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KYBERNETIKA — VOLUME 25 (1989), NUMBER 2

ON OPTIMALITY OF THE LR TESTS IN THE SENSE
OF EXACT SLOPES

Part II. Application to Individual Distributions

FRANTISEK RUBLIK

Optimality of the likelihood ratio test statistic in the sense of exact slopes is established in the
case, when sampling is made from g populations, and each of them is supposed to have either
normal, or exponential, or Laplace, or Poisson distribution. '

The optimality mentioned in the title will be proved by means of the assumptions
(AT) — (AVII) or (ARTI), (AR VI), which are presented in Section 1 of [12],
where also a general framework and basic notations can be found. Since this paper
is continuation of [12], its sections are numbered from 3 to 6, and references to
relations from the Sections 1 and 2 are related to [12].

7

3. OPTIMALITY IN THE CASE OF THE NORMAL DISTRIBUTION

Let k> 1 be an integer. For a vector ¢ = (@2, .++s Q14> ---» Ox—14) belonging
to R% a = (k — 1) k/2, denote :
1, Q17>-"’Qlk
, 1, L.o.,0
(3.0 R(o) = | 7
Qlk’ Q2k> -5 1

the symmetric matrix, having for j > i on its (i, /) position the element g,;, and put
(32) E={W,04...00,0)€eR"0;,>0 forall i,pueR*geR®,
R(g) is positive definite}
where m = 2k + (k - 1) k/2. Ity = (,u', O -es Ok, Q')' belongs to = and
oy 0
(3.3) 6 = R , Y(») = R(o) e

0 oy
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then denote
(3.4) Py = N(u, V(y))

the k-dimensional regular normal distribution with mean u and the covariance
matrix V(7). Thus the densities (1.14) are in this case of the form

(35) S = HT V)T exp [~ 4x — 0) V)T (x — )]
and the dominating measure is the Lebesque measure on (R*, Z").

Theorem 3.1. Let (A I) hold.
(I) If we denote for y, y* € Z by

(3.6) o 7%) = 300 = 7)1

the usual Euclidean distance, then in the notation (3.1)—(3.5) the assumptions
(ARTI), (A IIT)— (A V), (AR VI), (A VII) are fulfilled.

(IT) Let us assume that (1.4) holds, T, is the statistic (1.28) and 0 € Q; — Q,.
The relation (1.29) holds a.e. Py, (1.9) holds a.e. P, with C(6) = 2 J(0) (i.e. T, is
optimal in the sense of exact slopes), and if 0 € Q; — Q,, then the assertions (I) and
(11) of Theorem 1.3 are true.

At first we recall that if the random variable y; has chi-square distribution with d
degrees of freedom, then (as proved in a general case by means of Markov’s ine-
quality in [2], p. 2)

() Az S, PIA<d s
where
(3-8) ra(c) = inf {E[exp (1x7)] e™*;t = 0},

ry(c) = inf {E[exp (tz)] e™*; ¢t < 0} .
Since

 (39) E[exp (122)] = {

one can easily prove the following assertion.

1-20792 t<4%
+ o0 t=1

Lemma 3.1.
(3.10) lim lim sup% log rj (4¢c) = —
¢ 4-o®
(3.11) ’ lim lim sup — 100 ri(4dy = — o0
Ao doow d
(3.12) lim lim sup — log ry (4d) =
450+ do+w d

Proof of Theorem 3.1. It is obvious from Theorem 1.2 that it is sufficient
to prove the assertion (1).
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(AR II) This assumption is obviously true.
(A III) In proving this assumption we shall use the notation

(3.13) M =(x,..,x,)eX", X=R".
Let us denote
(3.14) 3=(0,...,0),1,...,1,(0,...,0))
the parameter, corresponding to the N(0, I,) distribution, and assume at first that
(3.15) y=393.
Let us denote
(.16 F=2 ¥ 2= S -0 - )
nj=1 nj=

and for positive constants M, «, § put

(3.17) AP = {(x"; ||z > M}, AP = {x";1,(2) > o},
AP = (x; 1,(2) < B)

where 1,(X) = ... = 4(Z) are the characteristic roots of X. Since
Py[A"] = Plxz > nM?]

from (3.7) and (3.10) we obtain that

(3.18) lim sup ~ log P[AP] < ~

n-—>
for j = 1, if M is sufficiently large. Further,
PJAP] < Py[tr (2) > o] = Plxau—1y > no]

and from (3.7), (3.11) we get that (3.18) holds for j = 2, if « is sufficiently large.
Since according to Theorem 3.3.8 in [13] the random valiable |nZ| is distributed

k
as fo—ja
j=1
Py[AD] < P[AP] + Po[[| 2] < o7 'B] £ Po[AP] + kP[x2_ < n(e*~1B)'¥].

