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KYBERNETIKA —VOLUME /4 (1978), NUMBER 5§

Basic Equations for Source Coding with Side
Information at the Decoder and Encoder

VED PrIiYA

Basic equations for source coding when fidelity criterion is considered over the channel have
been obtained by Berger. Currently there is interest in problems allowing use of side information
as is evidenced by the work of Wyner, Wyner and Ziv and Slepian and Wolf.

In this paper we examine the form of basic equation when use of side channel is made in the
following two ways:
1) The side channel is available both to the decoder and encoder and a fidelity criterion is applied
to the main channel only.

2) The side channel is available both to the decoder and encoder and fidelity criteria are applied
to the main as well as to the side channel.

Examples of binary symmetric channels have been discussed in both the cases. Convexity of the
rate distortion function in the first case has been established.

1. INTRODUCTION

Basic equations for source coding when fidelity criterion is considered over the
channel have been obtained by Berger [1]. Currently there is intcrest in problems
allowing use of side information, refer to the work of Wyner [5], Wyner and Ziv [6]
and Slepian and Wolf [4] in this direction.

Side Channel

Fig. 1.



In the present paper we examine the form of basic equations when a side channel 329
is available both to the decoder and the encoder and there is fidelity criterion over
the main channel. Also we consider the situation in which there are different fidelity
criteria over the main and side channels. The Fig. 1 schematically explains the
problem.

Let there be two random variables X and Y taking values in the finite sets £ and &
and suppose that the sequence {X,, Y;};>, represents independent copies of a pair
of dependent random variables (X, Y). The encoder presents binary sequences of
length n at a rate R bits per input symbol and the decoder decodes the received
message into a sequence {Xk} of length n which takes values in the finite reproduction
alphabet &. Also let the fidelity criterion be the expectation of

LS, £,
nk=1

where D(x, #) 2 0, xe %, £ & is a given distortion function.

When we confine to the case of there being fidelity critetion on main channel only,
refer to Wyner and Ziv [6], we define Ryy(d) as the minimum rate for which the
system can operate when n is large and the average distortion is equal to d i.e.

E E kng(X,(, Xk)] =d,

In other words, for d = 0, let My(d) denote the set of probability distributions
{p(x,», %)}, xe %, ye¥and 2 & such that

p(xy) = Y p(x . %),

where the sum is taken over all £ € &, and

z D(x, ﬁ) p(x, ¥, 2) =d

ERE
then
) Ryp(d) = min I(X, X]Y),
peMo(d)
where I() denotes the ordinary Shannon’s Mutual Information.

A further modification in the definition of Ryy(d) is required if we consider an
additional fidelity criterion on the side channel also. The Ry,y(d) now depends on
a pair of distortion limits in place of a single d. The problem and its mathematical
formulation will be found in Section 3.
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2. BASIC EQUATIONS WHEN FIDELITY CRITERION IS OVER
THE MAIN CHANNEL :

In what follows the source alphabet will be represented by index i, the encoder
output by index j, decoder output by index k and the side information by index I.
Also the following notations will be used:

P(i, k, l) = DPixis Q(k/i; l) = Qk/i,l >
D(i, k) = ous Q(k[l) = Quete.

Thus our problem is to minimize the average mutual information

(2) I(Q) = Z PiuQy s log %ﬂ ’
ik, Qi
subject to the constraints:
©)] Quuz0,
(4) ;Qk/il =1,
(5) ';‘Qikpikl =d ie. _;lgikpile/il =d.

We will solve this problem by using the method of Lagrange Multipliers ignoring
the constraints (3). For this purpose consider the augmented function

(6) J(Q) = I(Q) - _Zlﬂquk/n - s.;lQikPqu/u ’

where the parameters g,; and s are Lagrange Multipliers. Taking log 4, = py/pi;
and using (2) in (6), we may write

J(Q) =_;lpile/il [108 Alei’ - SQI'R] .

ile/l

Now for stationary point, we have

Qk/u - }quk/l gSew =1+ pipilpa

Summing over k and using (4), we get

™ Au= [;Qk“esmk—um,,/,“]-l }



Thus the expression for Q;; can be rewritten as . 331
Qk“ esen~1 +pipi/pi

seie—14pipilpir *
er/l €
1

(8) Qk/il =

We solve it for Qy; since @y, is expressed in terms of the conditional probabilities
Q1 of the reproducing letters. Multiplying (8) by p;;, summing over i and dividing
by Oy, (provided Q4 > 0), we have

seik—1+pip1/pu

Pii € _
(9) 2': Zle/z et 1t pi/pin - Z‘:P” :
7

We suppose temporarily that Q,,, > 0 for all k. Then for a fixed value of s, if all
the O, obtained by solving the simultaneous non linear equations (9) are positive
then equation (8) yields that Q,;, are also positive. Thus a point on the Ry;y(d) curve
can be obtained parametrically by expressing both d(Q) and I(Q) in terms of @y,
and s. Thus we have from equations (5) and (2)

(10) d = Z p”;.’“Qk“eseik_1+PiPl/Pil o
ik,y

and

I(Q) = Z PuruQun ghewT i pin/a [108 Ap +sop — 1+ M] =
ikl Pi

=sd + Y pylogiy.
i
Thus Ry,y which is the minimum of I(Q) is such that
(11) Rypy = sd + Y.pulog Ay,
B

where 4, is given by (7).

