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Abelizations of weakly associative hyperstructures
based on their direct squares

Jan Chwvalina and Sdrka Hoskovd

ABSTRACT. The paper contains a simple construction of some types of com-
mutative hyperstructures as hypergroupoids, weakly associative semi-hyper-
groupoids, hypergroups, quasi-hypergroups and weakly associative hyperrings
from non-commutative hyperstructures. It is proved that the used construction
induces reflectors on suitable categories of the mentioned hyperstructures.

There are some important reasons for introducing and investigation of so called
H, structures, that is H,-group [20], H,-ring [29], and so on, which are defined
from the well known classes of hyperstructures in a certain simple way. The idea
consists in replacing some axioms, such as the associative law, the distributive law
and others by the corresponding weak ones.

In particular, a H,-semigroup is a set H (H # ) equipped with a weak
associative (we write WASS) hyperoperation : H x H — P*(H), where for all
a,b,c € H, the following axiom is valid:

ax(bxc)N(axb)xc+#0.

A H,-semigroup is called a H,-group if moreover the reproduction axiom, i.e.
axH = H = H *a is satisfied for any a € H. It is to be noticed that H,-structures
were introduced in [31] and investigated in the mentioned paper and in a series of
others [5, 16, 17, 19-22, 25, 27-32]. In the classical group theory there is a well
known construction called abelization of groups. From the point of view of the cat-
egory theory, which allows one to make the notion of “universality”, the mentioned
construction yields an example of a reflector from the category of all groups and
their homomorphisms into its subcategory of all commutative, i.e. abelian groups
[13]. This contribution aims to present simple constructions of abelization of some
types of hyperstructures, especially weak hyperstructures and quasi-hypergroups
(3, 24, 25]. The bellow described constructions preserve weak associativity law, but
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not associativity law, which also shows a certain compatibility of used constructions
with the concept of weakly associative hyperstructures.

Let A be a subcategory of B with embedding functor E: A <« B. IfE is a class
of B-morphisms, then A is called E-reflective in B provided that for each B-object
B there exists an A-reflection (rp, Ap) such that each rp € E. By an A-reflection
(rp, Ap) we mean -— as usually — an E-universal map (r5, Ag) for a B-object B,
i.e. rg: B — Ap is a B-morphism for Ag € Ob A and for each A’ € Ob A and each
morphism f: B — E(A’) there exists a unique A-morphism f: Ap — A’ such that
the following triangle

E(f) (D1)

E(A)

commutes. By this construction a functor R: B — A is defined, which is a left
adjoint of E: A — B, called a reflector for A. In case E is the class of all epimor-
phisms (monomorphisms) of B we say that A is epireflective (monoreflective) in B.
For the definition of a reflector a quadratic diagram can be also used (which is more
convenient for our purposes) instead of the above triangle:

B S A B’
ra | lrﬂ, (D2)

.
Ap —1— Ap

Thus, for any B-object B there cxists a unique pair (rg, Ag), Agp € ObA,
rp: B — Ap such that for any object B’ € ObB and any B-morphism f: B — B’
there exists a unique A-morphism f: Ag — Ap making the diagram (D2) com-
mutative. Theh, by R(B) = Ag, R(f) = f a reflector R: B - A is defined.

Recall the other basic notions. A hypergroupoid (or a multigroupoid) is a pair
(M, o), where M is a nonempty set and o: M x M — P*(M) is a binary hyperoper-
ation called also a multioperation. (P*(M) is the system of all nonempty subsets of
M). A semihypergroup is an associative hypergroupoid, i.e. hypergroupoid satisfy-
ing the equality (aob)oc = ao(boc) for every triad a,b,c € M. A quasi-hypergroup
is a hypergroupoid (M, o) fulfilling the reproduction axiom, i.e. aoM = M =
=M oa for any a € M. A hypergroup is an associative hypergroupoid (M, o), i.e.
a semihypergroup, satisfying the reproduction axiom.

Let (H, o) be a hypergroupoid; by Ay we mean the diagonal of the Cartesian
product H x H,ie. Ay = {[z,z];x € H}.