Hence taking into account Lemma 2.1, (3.7) and (3.12) we see that (3.18) holds
for j = 3, if § > 0 is sufficiently small. Thus in the notation

3
(3.19) A, = U 4Y
j=1
according to (3.18) and Lemma 2.1 the inequality (1.19) is true.
Now we shall utilize the fact that the likelihood function

k
llog L(x®,y%) = — Ijlog 2n — 1) log 4,(*) —
n 2 ji=1
— 3t V¥ HE + (R — 1) (3 - p*)]
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where ,(y*) 2= ... = A(y*) are the characteristic roots of V(y*). Thus
1 log L(x™, §) = — l—;’ log2r — L tr (%) — 3|%|?
n

which together with (3.17) and (3.19) implies (1.20) with N = k + 1. Further, for
every symmetric positive definite matrices V(y*), £ according to Theorem 1.10.2
in [13}, p. 22

o A(Z)

(3.20) | w Vo) 2z % 20%)

and for x™ e X" — A, therefore

(3.21)
k
%log L(x®™,y*) = - glog 2 = 33 94 0) = HE — Y VG THE — w7)

where

(3.22) g(z) = log z + Pz
Obviously

(3.23) 9(2z) =z 9(p)

(3.24) g(z) > +o0 if z—>0" or z— 4.

Hence if we denote

ry={y*e&f < 40%), L(*) =&
then combining (3.21)—(3.24) we see that if ¢ is a real number, then there exist
positive real numbers f§ < @ such that ’

(2.25) 1log L(x™, & ~Ty)<c

n
whenever x® e X" — A,. Let

ry,={y*e & |u| < M.
Utilizing for * e I'; — I'; and x" e X" — A, the inequalities

(g — ﬂ*)' V(y*)—l ()_c _ #*) > ,{1(},*)—1 "55 _ ”*Uz ,
I = el 2 o] - Is] > 1 - v

and (3.23), we obtain from (3.21) that for M > 0 sufficiently large
(3.26) : 1log L(x™, Iy —T;)<c

n

whenever x™ e X* — A,. Since the set I', = I'y n I'; is compact, and according
to (3.25), (3.26) the inequality (1.21) holds, (A IIT) is proved provided that (3.15)
holds.

Let y + 9. If we denote for y* ¢ & by g(y*) the unique parameter from =, corre-

sponding to N[V(y)™Y/2 (u* — ), V(y)~ 2 V(y*) V(y)"/**] and put z; = T(x;) =
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= V(y)"*2 (x; — p), then
(3.27) %log L(x™, y*) = %log L(z™, g(y*)) — % log [V(y)|

PA] = P[B,]. By={(x1r-erx); (T(xs)s s T(x,)) € 4,) .

Since the set g ~!(I') is compact if I is compact, Vahdlty of (A III) follows from its
validity in the case (3.15).

(A IV) One can choose a number 3, > 0 such that V {y e R™; ”y — y]] < 8y}
is a subset of =, and

(3.28) L(*) < 20(), VOV < 2V
whenever y* € V. If y* € V then
_ 2
(329) (v — 1ty Vor) (v = 9y 2 Lo
224(y)
Denoting B = {x e R¥; |x — p| > 1 + 28,} we see that for xe B, y*e V
630 Jeo w2 [ al - - ol 2 fx -

= 28)x — u] > |x = 4.
Since (AR II) and separability of R™ imply measurability of L(x, V) and this function
is bounded on R* — B, combining (3.28)—(3.30) we easily obtain validity of (A v).

(AV) According to (3.27) we may assume, that (3.15) holds. Since (3 16) is the
MLE of mean and covariance matrix

11q K5 )__%loglz;_’gwtr(s)wufuz

*1,9)
.- glog 2(Z) + gil(z) + 4]

and (1.24) follows from (3.18) and Lemma 2.1.
(ARVD) If y = (&, 04, ...,64, 0", 7w = (4, 0, ..., 6, 0})’ belong to Z, then
(3.20) implies that

(B31) K@)z e — ) Vo) (e — ) — = ﬂ": g (x %))

where the function g is determined by (3.22) with B = 1. Let us assume that (1.25)
holds and

limp, = @, limV(y,) =V, Iim R(g,) = R

n— o n—w
If Jo,y| = + oo for some i, j, then 2(y,) = max (cr("))2 - +o0 and from (3.31),
€2 23) and (3.24) we obtain that
(3.32) ’ lim K(y, y,) = + o0
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which is a contradiction with (1.25). Proceeding similarly in the case ]VI =0 or
|| = +oo for some i, we obtain (3.32). Hence limy, = ¢ &, from which we

easily get (1.26) and (AR VI) is proved. noe
(A VII) Since according to (3.27) distribution of 2 log (L(x™, & )L(x™, 7)) does
not depend on y, the assumption (A VII) is satisfied. 0O