Now if for a particular value of s, the unconstrained solution procedure yields
one or more Qy; < 0 then the results can be formulated as in Berger [1], Lemma 1,
p. 32.

Remark. When side information about the source is not provided at the encoder
and decoder, then the equations (10) and (11) reduce to (cf. Berger [1], p. 32)

d= Z it iQu €% 0
ik

and
Ry = sd + Y p;logA;,

where

A= [;Qk ee] ™!,



332 Example. We consider an example in which the main as well as the side channels
are both binary symmetric. The source is memoryless with alphabet X, = {1, 2}
and side information alphabet ¥, = {1, 2}. Also let the received set be X, = {1, 2}.
Further let the distortion be given by the probability of error distortion, i.e.
ou=1— 0y where 6, =1 for i=k,

0 for ik
so that

(12) e =0 for i=k,
=1 for ik, i,k=12.
Now from equations (9), we have

2
Pudy CORTIIERIB = N by s k1= 1,2,
i1

™M

i=1

Solving these simultaneous equations, we get

Pt
(13) Aym ——— 7
) Pjtlzlpij

i=1 _j=

i e

pufe® + 1)exp -1

Pit
From equation (7), we have

0, sgic—1+pipi/pit
g1 € .

I

1
Ay K
Solving these equations for @, we have

(14) 0 = Lo= =P —Zsz s JjEk, j=1,2.

(es - 1').';11)“

On using equations (13) and (14) equations (10) and (11) yield

€
15 d= ,
) e +1
D1y Pai
(16) Ryy = sd + (py1 + pa) H (»——», _—_) +
Pyy + P21 Pt P2y

+ (Pu + Pzz)H (______P;z s P22 ) — log (es +1).
P12 + P22 P12+ P2z



Thus the equations (15) and (16) determine the distortion and rate for the example 333
considered.

3. CONVEXITY OF THE FUNCTION Ry;y(d)

We shall prove that Ryy(d) is a convex {J function of d. Thus for any pair of
distortion values d’ and d” and any number 4 € [0, 1] we shall show that

(17) Rep(3d' + (1 = 1) d') < IRep(d) + (1 = 2) Rep(d’).

Let g'(%/x, y) and ¢"(%/x, y) achieve the points (d’, Ry;(d")) and (d", Ry;y(d"))
respectively and let

(18) a*(&fx 3) = A #)x, ) + (1= D) ¢"(#/x, 9) -

Then it is easy to see that {g*(%/x, y)} is a bonafide conditional probability distribu-
tion. Now by definition

d(q) =£§:yD(x, %) p(x, y) a(%/x, ¥)

and in particular

d(q*(%/x, y)) = d(Ag'(%/x, y) + (1 — 2) ¢"(%/x, y))
= 2d(q'(%]x, ) + (1 = 2) d(q"(%/x, »)) »
=M +(1-23ad.
This shows that dfg*) is a linear function of d and that if gp, is defined as
a» = {4(¥/x. y) : d(q) = D}
then

q*(&/x, ;V) € qaar+1-2)a" -
Next we have

(19) Ruy(2d' + (1 = 2)d") £ H(g*(#/x, ¥)
where
0 Ha*(3fx. ) = ¥ plx. ) 4*(x. ) lgqq_%T;) )

_ . (3l Nl o 24'(%[x, ) + (1 — X) g"(&)x, y)
x%:,gP( » ) [Aq (2/ » y) +(1 )a (2/ , ¥)] log lql(x/},) +(1— A) q”(ﬁ?/y) .
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Then for a > 0, b = 0, we have the inequality

loga+b§a+b—»l
a a
ie. )
’ b
(21) log(a + b) < loga + -
a
with equality iff b = 0.
We shall use the above inequality for two sets of values a,, by and a,, b, given by
(22) ‘ ay = 1 ?/x’ Y) >y 43 = g‘(;x‘/x’ y) >
7'(%)y) qa'(%/»)
(A= N a@ly) 9" (&fx ) = ¢"&]y) ¢’ G )]
a'(%)y) [2a'3)y) + (1 - 1) ¢"(%/y)]
b, = LLCY) 4% y) ~ ¢(%]y) 4'$[x. )]
q'(%)y) [2q'(#y) + (1 = 2) ¢'(8/7)]

Thus we have from equations (20), (21) and (22)

1

Ha(8]x, y)) £ 2 3 plx 2) € (4%, ) [log q’q(’fég;)y) ’

+ =D Glx ») dBy) — a'G) a'(%x, y):] +
a'(%fx, y) 24’ (]y) + (L = 2 a"(%]y)
#(1= )3 ) (e ) g LD

a'(%7)
Aa"(ly) a'@lx, y) — a@ly) "G T _ s poial — DV Ka"(%x
) GG £ 0 3 e | = 6D (= )

23) Ha*(2]x, y)) £ M(d'(3]x y) + (1 = DI (3]x, y)) =
= ARyx(d') + (1 = ) Ry(d") -
Combining (19) and (23) we get
Rep(3d’ + (1 — 2)d’) < IRg(d) + (1 — 2) Ryyold”) -

Hence Ry;y(d) is a convex ) function of d.
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MAIN AS WELL AS SIDE CHANNEL

In this section we consider the problem of source encoding with fidelity criteria
when the decoder as well as the encoder are provided with side information about the
source having distortions d; and d, along the main channel and side channel re-
spectively.