Let us define a mapping D: H — H x H by D(z) = [z, x| for all z € H, i.e.
Ay = D(H).

Remark. As a mapping, the operator D possesses usual properties, e.g. it is ad-
ditive. i.e. for an arbitrary system {M,;y € I'} C P*(H), where M, C H for
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each v € I, the equality D({J M,) = |J D(M,) holds. Also the inclusion
YEr ~Er

D(N My) € ) D(M,) is evident.
~yer ~el

Let (H, ) be a hypergroupoid and (A g, %) be the hypergroupoid defined above. The
basic properties of the used construction yield the following auxiliary assertions.

Lemma 1. Let (H,:) be a hypergroupoid. Define a hyperoperation “«” on the diag-
onal Ay as follows: [z,z] % [y,y] = D(x-yUy-x) = {[u,uju € z-yUy-z} for
any pair [z, z), [y,y] € Ay. Then the following assertions hold:

1° For any hypergroupoid (H,-) we have that (Apg,*) is a commutative hyper-
groupoid.

2° If (H,) is a weakly associative hypergroupoid, then the hypergroupoid (A, *) is
weakly associative, as well.

3° If (H,-) is a quasi-hypergroup, the hypergroupoid (Ap,*) also satisfies the re-
production law, i.e. it is o quasi-hypergroup.

4° If(H,-) is associative, i.e., it is a semihypergroup, then the hypergroupoid (A g, *)
is weakly associative (but not associative in general).

Proof. The assertion 1° follows immediately from the above definition of the hy-
peroperation “x”.

2° Suppose, [z,z], [y, y], |2, 2] € Ap. Then

(I, 2] * [y, y)) * [2.2] = D(x -y Uy - x) *[2,2] = (D(z - y) U D(y - ©))*[2, 2]
= (D(x-y)*[z,z]) U (D(y - z) x 2. 2])

= ( U {u,u}*[zz])u ( U [U‘U]*[z.z])

uex-y vEY- T
= UD(u-zUz‘u)UUD(v-zUz«v)
u€zy veyz
= | Dw-zu | D wu | Dw-2)u |J D(z-v)
u€z-y u€xy vEy'T vEY T
:D<Uu~z)UD(Uz-u)UD(UU'Z)UD(Uz-v)
ueET Y uez-y vEyx veEy-r

=D((z-y)-2)UD(z (z-y)UD((y-z) - 2) UD(z (y ) .
=D((z-y) - 2)UD(z-(y-z)Uz-(z-y)U(y x)-2).
On the other hand
2] ¢ (. [2,2]) = (12,21 ) « .
=D((z»y)<zuz~(z»y)u(y-z)-JpUa:~(y~z))
:D((m-(y<z))UD((z-y)-zux~(z-y)u(y-z)~x).
As by the assumption (z-y)-zNz-(y-z) # @ we get D((x-y)-z)ND(z-(y-2))# 0.
Thus (([z. 2] (v.9) * (2.2]) O ([o. 2] = (1w,) [z 2])) #0.
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3° Let = € H be an arbitrary element. Then z - H = H = H -z and we have

[:z,.'c]*A” = U ([z,m]*[y,y]) = U D(x-yUy-x)

yeH yeH
=UDzy UDyz)“ (Uly)UD(Uyz)
yeH yE€H

= D(z- H)U D(H-l) = D(H) UD(H) = D(H) = Ay

4° Since a semihypergroup is (\lso weakly associative, the assertion 4° follows
from 2°. a

Example 1. Let (R, <) be the naturally ordered set of all real numbers and H =
= End(R, <) the monoid (with a binary operation of composition “o” of functions)
of all endomorphisms preserving ordering of the chain (R, <), i.e., the monoid of
all non-decreasing functions of one real variable. If we define f < g for any pair
f,9 € H such that f(x) < g(z) for all z € R, it is easy to show that (H,o, <) is an
ordered monoid. Let “e” be a hyperoperation defined in the following way:

feg:={hecH;gof=<h} ie,he fege g[f(z)] <h(z)
for all x € R. Then (H,e) is a semihypergroup.