Example 1. Testing independence of subvectors.
Let O be determined by (3.2), 7 >. 1 and

(Louki =Ulipnijer =11, %= (X Xipts 0 X, o1) -
J

If ye © and P, is the true distribution of x, then the covariance matrix of vector x

211’ 2129 ey er

Vi) =| : :
2—"rla Z‘r2’ ey Err
where Z,; = cov (x,, x;). If

(3-33) H={ye0;Z,;=0 forall i =}
i.e., H is the hypothesis that the vectors x,, ..., x, are independent, then according
. to [9], p. 413
L(x®, £) i
3.34 T, =2log=— """ =plo S:l/IS
( ) g L(X(n),H) g [-;.I.:.[II .U]/l |]

where S;; is the submatrix of S = nZ, corresponding to the vectors x;, x;. If n — oo,
then accordlng to Theorem 3.1. (II) is the statistic (3.34) optimal in the sense of exact
slopes. As it is shown in [9], p. 414, under (3.33) the null distribution of (3.34) tends

to x5 with d = 27Y(k*> = ¥ (i;4, — i;)?) degrees of freedom, which according to
=1
Theorem 3.1 (II) means that the approximate slope of (3.34) exists and equals its
exact slope.
Example 2. Testing equality of covariance matrices.

Let Z be the set (3.2), ¢ > 1 and ©® = Z% Hypothesis of equality of covariance
matrices can be written as (cf. (3.3))

(3.35) H={(0=(0,....00€0; V(0,) = V(0:) = ... = V(6,)} .
As it is shown in [9], pp. 403—404, in this case
L(x*, 9) a
@)y _ i\ > . — 1=
(3.36)  T(x®)=2log oy T , / 11z

u

Z; = (1/n) S; is the sample covariance matrix of the sample from the jth population,
and 4 = S; + ... + S,. As pointed out in [13], pp. 225 and 317, to achieve un-

' where for the sake of brevity we use the notation N = n,, n; = nY and where
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biasedness, instead of T, the modified statistic

AR
is used for testing (3.35). Let us assume that (A I) holds. If 8 € @ — H, then accord-
ing to Theorem 3.1 with probability 1

nj—-l

1

S,

J

A

(3.37) T(x®) =logd, A= N

lim - 7, = lim L T, = 2 J(0).

u—ow 1, u=o M,
Since for u sufficiently large T, < T, + ¢, optimality of T, in the sense of exact
slopes can be easily proved by means of (1.13) and Lemma 2.3.

Now let
(3.38) Z={(0); neR,a >0}
and fory = (i, 6) € Elet
(3.39) Sl y) = (2m) "2 07 exp [ (20%) 7" (x — p)?]

be density of the one-dimensional normal distribution P, = N(u, ¢?) with mean p
and variance ¢°.

Theorem 3.2. In the notation (3.38), (3.39) and (3.6) the assumptions (AR II),
(ATI)—(AV), (AR VI), (A VII) are fulfilled, and assertion (II) of Theorem 3.1
is true.

The proof can be performed similarly as in Theorem 3.1 and is left to the reader.

Before presenting the next example, we recall that if < is a partial order on a set S,
then a function p(+) on S is said to be isotone with respect to <, if u(x) < u(y)
whenever x <€ y.

Example 3. Testing isotonicity of means.
Let Z be the set (3.38), ® = £, q > 1, < isa partial orderon S = {1, ..., g} and

H, = {(41, 0, ..., iy, 0) € O; vector (i, ..., 1) is isotone and & > 0}

is the hypothesis that means of the underlying normal populations are isotone (and
the usual assumption of equality of unknown variances is imposed). Let
H, = {(ﬂn Gy vvey lgs 6)€B@;0 > 0}

by the hypothesis which places no restrictions on means, but still assumes equality
of variances. It is easy see that in this case

L(x, Hz) _ _310g
3.40 T(x®) = 2log "= 2—= = 0g A12
(3.40) (x*) 8 L@ 1)
where .
ny 1 & "C 0~ 5)2
Ay = (%) L = j; i;(x, )
1 u
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, 1 4 mo
==X Y6 - ap)

n, j=1i=1

and fi* is the unique vector from C = {u € R?; u is isotonic}, for which
q . . q - -
Er0, - 1 = ind (£, — s we )
= j=1

If (A T) holds, then according to Theorem 3.2 the statistic (3.40) is optimal in the
sense of exact slopes for testing H; against H,. We remark that the null distribution
of Sy, = 1 — 234 is derived in Theorem 2.7 of [11].

