be generalized to arbitrary observers for state reconstruction, namely observers
of order n — x with 0 < % < m.
Given the DCFs of the compensator the left and right MFDs of the compensator
are easily computed using standard software (Chang [3]).

Example 3. We consider again the system used in the Examples 1 and 2. The
parameterizing matrix for the state feedback was (Example 1)

B(s) = 5?4+ 65+ 9 s* 4+ 65+ 9
- 0 $3 + 952 + 27s + 27"

Using an observer of fourth order (x = 1), the parameterlzmg matrix for the observer
may be chosen as

o —s2 -85 —16 —s2—8s—16

D(s)“[ s + 85 + 16 0 ]
To determine the left coprime compensator MFD we follow Theorem 6.1. The
linear diophantine equation (6.1), namely

+ 55+ 6 24+ 3s5+2
jY(S)[ +2]+X(s)[ s+ 1 33+6s2+lls+6J—
[P +6s+9 2 +6s+9
- 0 s3 + 952 + 27s + 27

is e.g. solved by [3]
s + 355 + 25 355 + 715 0 —1
Y(s) = [ — 1955 — 235 —555 — 5-5]’ X(s) = [4 5]'
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Now compute
Vo) = i) 56 000 = | _on " e s 1]
and use (6.7) and (6.8) to get
Ne(s) = ¥(s) = V(s) D™'(s) D(s) =

_ —4s% — 425% — 1445 — 160  8s* + 1185 + 6365 + 14725 + 1216 1
175% + 168s® + 5285 + 512 45s* + 604s® + 29585” + 61925 + 4576 [ (5 + 4)*

DE(s) = X(s) + V(s) D™ *(s) N(s) =
[s + 1753 + 102s% + 2565 + 224 —6s% — 485 — 96 ] 1

—5% — 60s? — 4325 — 832 s* + 195 + 98s% + 1285 — 96 (s + 4)4'

By prime factorization one finally obtains

N()__——4s-—10 8s% + 54s + 76

AT 17s + 32 4552 + 2445 + 286
5% + 95 + 14 -6

D) =" sZs2 eius—s6
[s* + 8s + 16 0

A =17 o s2 + 85 + 16

Obviously the compensator transfer functions related to y, are strictly proper so
that p(m — x) = 2 additional degrees of freedom result, if these transfer functions

are allowed to be simply proper.
Modifying
V(s) 2+ 655 +7+a —s—4
)T —4s? — 3155 — 58 + B 4s + 30
one obtains
Ne(s) =
—as* — (4 + 13a) s> — (42 + 620) s — (144 + 128x) s — (160 + 96x) |
—Bs* + (17 — 13B) s* + (168 — 62f) s> + (528 — 1288) s + (512 — 96ﬁ)1=
] L (8—a)s* + (118 —150) s> + (636 — 80x) s* + (1472 — 176a) s + (1216 — 1280:)
§(45—/3) s* + (604 —15B) s* + (2958 — 80B) s> + (6192 — 176f) s + (4576 — 128p) )

1
(s +4)°

pe) <[ 175 + (102 + 22) s> + (256 + 160) 5 + (224 + 320) |
T 53— (60 — 2B) 52 — (432 — 16B) 5 — (832 — 32p)

e —(6 — 24) s* (48 — 162) s — (96 — 322) 1
st 4+ 1957 + (98 + 28) s 2 4+ (128 + 16f) s + (—96 + 32p) (‘S+4)4'
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Choosing « = 8 and f = 45 a compensator with strictly proper transfer functions
in the y, channel results:

Lok

Nels) = —8s* — 445 — 58  — 25+ 12
AV —45s% — 2085 — 238 —Tls — 74
[s* + 95 + 30 10
Dels) = | —s+38 &4 ls+ 84]
[s* + 85 + 16 0
A(s) L 0 s2+85+16]'

Obviously the parameters « and f parameterize the negative feedthrough in the
y,-channel of the compensator and they constitute two additional degrees of freedom
to influence closed loop properties. When using Theorem 7.1 instead, an introduction
of « and B in the first column of ¥(s) has the same consequences.

9. CONCLUSIONS

Using a new nonminimal representation of reduced order observers in the time
domain the direct parameterization of such observers in the frequency domain
has been developed. Consequently, the state feedback as well as the observer problems
can be formulated in the frequency domain without recurrence to time domain
parameters. If the equivalent time domain quantities are of interest, they can be
computed from corresponding linear diophantine equations.

Also the doubly coprime factorizations of a transfer matrix related to reduced
order observers can now be computed using either the time or the frequency domain
representations.

Starting from the parameterizing polynomial matrices D(s) for the controlled
plant and ﬁ(s) for the observer the computation of the resulting observer based
compensator has been presented. There are two possible frequency domain descrip-
tions for the closed loop, namely the controller/observer structures. They are based
on a right/left coprime plant and a left/right coprime compensator MFD. Both
compensator MFDs can be computed by algorithms which simply require the
solution of one linear diophantine equation.

When using » plant outputs together with ne = n — % observer states for the
reconstruction of the plant state x, p(m — x) compensator transfer functions are
strictly proper. The transfer functions of a general compensator of (n — x)th order
may only be proper and therefore, p(m — x) additional degrees of freedom exist.
These additional degrees of freedom can be exploited in the presented design by
a modification of the appropriate p(m — x) constant elements in the first (m — )
columns of the polynomial matrices V(s) or ¥(s), respectively.

A simple example was used to demonstrate the proposed design method.

l (Received November 2, 1989.)
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