As above D(H) = {[f, f]; f € H}. Let “*” be a hyperoperation on D(H) given
by the rule:

[/ flxlg.gl:=D(fegugef)={[hhl;he fegugef}
Notice that f e geh = {k(x); h(g|f(x)]) < k(x)} (see [8]). Using a concrete triad
of functions we will show that the hyperstructure (D(H), ) satisfying the weak

associativity law is not associative.
From the proof of Lemma 1,2° we have:

(£, f1 %9, 91) x [h,h] = D(fegeh U he fegU ge feh Uhegef)=D(M),

}f,f]*([g,g]*[h,h]) =D(fegehU feheguUgehefUhegef)=D(M,).

We will show that D(M,;) # D(M,), in general. Choosing, e.g. f(z) = z + 1,
glz) = z8, h(z) = 2%, we obtain

fegeh= higlf(z)) =204, fegeh=h(glf(z)]) = 20+D",
hefeg=g(flh@)) =@ +1)°%  feheg=g( [f(r)])=2"+3

ge feh=h(flg@)) =277, gehe f=f(hig(x))) =27 +1,
hegef = flglh(@)) =27 +1, hege f= f(glh(z)]) = 2% + 1.
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Then M, and M, have the following form:

M, = O {p: R — R;pi(z) < p(z) for any x € R}, where
k=1
y(a) = 250, 0, (@) = (27 +1)°, yla) = 25, () = 2% + 1,
M, = O{w; R - R;yy(x) < ¢(z) for any = € R}, where
k=1
V() = 250 gy (2) = 2353, (@) = 27 4 1, Yy(z) = 27 + 1.

It is easy to see that e.g. w3 € My, ¥, € M,, vy & My, ¥, ¢ M), hence M, # M,
and consequently D(M,) # D(M,).

On the other hand, e.g. ¢; € M; N M,, ¥, € M; N M, (since ¢; = 1), thus
0 #{p:R— R; 0, <@} € MyN My, {¢p: R — R;¢; <9} C M N M,, which
implies D(M,) N D(M,) # 0. This follows, of course, from Lemma 1, 4°.

Let (H,+) be a quasi-hypergroup. In connection with the concept of a reflector
in the category theory it will be useful to write ry instead of D: H — H x H
because ry will be considered as a morphism in a suitable category. That means
ry: (H,-) —>(D(H),*) is a homomorphism of quasi-hypergroups (Lemma 1,2°)
because for all pairs z,y € H we have rg(z.y) = D(z.y) C D(z.y) U D(y.z) =
=D(xyUy.z) = [z,2] % [y,y] = ra(z) *ru(y).

Let quasi-hypergroups (Hy, 1), (Hz, -2) be given. Suppose f: (Hy, 1) — (H2,2)
is a homomorphism. For an arbitrary [z, z| € D(H;) we define

fllz.2)) = [f(2), f(x)] € D(Hp).

Consider the following diagram:

(1) T (Ha2)
’”‘J 1% (D3)

(D(H)),%1) —L— (D(H2),%2) A
Lemma 2. The following assertions hold:
1° The mapping f: (D(H1),x1) — (D(Ha),*2) is a homomorphism.
2° The diagram (D3) is commutative for any homomorphism f: (Hy,-1) — (Ha, 2).
3° The homomorphism f completes the diagram (D3) for any homomorphism
f:(Hi,1) — (Ha,2) uniquely.
4° The homomorphism Ty : (H,-) — (Ag,*) is a bimorphism, i.e., both a mono-
and an epimorphism, for any quasi-hypergroup (H,-).