Example 4. Testing the hypothesis g < p, by means of Student’s t-statistics.
Let us assume, that @ = Z is the set (3.40), Ho 1s a chosen real number and

(3.41) H={(n5,0)e0;pu = p}.
It is easy to see that the likelihood ratio test statistic
0 X =

L(x™, ©) =
M) — [ S i (m)2
T,(x™) = 2log Lo ) Jnlog |:1 + T.(x™) :| > o

=

n—1

where in the notation s* = (1/n) ) (x; — X)?
i=1

T (x™) = E:S_ﬂ_o Jn=1)

is the usual Student’s t-statistic, for which (1.6) is distribution function of the Student
distribution with n — 1 degrees of freedom. Thus if T,(s) > 0, then the level attained
by T, is the same, as the level attained by T,,. This together with optimality of T,
(following from Theorem 3.2) means that the Student t-statistic is optimal in the
sense of exact slopes for testing the hypothesis (3.41).

4. APPLICATION TO THE EXPONENTIAL DISTRIBUTION

Let
(4.1) E={(no);peR, o >0
and for y = (u,0)e E let
(42) , P, = E(u o)
be the exponential distribution, defined by means of the density
o lexp[—(x — p)o] x=
(43) f(x,7)={0 Pl-t—hje] zz

with respect to the dominating Lebesque measure v on the real line.

Theorem 4.1. Let g = 1 be an integer, (A I) holds and @ = =2
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(D) In the notation (4.1), (3.6), (4.2), (4.3) the assumptions (A II)—(A VII) are
fulfilled.

(I1) Let us assume that (1.4) holds, 2, = @ C;, C, is a closed subset of R*? and C,
is either closed or open. Let e Q, — Q,. If T, is the statistic (1.28), then (1.29)
holds a.e. P, T, is optimal in the sense of exact slopes (i.e. C(9) = 2 J(6)) and
assertions (I), (II) of Theorem 1.3 are true.

Proof. Obviously it is sufficient to prove the assertion (I).

(A ) These conditions follow from Lemma 2.4.

(A TI) Letusdenote
(4.4) p=min{xy,.ox), $=1%x, 6=%—4a

nj=1
and for positive constants M, & < § put (cf. (3.13))
(4.5) AP = {x"p <y, AP =" 0> p+ M)
AP = {x" 8 <o}, AP ={x";6 > p).

It is obvious from (4.3) that

(4.6) lim sup ~ ! log P(A9) < —n

for j = 1. Since P,JA > pu + M] = (1 — F(M/o))", where F is distribution function
of E(0, 1), choosing M sufficiently large we see that (4.6) holds for j = 2. As it is
shown in [5], pp. 166—167 (cf. also [3] and [4]), the random variables ¥; =
=2(n+1—j)o.(XP — XY~Y), j =1,...,n, where X¢ is the jth order statistic
and X = pu, are independent, and each of them is chi-square distributed with
2 degrees of freedom. This means that

1 n O, n
(4.7) ==30—n- (X" - pu=— Z Xz(n 1)
nj=1 2n j=2

which together with (3.7) and Lemma 3.1 yields validity of (4.6) forj =3,4,ifa >0
is sufficiently small and 8 > 0 is sufficiently large. Hence making use of Lemma 2.1
we see that for this choice of the constants in the notation

4
(4.8) A, = U 49
j=1
the inequality (1.19) holds. Since
. = #
—l1opgo* + X = H > *

(4.9) llog L(x(n)’ ?*) — [Og o* + - ] Azp

) n — 00 o< u*

validity of (1.20) follows from (4.8), (4.5) and (4.4).
Further, denoting
ri={efueln—e’u+ M}
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and taking into account (4.9), (4.8), (4.5), (4.4) and (3.23) we see that for xt ¢
e R" — A,(3.25)holds. If u* < fi,thenX — p* = ¢andforx™ e R" — 4,

1

~log L(x™, y*) < — | log 6* + 1.

n o* _
Hence taking into account (3.24) we see that there exist positive numbers o, € (0, o),
B such that in the notation

Iy ={y"eZo*ela—a,p+ B
the inequality (3.26) holds whenever x® e R" — 4,. Since the set I', = T'yn [,
is compact and (3.25), (3.26) imply (1.21), validity of (A TII) is proved.

(ATV) If 8€(0,0) and V is the set (1.22), then V< V, where V = {y*e Z;
|p* — | <6, |o* — o] < 8}. Since one can easily verify that L(x, V) < G(x, )
where [G(x, V) dx < + oo, validity of (A1V) is obvious.

