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An extension of some formulae of Lerch
A. Schinzel

Abstract. A formula of Lerch expressing the sum of fractional parts of = +
a’m/n (a=0,...,n—1) for n odd in terms of class number of binary quadratic
forms is extended to the case of arbitrary n.

Let
B(z) = -1 ifzel,
- [z] otherwise;
VA Y (5) 82 if d= ~1 mod 4,
#(z,d) = 'S )
Vd 'y, (%) de2er f d =1 mod 4.
v=1

Lerch [4], [5] gave the following formula for n odd, (m,n) =1

0 S (e () - (4 5)) -5 T (Fewno

a=0 n=dd'
(see [2], p. 168). As an application he expressed in terms of class numbers of

n-1
primitive binary quadratic forms the sums Y {z + “27"'} for z =0, }, §, where
a=0
-} is the fractional part. Particularly simple and elegant is the formula for z = 0,
p p g
namely

o R T @
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where ¢? is the greatest square dividing n and ¢ > 0, h(—d) is the class number
of primitive binary quadratic forms with discriminant —d and w, is the number of
integer solutions of the equation u? + dv? = 4, hence

9 1/3 ifd =3,
cg=—=<1/2 ifd=4,
Wy .

1 otherwise.

Lerch returned to the formula (2) in [6] and proved it by a different method for n
odd being the absolute value of a fundamental discriminant. For n even with the
same property Lerch obtained ([6], p. 245, formula (41))

o B D) b ()03

where 4 runs through divisors of n such that —4 is a fundamental discriminant.
We shall extend the formulae (1) and (2) to the case of an arbitrary n. For
this we need the following notation

ou(nd) \ﬁli(g)si"f% ifd=0,1mod 4,
1.2, = v=1

0, otherwise

o0
(o) = \/EEI (=4) cos2uzm jf g =0, ~1 mod 4

0, otherwise.

Then we have

Theorem. For m,n coprime positive integers and for all x € R
n—1 2 2
a*m a’m
(e (e 50) - () -
a==| n n

= - =+ z ((%) ¢y (d'x,d) + (‘_T-Ti—i) ¢—1(dl$~d))'

n=dd’

[T~

Corollary 1. For m,n coprime positive integers

n—1

) am) n-—g —~d
F(m,n) —azt:o{—‘ﬁ—} = - ; Cd (;) h(-d)
d=0,3 mod 4

where q* is the greatest square dividing n,q > 0.

Corollary 2. For every m prime to n we have F(m,n) > F(1,n) with the equality
attained if and only if either m is a quadratic residue mod n, orn/(n,2) is composed
entirely of primes congruent to 1 mod 4.
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Theorem extends formula (1) since for € = %1,

(%) = (%) , ¢(z,d) = ¢e(2,d) for d = € mod 4.

Corollary 1 implies formulae (2) and (3). For (2) this is obvious, for (3) follows
from the fact that for § odd, —é being a fundamental discriminant

(1 - (§> +2 (%)) h(=6) = h(=6) + h(-48).

Before proceeding to a proof of the theorem I thank John Robertson for calling my
attention to this circle of problems. The proof is based an

Lemma. For coprime positive integers m and n

(Z)vn ifn=1mod 4,
= gpima? =) if n = 3 mod 4
4 n) = ,2mi 2 ( =) ivn ifn .
@ plmm) ;e 0 if n = 2 mod 4,
((Z)+ ()i v fn=0mod4
and
(5) p(dm,dn) = dp(m,n).

Proof. Formula (4) for m = 1 and formula (5) are well known (see [1], p. 151, (17),
p. 197, (78), where ¢ has a slightly different meaning and (3], Satz 211). Also well
known are the following formulae

(6) w(m,n) = (—'S) @(1,n) for n odd (see [1], p. 165, (45)),

(7) @(m,n)p(n,m) = ¢(1,mn) for (m,n) =1 (ibid., p. 150, (16)).