Proof.
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1° Suppose [z,z], [y, y] € D(H1) are arbitrary elements. Then we have
flzz)* [y,y)) = F(D(z1y Uyaz))
= f({[u,u;u € 21y Uyaz}) = {f(lu,u);u € zayUy.z)}
={[f(w), f(w)]u € zay Uy}
Since for any u ¢ z.1y U y.1& we have
f(u) € flaayVyaz) = f(Eay) U fyaz) C (f(@) 2 f@) U (£ ) 2 flz),
consequently
{lf (), fw)l;u € zayVyaz} C {lv,vlv € (f(z) 2 F(¥) U (f(y) 2 F(2))}
= [f (@), f@)] %2 [f (W), FW)] = F(lz,z]) %2 F(ly, v])s
therefore f: (D(Hy),*1) — (D(Ha),%2) is the homomorphism.
2° Suppose x € Hi is an arbitrary element. Then
(ru, o N)(@) = 1, (f(2) = [f(2), f(@)} = [([z,2]) = fran (2)) = (Form,)(2).
Thus 7, o f = f orp,. Consequently the diagram (D3) commutes.
3° Suppose g: (D(Hy),*1) — (D(H2),*2) is a homomorphism which creates the

diagram (D3) with f: (Hi,-1) — (Ha,2) commutative. Then for arbitrary
[0, zo] € D(H;) we have

g(lzo,z0)) = (90 id )([wo,70]) = (9o ra, o) ([0, 7o)

o i
D(Hy)
= (goru,)(rij [z0, o)) = (v, o F)(m0) = ra, (f(20)) = f(|2o0, T0))-

Hence, for anyghomomorphism f: (Hi, 1) — (Ha,-2) there exists a unique ho-
momorphism f: (D(Hy),*1) — (D(Hz),*;) making the diagram (D3) commu-
tative.

4° Let (A, -) be an arbitrary quasi-hypergroup from Ob (QHG) and ¢,%: (4,) —
(H,-) be homomorphisms such that ry o = ri 01). Let a € A be an arbitrary
element. Suppose ¢(a) # ¥(a). Then

(ri o' @)(a) = ri(p(a)) = [p(a), p(a)] # [Y(a),¥(a))] = ru(¥(a)] = (ru o ¥)(a).
Thus the morphism rg is a monomorphism.
Now we will show that it is an epimorphism. Let x € H, [z,z] € Ay be an
arbitrary element and ¢, be a homomorphisms such that g ory = Y ory.
Suppose, that ¢([z,z]) # ¥([z,z]). Then

(poru)(@) =p(ru(r)) # Y(ru(x)) = (Y orn)(z),

hence pory # ory. Thus pory =Y ory implies ¢ = . Therefore 7y is an
epimorphism and simultaneously a monomorphism, thus it is a bimorphism. O

Let QHG" be the category of all quasi-hypergroups and their homomorphisms,
AQHG be its full subcategory of all commutative (i.e. abelian) quasi-hypergroups.
Define a functor F: QHG — AQHG by F((H,:)) = (D(H),*) = (An, ) for any
quasi-hypergroup (H,-) € Ob(QHG), F(f) = f: F((Hi,1)) — F((Ha,2)) for any
pair of quasi-hypergroups and any homomorphism f: (Hy,1) — (Ha,-2). Similarly,
let us denote by H,G the category of all H,-groups and their homomorphisms,
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by AH,G its subcategory of all commutative H,-groups. In fact, H,G is a full
subcategory of the category QHG. Thus, define a functor G: H,G — AH,G as a
restriction of the functor F, i.e. G(H,-) = F(H,") for any (H,-) € Ob (H,G) and
similarly for morphisms.

By the above considerations (concentrated in Lemma 1, Lemma 2) we have
proved the next :

Theorem 1. The following assertions hold:

1° Let QHG be the category of all quasi-hypergroups and their homomorphisms,
AQHG be its full subcategory of all commutative (i.e. abelian) quasi-hypergroups.
Then the functor F: QHG — AQHG is a reflector; more precisely the pair
(rH, (Au.*)) is AQHG-reflection for (H,-) € Ob(QHG), hence the category
AQHG s a bireflective (i.e. mono- and epireflective) full subcategory of the
category QHG.

2° Let H,G be the full subcategory of all H, -groups of the category QHG, AH,G
its full subcategory of all commutative H, -groups. Then the functor G: H,G —
AH,G is a reflector and AH, G is a bireflective full subcategory of the category
H,G .