(AV) As pointed out in [6], p. 211, the estimate 9 = (4, &) defined by (4.4) is
MLE of the unknown parameter y, if n > 1. This together with (4.9) means that
for n > 1 with probability 1

(n) = & ¥ —
llogL(L’iz— log? 41+ X2 #,

n L(x™,y) o o
Thus in the notation 3 = (0, 1)

1 L(x(") =
4.10 ZL - —
( ) [n log L(x("), ?)

(n) =
F,] =% [—1— log L—————-~(x . E)

n L(x™, 9)

g

1. L(xW, E) £ e
Pyjl-log—=—>—~< el P|a>-]|+ Py ¥(6) =-
o R s (e M R
where ¥(8) = — logé + 6. Since ¥ is decreasing on (0, 1), increasing on
(1, +o0) and ¥(z) — oo if either z = 0% or z — oo, taking into account (4.6) and
Lemma 2.1 one can easily prove (A V).

(A VI) Since

and

o* —u* o — oF
log — + KL + U= p*
o o* o*

K(y, v*) =
+ o0 no< p*

from (1.25) we obtain that for all n sufficiently large
K(')’, y'x) ; —g(a‘/o‘,,)

where g(x) = log x — (x — 1). Since g(x) < 0 for x % 1 and g(x) - — o if either
x = 0% or x > + 00, we see that ¢/, — 1 and (1.26) holds.

(A VII) Validity of this condition follows from validity of (4.10) for n > 1. [

Example 5. Testing the hypothesis u < p, by means of an F-statistic.
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Let us assume that @ = Z is the set (4.1), y, is a chosen number and
(4.11) H={(n.o)eO;u = p}.
As stated in [5], p. 312, for testing this hypothesis the statistic (cf. (4.4))
n(k — 1) (& — po) )
3 (X = )+ (n = R (X = )
i=

JIA

k

IIA

n

Fn,k =

can be used (and in such a case G, in (1.6) is an F distribution function). It is easy
to see that the MLE § = (/i 6) of the unknown parameter from H is determined

by the formulas
~={ﬁ Asp 6=x—f.
Mo B> po :
Hence the likelihood ratio test statistic for testing (4.11)
0 Iz

17N

L(x(n)’ Q) _ luO

L(x™, H) ]2nlog [1 + T, ]
n—1] f> p,
where T, = F,,. Let us denote L,(s) the level attained by T, and L,{s) the level

attained by T,. If T;(s) > 0, then (4.12) implies that L,(s) = L,(s) and from Theorem
4.1 we obtain that the statistic 7, is optimal in the sense of exact slopes for testing

(4.11).

(4.12) T(x™) = 2 log

5. APPLICATION TO THE LAPLACE DISTRIBUTION

¢

Let

(5.1) E={(uo0);neR o> 0}

and for y = (u, ) € = let

(5.2) P, = L(u, o)

be the Laplace distribution, defined by means of the density
1 -

(5.3) flx,7) = —exp [— j—x——ﬁj]
20 o

with respect to the dominating Lebesque measure v on the real line.

Theorem 5.1. Let g = 1 be an integer, (A I) holds and © = =4

(I) In the notation (5.1), (3.6), (5.2), (5.3) the assumptions (AR II), (A II1) - (A V),
(AR VI) and (A VII) are fulfilled.

(IT) If (1.4) holds, T, is the statistic (1.28) and 6 € 2, — €, then (1.29) holds a.e.
P,, (1.9) holds a.e. P, with C(0) = 2 J(0) (i.e. T, is optimal in the sense of exact
slopes), and the assertions (I) and (II) of Theorem 1.3 are true.
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In proving the theorem we shall use the following lemma.

Lemma 5.1. Let x™V < x® < ... < x® be ordering of numbers X, ..., x, accord-
ing to their magnitude. Let us denote

xE+ 1 n=2k+1
Ao 4 ® L k+D
(5.4) f=4x® 4 xtF D _ ok
2

the median of the numbers x,, ..., x,.
(I) If pis a real numbser, then

(5.5) j;hfwu%;m—uh
(1) If k > 1, then
(5.6) K

2k
JEUTD — DY S (n = ) (xUTD = D) n=2k + 1
b = 8 =412 pay
ST — xDY 4 Y (= ) (xUFD — xD) n = 2k
ji=1 j=k

n
j=1

The relation (5.5) is according to {7], p. 26 proved in [8], and the proof of (5.6)
is left to the reader.
Proof of Theorem 5.1. (AR II) This regularity assumption is obviously true.
(A TII) Let 2 be the sample median (5.4) and

w

12 N
(5.7) ==Y |x;—a.
nj=1
Let us denote for positive real constants a, & < B
(58) AWM = {x";|p| >a}, AP ={x";6<a}, AP ={x";8>p}.

Since the random variables (x; — u)/o are L(0, 1) distributed, in proving (4.6) we may
assume that

(5.9) y=28=(0,1).