Now (4) for n odd follows from (6) since for £ = %1,

(%) = (%) for n = e(mod 4).
For n = 2 mod 4, m odd we have by (6) and (7)
@(m,n)p(n,m) =0
and, since by (6) ¢(n,m) # 0, it follows that p(m,n) = 0.
For n = 0 mod 4, m odd we have by (6) and (7)
p(1,mn)

elmm) = my =

- ()0 (2= ()4 (2))
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Proef of Theorem. We have, following (5] (see also (3], Satz 216)

1 >\ sin 2vem
Efg) =5+ ——.

2 v
vl
Hence
n-1 . 2 n-1 o sinZu( +33')7r
a*in a*m n
S:= E* {4 —lz+——) ) =-5+ —_—
;7,< (rr ) (o) =5 S5

a=0vr=1

!
+ Z 2—; sin 2vrn cos 2urra m/n + cos 2vaw sin 2vwa’m/n

v
=1 a=0

~
7 ~ (sin2v'em

= —-— + Ry mv' . n + —
3 L ( - ol )

v vim

am Sp(mv/, n))

=1

and by Lemma, putting (n,v') =d', n = d'd, n' =d'v

. n —~ sin 2vd' cos2vd'xm
S = -3 + %‘ ; ( R d'Rep(my,d) + f—-r!—/-r—d' Sp(mv, zi))
o (v.d)=1
o
n sin2vd'aw [ d Vi
=0 smepd d
2 N %: u§:1 v (mu)
d=0,1 mod 4
cos2vd'zn (—d
B — | Vd
+ Z Z (mu) Vi

dln
dz=0, -1 mod 4

:%45‘« )du(d’ad ( );b Ld}).

Proof of Corollary 1. Using Theorem for 2 = 0 we obtain
= 2 i ~d \
S (e () -y = p e (5 o+ (5) oo 0.).
= n n 2 T m m

However

n

2
. a’m * a’m _ 1 i 2 =
{”’Jm } em _ g ( ! 3 ifa®>=0modn,

T et _ E* (u b} otherwise;
¢1(0.d) = 0,
x
NZD L (:;fi) = cgh(—d) if d = 0,3 mod 4,
v=1

0, otherwise

-1(0.d) =
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(for the last formula see [3], Satz 209). Hence

X [a’m n 13 (—d
Z{T}=§'§Zl— > (7;)“4’1(—‘“
a=0 a=0 din

nla? d=0,3 mod 4

It remains to notice that n | a?, if and only if % | a, hence

n—-1

Z 1=gq
a=0
nla?

Remark. It is possible to prove Corollary 1 by the method of [6], but the proof

n-1 ;

is longer. It is also possible to evaluate the sum 3 {ar “2"’"} in terms of class
a=0

numbers for r = % or } and arbitrary n, but the formulae are more complicated.

We give without proof the formula for z = % to be compared with that quoted in

2], p. 168
(14 -0+

Sl -ie
© x G)el-G)rean 5 (G

a=0

n*dd’ n=dd'
d=0,3 mod 4 d=0,3 mod 4
d'=1 mod 2 d’=0 mod 2

and the formula for z = :— and n = 2 mod 4,

n-1

1 a’m n —d
S{i+im =t ¥ (2 enca,
a=0 dln
d=3 mod 8

which is simpler than that for n = 1 mod 2 quoted in [2}, p. 158, formula (2).

Proof of Corollary 2. 1t is clear that F(m,n) > F(1,n), that the condition for the
equality is sufficient and that F(m,n) = F(1,n) implies (%d) =1 for all divisors
d of n congruent to 0 or 3 mod 4. Assume that F(m,n) = F(1,n) and suppose
first that n # 0 mod 4. Then for every prime factor ¢ of n, ¢ = 3 mod 4, we have
(=2) =1, hence (1‘;‘») =1 and if there is at least one such go, then for every prime
factor p of n,p =1 mod 4 (=22) = 1 implies () = 1, hence (%) =landmisa

quadratic residue mod n. Suppose now that n = 4 (mod 8). Then (%4) = 1 implies

m =1 mod 4 and for every odd prime factor p of n, (522) = 1 implies (%) =1,
hence m is a quadratic residue mod n. Suppose finally that n = 0 (mod 8). Then
() = (%) = 1 implies m = 1 mod 8 and for every odd prime factor p of n,

(%:E) = 1 implies (%) =1, hence m is again a quadratic residue mod n.
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