Example 2. Let S be a nonempty set, P*(S) be the system of all its nonempty
subsets, i.e., P*(S)U{0} is the power set of the set S. For any nonempty subsystem
C ¢ P*(S) (possibly a covering of S, which means X € C implies ) # X C S and
UJC = S) we denote by Cst(M,C) the combinatorial star of a nonempty set M C S,
ie., Cst(M,C) = {X € C; X N M # 0}, cf. [8]. If we define

A-B =Cst(A\ B,C)U{A,B} for any pair of sets A, B € P*(5),

then it is easy to verify that (P*(S), ) is a non-commutative H,-group. Indeed, for
an arbitrary triad of nonempty subsets X,Y,Z C S we have

(X-Y)-Z=(Cst(X\Y,C)U{X,Y})- ZU{X,Y}-Z
={VeCVN(X\Y)#0}-ZUCst(X\ Z,C)uCst(Y \ Z,C)U{X,Y, Z}
= U (Cst(U\ Z,C) U{U,Z}) uCst(X \ Z,C) UCst(Y \ Z,C) U{X,Y, Z}.
Uﬂ(%sg);ﬂ)

On the other hand
X (Y- Z)=X -Cst(Y\ZC)uX-{Y,Z}

=X {VelVn(Y\2)#0}uCst(X\Y,C)uCst(X \ Z,C)U{X,Y,Z}

= U (Cst(_X\V,C) U{X,VHUuCst(X \Y,C)uU

vn(&ﬁ%#o)
UCst(X\ Z,0)u{X,Y,Z}.

Now, it is evident that § # Cst(X \ Z,C)U{X,Y, Z} c((XY)- Z)n(X (Y -Z))
and it is easy to see that the reproduction axiom is satisfied.
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Applying the abelization to the hyperoperation “” we get a new commutative
hyperoperation “e”. With respect to an evident formula

Cst( U M,.¢)= U ost(a,.€)

~er yer
for any family {M_ ;v € I'} C P*(S) we have
AeB=A-BUB A=Cst(A\B,C)U{A,B}UCst(B\ 4,C)U{B, A}
= Cst(4 A B,C) U {4, B},

where A means the symmetrical difference of set.

Similarly as in the proof of Lemma 1 it is easy to verify that (P*(S), e) is the
commutative H,-group.

Now applying Theorem 1, 2° to (P*(S), -) we obtain the commutative H, -group
G(P*(S),) = (D(P*(S),*)), where G is a functor from the mentioned theorem.
As in the preceeding we have

[A, A% |B,B] = {[2,Z]; Z € Cst(A A B,C) U{A,B}} =
={[2,2);Z € Cst((A\ B) U (B\ A),C)U{A, B}}
={[Z.Z];Z € Cst(A\ B,C)UCst(B\ A,C) U {4, B}}
={[2,Z;Z¢ A-BUB- A}.

Evidently G(P*(S),-) = (D(P*(S),*)) = (P*(S), ). Moreover, it can be eas-
ily seen that the hyperstructure G(P*(S),) is not associative, in general.

From [31, 32] it follows that non-associative hyperstructures as quasi-hyper-
groups play an essential role in geometry. On the other hand certain quasi-hyper-
groups can be obtained from quite fundamental structures as transformation groups
of bijective linear real functions of one variable. In [3] a certain construction of non-
commutative quasi-hypergroups is described based on a certain decomposition of
the structure mentioned above.

As an application of the previous results we obtain a theorem for binary hyper-
structures with two binary hyperoperations — called H,-rings - which is analogous
to the above one. In [6], [29] H,-rings are defined and investigated. Recall that
H,-rings are triads (R, +,), where Risaset and +: Rx R—->R, : RxR—-R
are weakly associative (WASS) hyperoperations such that “+” satisfies the repro-
duction axiom (i.e. (R,+) is H,-group, (R,") is a H,-semigroup) and the hyper-
operation “” is weakly distributive with respect to the hyperoperation “+”, which
means that

z.(y+2) N (zy +2.2) # 0,
(x+y)-2n(x-z2+y-2)#0
for all clements z,y,z € R, see [32].
Recall that H,-ring homomorphisms or weak homomorphisms of H,-ring
(R, +,-) into another one (S, +,-) are mappings f: R — S such that f(z + y)N
(f(x)+ fy) # 0, f(z-y)n (f(z)- fly)) # O for any pair z,y € R. However,
for our purposes we will consider so called inclusion homomorphisms between H,-
rings as the basic morphisms for this objects. Let us remind that a mapping of a
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H,-ring (R, +,-) into another one (S, +,-) is called an inclusion homomorphism if
f(x)+ fly) C flz+y), f(z)  fly) C f(x-y) for all elements z,y € R.