Since the distribution function F(x) of L(0, 1) equals 27 * e*if x < Oand 1 — 271,
.e~*if x > 0, utilizing the formula for density of the jth order statistic we get that
the moment generating function of X

(510) o) = [*2 cn (;’ - D )11 — F()y f(x) dx =

- n<;: 1) 6.

where for 1 <j<nand0<t<d=4d(j,n) =min{j,n—j+ 1}

Gt n,§) < [°., e HD* dx 4 [E° e @=i+D=0% 4x < 2)(d — 1).
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Hence utilizing (5.10) and Markov’s inequality we see that for 0 < a~! < d(j, n)

G(t, n, j) ])

log P[X{’ > a] < logn + log (’; - 1) mf{log
- et

<t< d} =
(5.11)

-1
glogn+log<};_1>+log2—ad+1+loga.

Since £(X) = £(—X) under (5.9), obviously
P[|a| > a] = 2P[f > 4]

and making use of (5.4), (5.11), Lemma 2.1 and the Stirling formula one can show
that (4.6) holds for j = 1, if a is sufficiently large.

Let z; = |x,|. If /i denotes median of z, ..., z, then according to (5.5)
1 r 1 g i
(512) ~ Xl Az Yl - ez~ Xz - 4l
nj=1 nij=1 nij=1
We know that (cf. (4.2))
(5.13) £(z;) = E(0,1)

and if ZY is the jth order statistic generated by z,, ..., z,, then according to [5],
pp. 166—167 the random variables Y; = 2(n + 1 — j)(ZY*D — zP), j=1,...

.,n — 1 are independent, each having chi-square distribution with 2 degrees of
freedom. This together with (5.6) and (5.12) means that

P[6 < 4] < Pl < na].

Hence making use of (3.7) and (3.12) we get that (4.6) holds for j = 2, if « is suffi-
ciently small.

Since according to (5.5)

P[é > B] < PI:1 izj > ﬁ] < P[ZM > 2] + Plz1 izj - ZW > 3/2],
nj=1 nj=1

taking into account (5.13) and validity of (4.6) in the case (4.1)—(4.5) we see that
(4.6) holds for j = 3 if B is sufficiently large. Thus putting (for this appropriate
choice of the constants)

3
(5.14) A, =U 4D
ji=1
and making use of the Lemma 2.1 we see that (1.19) holds.
Obviously
(5.15) —log L(x™, y*) = — log 2 — log ¢* — Ly P eI
n no* j=1

which together with (5.14) and (5.8) implies (1.20). Since for x™ € X" ~ A, according
to(5.15) and (5.5)

! log L(x™, y*) £ — log 2 — g(a*)
n N
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where g is the function (3.22) with « instead of 8, (3.24) implies existence of «, € (0, ),
B, € (0, + o0) such that in the notation

ry={y*eZo*ela—ua,p+ B}
the inequality (3.25) holds, whenever x® e X* — A,. Combining (5.15) with

1 n l n . 1 n 1 n .
e L I W el e = T e U ) 7 e
nij=1 nj=1 - nj=1 nj=t

we obtain existence of 2 number a,; > 0 for which in the notation

Iy ={y*e3;|uw¥ < |u+af}
(3-26) holds, whenever x™" e X" — A,. Since I' = I'; n I', is compact and (3.25),
(3.26) imply (1.21), (ATIII) is proved.

(ALIV) If e€(0,0) and V=(u—s,u+¢) x (0 —¢ 0+ &), then (1.23) ob-
viously holds.

(AV) and (A VII) As stated in [7], p. 26, the estimate 9 = (f1, 8) defined by (5.4)
and (5.7) is the MLE of unknown parameter 9, if n > 1. This together with (5.15)
yields that with probability 1

1 Lx®, E) 6 P
o 2 ) L jegd o1 L Y,
n log Lix™, y) & G ne JZ‘L' =4
which means that (4.10) is valid and (A VII) is proved. v

Let us assume that (5.9) holds and g(x) = x — log x. Then

1, L(x" & e r e
Pl-log—-"~"2elZP|gl6)>-|+P|la] >~
[" L, 7) ] [q( ) 2} l_]}l 2]

and taking into account (5.8) and (4.6) we get validity of (A V).
(AR VI) Since

- u,) -
(516} K()}, Vn) = IOg& + ("Li""‘ljy" + ‘O; exp[~ ’-’L—L"I] —1
a g, o g

n
each of the possibilities ¢, — 0, 0, > + 0, ];u,,| — + o0 leads to the equality

/

lim K(y, ,) = +o0

which is a contradiction with (1.25). But if § is a limit point of {y,}, then (5.16) and
(1.25) imply that K(, §) = 0, and since P, & P;if y % 7, (1.26) is proved. O
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6. APPLICATION TO THE POISSON DISTRIBUTION

Let
(6.1) 2 =<0, + o)
and for ye Z let P, be the Poisson distribution, defined by means of the density
. e "y .
(6.2) fG.y) = F j=0,1,2,...

with respect to the counting measure von X = {O, 1,2, }, where 0° = 1.