Let for d; 20, d, 20, My(d,, d;) be the set of probability distributions
{p(x, y, %)}, xe &, ye ¥, 2 €& such that

p(x, ) = élp(x, »8),
. Dl ) o, 9) =
X,
Y D(y, %) p(x, y, £) = d, .
x,y,%
Then define rate distortion function with fidelity criteria on the main and side

channel as

(24) Rypy(dpds) = min (X, X[Y),
. PeMo(dy,d2)
where I(.) as before denotes the ordinary Shannon’s Mutual Information.

Thus the problem of determining Ry,y(d;, d,) is of minimizing the average mutual
information (24) subject to the constraints (3) and (4) together with

(25) Z QP = dy ie z Qi = d,
0,1 il )

and

(26) i;‘Qum =d, ie. _;lpile/ilel =d,.

As before for this purpose we consider the augmented function
(27) J(Q) = I(Q) - Z;Uuzk:Qk/u -5 ‘;lQikpikl =S, _kleuPikl
i s ik,

where the parameters vy, S; and S, are Lagrange Multipliers. Taking log 4; =
= v;y/p;, we may write (27) as

(28) J(Q) = ZpilZQk/il I:IOEM - Si0u — Sszx] .
ok 2,0

122903

For stationary point, we have

dJ
= Pu I:log—&”—’ - Sieu — Sszt] +pu—pp=0
dQyu Qi



336

ie.

(29) Qk/il = Ai(Qh/l esmlk+52kkz+(mmlpu)‘l .

Summing (29) over k and using (4), we get

(30) A= [;Qk/l eSngek+Szekx+(mm/mr)~1]71 .

Mulitiplying (29) by p, summing over i and dividing by @, (provided @, > 0)
we have

Pur® =
(31) Z ZQ"’/I eS1euer +S20ie1+ (Pipr/Pi) 1 - zi:p“ )
K “

SieinctS2ex+(pipt/pin)—1

Thus equations (25), (26) and (2) give

(32) dy = Y pupuruQu eSiest St rim/ziy=1
it s
1,k
(33) d, = Z p“p“],“Qk“ eS1euct Skt (pipr/pi) —1
ikl
and

I(Q) = ;pi,log Ay + Sidy + S,d, .

Thus Ry,y which is the minimum of I(Q) is given by

(34) RX/Y = Z;Pu log Ay + Sydy + S,d, .

Equations (32), (33) and (34) are the basic equations when the side information
about the source is provided to the encoder as well as to the decoder involving
distortions d; along the main channel and d, along the side channel.

Now if for a particular value of s, one or more Q,;, < 0 then as before the results
can be formulated as in Berger [1], Lemma 1, p. 32.

Example. We give here an example of binary symmetric channels by which rate
distortion function can be determined analytically by the method discussed above:

Consider the binary source X, = {1, 2}; side information ¥, = {1,2} and the
received set X, = {1,2}.

Further let the distortion be given by the probability of error distortion, i.e.

(35) ow=1—0; where d,=1 for i=k,
0 for i+k.

From equation (31), we have

2
P'll‘l eSienct St (pipi/pin =1 Z pa; k=1,2; I=12.
i=1

e

i



Solving these simultaneous equations, we get 337
(36) 2p=("—e")4 for i=1,

=" ~1)4 for i+1, i,l=1,2,
where

A= k=1
2 2 .
p”(ezsl —1) e texp [(kzlpik kzlpkl)/pil]

Now from equation (30), we have

Qk/l eS1euct Sagirt(pipr/piny—1

.
M

L
Aa

Solving these equations, for @y, we get

1 P & Pit .
(37) Our = i [P}x - {es‘ e - gm—sii—l for k=1, j*k,
Dii

i=1

1 pj e’ Pt . . ..
= [»ﬁ—r—g”z_l for k1, j=1, i,jk,1=12.
Zpu
i1

e — ¢ €

On using equations (36) and (37), equations (32), (33) and (34) give

251 &5t &St _ 5 S+ _ g
(38) d, = e ezsl_l[esﬁsz — 1(1712 + par) + W(Fu + Pzz)],
(p1s + P22) _ P12 + P
(39) dy = S¢S Sts
and
(40) Ryyy = Sydy + Sy(d; — 1) + (p1s + paz) log (€% — &%) +
P11 P2y
+ (P12 + pay) log (€575 — 1) + (p,, + p )H(————-—, ———~)+
1 1) o ( ) " * P11+ P21 Pin t+ P2y
+ (P12 + Pzz)H(——pu*" ’ L) — log (ezs. -1).
P12 t P22 P12 + P22

These equations determine the distortions and rate for the example considered.
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