Remark. In the following consideration we will apply the following useful identity
valid for subsets of any hypergroupoid. Let (R,+) be a hypergroupoid, R # 0,
X,Y,U,V nonempty subsets of the set R. Then
(XUY)+(UUuV)=(X+UD)U(X+V)U[Y +0)u(Y +V).

Further denote the category of all H,-rings by H,R and their inclusion homo-
morphisms, by AH,R its full subcategory of all commutative H,-rings. Thus
(R,+,:) € ObAH,R whenever (R,+,-) is a H,-ring such that z -y = y - z for
any pair z,y € R. Similarly as above we define for an arbitrary H,-ring (R, +,")
the hyperoperations @, ® on the diagonal D(R) = Ag by

[z, 2] @y, y] = {{w,uliue (z+y)Uly+ )},

[z,2] © [y, y] = {[v,v];v € (z-y) U (y- )}
for all pairs z,y € R. Then we have
Lemma 3. Let (R, +,-) be a H,-ring. Then (D(R),®, ®) is a commutative H, -ring.

Proof. Let (R, +,) be a H,-ring. According to Lemma 1 we obtain that (D(R), &)
is a commutative weakly associative hypergroupoid satisfying the reproduction ax-
iom, thus it is a commutative H,-group. Similarly (D(R),®) is a commutative
H,-semigroup. Thus it remains to prove that

(710 (I v] @2 2) N (2,21 © [y, 9]) @ ([z,2] © [, 2]) # 0

for arbitrary elements z,y,z € R.
Indeed, we have [y,y] ® [z, 2] = {[u,u);u € (y+ 2) U (z +y)} and

alo (v elz2]) =

= U [z, 2] © [u,u]

u€(y+2z)U(z+y)
= ( U zaoh u]) U ( U &aol u])
wE(y+2) u€(z+y)
= ( U {lv,v];v e IuUuz}) U ( U {lv,v)ive :uuUu-r})
u€(y+z) u€(z+y)
= U {vvvez uju U {lv,vjveu-z}u U {lvjvez vUu- z}
u€(y+2) u€(y+z) u€(z+y)

={lvvhvez-(y+2)}UM(z,y 2)
where M(z,y,2z) = U {v,vjvev-z}u U {lv,vver vUu-z}.
u€(y+z) u€(z+y)
On the other hand
(o2 © fyo] = ([ vliv € 5y Uy -2} = {okiv e 55} Ul olv e y-ah,
[z,2]©[z,2] = {[v,v;v ez -z} U {jv,v]};v ez z}
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and then

(z.2] o[y, y)) & ([z,2] © [2,2)) =

={mvvez ytu{vvivey- -z}) @ {v.vlvez 2} U{lv,v]ivez a})

=({vhver-yrae{vokver ) u({vvhvez -y &{v.vlvez a})
U{vvlvey -z} @{v.efives z})u({v,v),vey -z} & {[v.v]jvez x})

= (U wvemu)u( | bolouu)u

vezy vgz_g
U ( U [v,0] @ [u,u]) U ( U [v,v] @ [u,u))
vEYy-T vEy-x
uET z u€Ez-x
= U Aitthite v +u)U+v)}UK(z,y.2),
wert
where
K(zx,y,2) = ( U [v,v] @ [u,u]) U ( U [v,v] @ [u, u]) U ( U [v,v] @ [u,u]).
vET-Y vEyx veyx
u€z-x u€x-z uezw

Now, we have
(.2} yv) @ ((v21 02, 2)) =
= U {lt,t];t e u+v}u U {t,thtceu+v}UK(z,y,2)

vETY vezry
u€x-z u€z-z

={ltithicz - y+z-z}U{t,thter -z+z -y} UK(xy,2)