Theorem 6.1. Let ¢ = 1 be an integer, (A I) holds and © = E%

() If we denote =(y, y*) = |y — v*|, then in the notation (6.1), (6.2) the assumptions
(ARTI) (A TIT)— (A V), (AR VI) are fulfilled.

(I1) If (1.4) holds, T, is the statistic (1.28) and 6 € Q, — @, then (1.29) holds
a.e. Py, (1.9) holds a.e. P, with C(6) = 2 J(6) (i.e., T, is optimal in the sense of exact
slopes) and the assertions (I) and (II) of Theorem 1.3 are true. '

Let us put

(6.3) 00=1, x/0=+ow if x>0, Ology=0 if y20,
xlog(+ )= 4+ if x>0

and for y € E, x € €0, + c0) denote

(6.4) g(x,7) =y — x + xlog(x[y) -

Before carrying out proof of the theorem we shall establish validity of the following
assertion.

Lemma 6.1.Let the random variable & has Poisson distribution P,,.
(I) If the real number a > y, then

(6.5) log P[¢ 2 a] £ —g(a,7).
(1) If 0 < a < y, then :
(6.6) log P[¢ < a] £ —g(a.7).
(I1) If z € 0, %), then
(6.7) E[exp (229(5,7))] < —— .
1 -2z

Proof. (I) If y = 0, then (6.5) holds. If y > 0, then z = log(a/y) € €0, + )
and making use of the Markov inequality we obtain that

P[¢ z a] S E[e*]e ™™ =exp[y(e" — 1) — zda].
(I1) The proof is similar as in the case (6.5).
(IIT) Let us assume that y > 0 be an arbitrary but fixed real number and

Pi(y) = P[g(¢,7y) 2 3, &> v]. Pa(y) = P[g(&.y) = 11, £ < v].
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Since g(x) > + o0 if x —» + o0, the set 4 = {j;j is an integer, j > 7, g(j, 7) = 1t}
is non-empty. If we denote a = min {j;j e A}, then taking into account the fact
that g increases on (7, + o0) and making use of (6.5) we obtain the inequality

(6.8) log P(y) = log P[¢ = a] £ —g(a,y) £ — 1t.

Since g is decreasing on <0, y) and g(0) = y, similarly as in (6.8) the relation (6.6)
implies that

log P,(y) £ —4t
and we see that

(6.9) Plg(&, ) = 4] < 2e7'2.
As pointed out in [1], p. 294, for every non-negative measurable function g
(6.10) fgdP = [§° P[g = 1] dt

in the sense that if either integral exists, so does the other and the two are equal.
Combining (6.9) and (6.10) we get

E[exp (2z9(¢,7))] = 2= P[g(é, ) = 51— log t:] dt <1+ {2271 dt =
Z

=1+ 4z/(1 — 2z).

Since for y = 0 the inequality (6.7) obviously holds, the lemma is proved. O
Proof of Theorem 6.1. (I)
(ARII) This assumption is obviously true. "
(ATII) Let us denote
1 n
(6.11) f=-)x;.
nj=1

If y = 0, then for 4, = {x™ eX"; 1> 0} the relations (1.19) and (1.20) hold,
and denoting I', = <0, |¢| + 1) we easily obtain (1.21).

Let y be a positive real number.

If B> 1,thenz = 1 — B~ (0, 1), and taking into account Markov’s inequality
and (6.7) we see that

PIY g(x;,7) > np] < e™™ E[exp (z9(x, y))]" < exp[—nB + n + nlog 2B].

=1

This together, with (6.11), £(n9) = P,, and (6.5) yields existence of positive real
numbers «, § such that in the notation

(6.12) AP = {x" 9 >a}, AP = {x(");.zlg(xj, ) > np}
5

the inequality (4.6) holds for j = 1, 2. Hence if we put
(6.13) A, = AD U AP
then (1.19) follows from Lemma 2.1.
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According to the Stirling formula from Section le.7 in [10] forx =1,2,...
(6.14) x! = /(2rx)x*e ¥ e, (x + )7 < 124(x) < x7".
Since log x < x,
logx! < tlog2n + flog(x + 1) 4+ xlogx —x+ 1+ <7m+ 2+ xlogx.
Thus

1 1 &
~log L(x{, .. Xy 7) > — 7 + Plogy — (m + 2) — = % x;log x; =
n nj=t

12 )
= —(m+2)—= Yax;7) =9
nj=1 ,
and from (6.12), (6.13) we obtain (1.20). Further, from (6.14) one easily finds out that

logx! 2 xlogx — x

forallx = 0,1,2.... Hence if y* > 0, then

(6.15) log L(xy, ..., X, %) < —my* + Y. x;logy* — ) x;logx; + 3. x; =
i=1 j=1 i=1

= nly =) + Y x;log - — Y g(x;.9) .
i=1 Yy j=1
But g(x,y) = 0, and for y* = y, (x, ..., X,) € X" — A, therefore

*
1 log L(xy, ..., %, 7¥) £ 7 — 7% + alog =
n Y

which implies the statement (3) in (A IIT).
(A IV) Since the function h(y) = log f (J,7) is increasing on <0, j> and decreasing
on {j, + ), for§ > 0
e_JjJ
, . _ Jj!
(6.16) LG, V) =sup {f(j,v); 0=y <8} =1 5

JE9o

j>é
!
and obviously [L(j, V)dw(j) = EL(j, V) < +o0.
ji=0
(AV) If y =0, then L(x®, £) = L(x", y) = 1 with probability 1, and (A V)
holds.
Let y be a positive real number. Since the function g(-, y) 1s increasing on (y, + o)

and g(x,y) » + o0 if x — + oo, there exists a > y such that g(a, y) > max {y, n}.
But g(0, y) and g is decreasing on (0, 7), which together with (6.5) implies that
1 L(x™, = A ra
e S 2 00| = Plo6 ) 2 o0 ] = Rl 2 ) =
n o L(x®,y) .

= P,[¢ 2 na] < exp[—g(na, my)] = exp [—ng(a,7)] < exp[—nn].
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(AR VI) It is easy to see that
Y
nE log - 4%
(6.17) K(py?) = {7 T TioEL 720
+ 0 y¥*=0,y>0

and (AR VI) is true, if y = 0. Let y > 0. Since K(y, *) decreases on (0, y), increases
on (7, +o0) and K(, y*) » +o0 if y* > 0% or y* > + 00, (1.25) implies (1.26) and
(AR VI) obviously holds.

(II) Validity of (1.29) a.c. P, follows from Theorem 1.2 (I).

If 9 € Q,, then the equality C(6) = 2 J(6) follows from (AR VI), (2:29), (2.30)
and (1.13). Let 0 € Q, — Q,. This according to (AR VI) means that

(6.18) J(6) > 0.
Since
(6.19) L)< L(r). L) =sup {Pe [2 log %Ezz:: 0@)) > t] ;0€ @}

from (6.18), (I) and (1.13) we obtain that validity of C(6) = 2 J() (and by this
also validity of the whole Theorem 6.1) will be established by proving the following
lemma.

Lemma 6.2. If ¢ is a positive integer, then in the notation (1.2), (1.3) (1.7), (6.1).
(6.2) and (6.19), irrespective of validity of (A I)

(6.20) sup {L,(1);u = 1} < exp [—4(1 + o(1))] -

where lim o(1) = 0.

t=> 400

Proof. Let 8 € ®. The random variables

arc independent and ¢, = n’9; has Poisson distribution with the parameter ny’0;.
If t > 2q, then the number

z=14-(af)e(0,3)

which together with Markov’s inequality and (6.7) yiclds

) L(x®. © il
(6.21) P, [2 log i%;(”;,O)) > t] = P,,[nglg(fj, nf‘j)Oj} >t]

< oxp (=20 E[exp (3. 20(&5 m70)] < exp [o(0]

where

(6.22) @(t) = —zt + qlog .

2~ L+ o(1)]. 0
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We conclude the paper with discussing the hypothesis of isotonicity of means,
which is under assumptions of normality analysed in Example 3.

Example 6. Testing isotonicity of means.
Let Z be the set (6.1), @ = 5%, g > 1, < is a partial order on S = {1, ..., ¢} and

H; = {6 = (0, ...,0,) € @; vector 0 is isotone and has positive coordinates}
is the hypothesis that means of the underlying Poisson populations are isotone. If
H, = {0 € ©; vector 0 has positive coordinates}

is the hypothesis placing no restriction on order of the means, then according to
Theorem 6.1 the statistic :
(u)

(6.23) T,, = 2logM

L{(x" H,)
is optimal for testing H, against H, in the sense of exact slopes, provided that (A I)
holds (we remark that T;, can be computed by means of the estimates, described
in [11], p. 498). If n{" = n{® = ... = n? tend to + oo for u — o, then according
to Corollary 4.2 in [11] the function (1.31) is of the form (1.34) and from Theorem
6.1 we obtain that the approximate slope of (6.23) exists and equals its exact slope.

(Received April 22, 1988.)
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