As by the supposition (z-y+z-z)Nz-(y+z) # 0, we have [to,t,] € {[v,v];v € z-(y+2)}
for some t, € x -y + x - z, thus

{vovjvez - (y+2)}n{t,thtez-y+z- 2} #0,
consecuently the sets [z,2] ® ([y, y] @ [z, 2]), ([z, 2] © [y, y]) ® ([z, 2] © [z, z]) have a
nonempty intersection. ]

Remark. The above proof implies that either of the laws of the weak distributivity
for (R, +,-) (right or left) ensures the weak distributivity of (D(R),®,®).

From the above considcrations it follows immediately:

Lemma 4. Let (R, +,-) be a H,-ring and rr(x) = [x,z] € D(R) for any x € R.
Then the mapping rr: (R, +,-) — (D(R),®,®) is an inclusion homomorphism of
H, -rings.

In order to prove a theorem analogous to Theorem 1 we show that the following
lemma holds.

Lemma 5. For any pair of H,-rings (R, +,-), (S, +, ) and for any inclusion H,-ring
homomorphism f: (R,+,-) — (S, +,:) there exists exactly one inclusion H,-ring
homomorphism f: (D(R), ®,0) — (D(S),®,®) such that the diagram
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R+) Lo (54
l l (D4)
(D(R), .0) —L— (D(S),®,0)
s commutative.
Proof. Consider an arbitrary inclusion ring homomorphism f: (R, +,-) — (S, +,)
and define f: (D(R) — (D(S)) as the restriction of the mapping f X f:RxR—
S x S onto D(R) C Rx R,ie. f=(fx f)|D(P), hence f([z,z]) = [f(z), f(z)] for
any z € R.
Now we have
Fza) @ w,v) = F{lwufue (@ +y) U (v +a)}
={[f(w), fW)],u € (z +y) U (v +2)}
={lv,vlvef z+y)Uf(y+$)} c {[v U] ve (fl@) + f) U ((Fv) + f(2))}
=f(=) + fly)] e (@)] = J(lz,2]) & F(ly,v)

for any pair of elements x,y € R and similarly f([z,z]®[y,y]) € f(lz,2]) O f([y,v]),
which we obtain immediately from the above calculation changing the operation
“@” by the operation “©”. Moreover, we show that the diagram (D4) commutes.

Let us suppose f: (R, +,) — (S, +,) is an arbitrary H,-ring homomorphism.
Then evidently f: (D(R),®,®) — (D(S),®,®) is a H,-ring homomorphism as
well. For an arbitrary z € R we have

(rs o f)(z) =4(f(@)) = [f(@), f@)] = (f x £)(z,2) = [(lz,z])
= f(ra(z)) = (fofn)(l)»

riof=forg. (1)
Now let g: (D(R),®,®) — (D(S),®,®) be a H,-ring homomorphism such that

rpof=gora. (2)
Sincerp: R — D(R),rs: S — D(S) are bijections there is well defined 75,": D(R) —
R,r5': D(S) — S. We get then that the equalities (1), (2) imply

f=Ffo id = forgorgl=rgoforpzl=gorgorg'=go id =g.
f=f DR forr R sofo R =gorTR n g bR g

The proof is complete. m}
From the above results we ‘obtain immediately the following theorem.

Theorem 2. Let HL,R be the category of all Hy,-rings and their inclusion homo-
morphisms, AH,R be its full subcategory of all commutative H,-rings. Then the
functor ®: H,R — AH,R defined by

®(R,+,) = (D(R),®,®), &(f)=f forany(R,+,-)c ObH,R
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and any morphism f € MorH, R, f: (R,+, ) — (5, +,-) is a reflector; more pre-
cisely the pair (g, (AR, ®,®)) is an AH,R-reflection for any (R, +,-) € Ob(H,R).

T

R
P

hus AHLR s a reflective full subcategory of the category H,R.

emark. The results presented at the Second Conference on Mathematics and
hysics at Technical Universities and published in [11] are a special case of the

topic studied in the first part of the presented paper.
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