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Note on the congruences 2P~1 =1 (mod p?),
3p—1 =1 (mod pz). 5P—1 = (mod pz).

Stanislav Jakubec

Abstract: This paper studies the solvability of congruences from the title, and distribution
of numbers z € H;, where H; are cosets of group (Z/p2Z)* by a subgroup Hp of index p
fori=0,1,...,p—1.

Key Words: Wieferich congruence

Mathematics Subject Classification: Primary 11R18

introduction

Let p be a prime p > 5 and let Hp be a subgroup of the group (Z/p?Z)* of the
index p and let H; = (1 + ip)Hp be cosets for : = 0,1,...,p — 1. The group G is
defined in Definition 3 such that G = Hy or G = (Z/p?Z)*, (Theorem 2).

The aim of this paper is to prove the following theorem.

Theorem 1. Suposse that G # (Z/p*Z)*. Then there holds
(i) 277! = 1 (mod p?) if and only if

2—

IR =21 (mod 2), fori=0,1,...,p—1.
8

z€H; 2€EH;

2<E; %2<z<’;'l

(i) 3»-! = 1 (mod p?) if and only if
Z 1= Z 1=r (mod2), fori=0,1,...,p—1,

2zEH,- 2zEH.-
2
E-<z<Br B <z< B

where (=1)" = (%)
(i1i) 5! = 1 (mod p?) if and only if

Z 1=r (mod?2), fori=0,1,...,p-1,
z€H;

952-<z<3§—2‘
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where (—-1)" = (Q)

P

By the computation it was verified that G # (Z/p?Z)* for p < 50000.
* ok ok

Unless the contrary is stated, we shall always suppose that n is a positive integer
and p,! are odd primes with ¢(p™) =0 (mod !), Z is the ring of integers while Z*
is the set of positive integers.

Hj will stand for the (uniquely determined) subgroup of the group (Z/p"Z)* of
index !.

The cosets of (Z/p™Z)* will be denoted by H;, 7 € {0,1,2...,l — 1}.

Definition 1. A subset T; of a coset H; will be called a semisystem (in H;) if for
each z € H; exactly one of the residue classes , —x belongs to T;. Clearly

_#Ho _ (") _ (p—Dp*!
#T = 2 T 2 - 21 ’

for every semisystem T;.

Definition 2. Given a positive integer a coprime to p and a semi- system T; for
some i € I, let

gla,i) =3 ([%;] + [;;D . fora odd 1)

zZ€T;
g(a,i) = %T: ([%f] + [%ﬁ]) , for a even (2)

Proposition 1. Leti € I, a € Z*,(a,p) = 1. The number g(a,z) (mod 2) does not
depend on the system of representatives of the group (Z/p"Z)* and on the choice
of the semisystem T;.

Definition 3. Denote by G the set of the alla € (Z/p™Z)* such that g(a,i) = g(a, j)
(mod 2) for alli,j € I.

Note that 1 € G and thus G is non-empty.

Proposition 2. Let a € G. If a = a' (mod p™), then g(a,i) = g(a',i) (mod 2) for
alliel.

Proof. In the case a = a’ (mod 2) the proposition is evident. Therefore suppose
that a =1 (mod 2) and a' =0 (mod 2).
In order to prove the proposition we will prove the congruence

SEED =S R w0

z€T;
To do this write o’ = a + kp™, k € Z. Then

2 (5[5 - 5 (5] - 7)) -

2€T; z€T;
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- (B F)22= (5] [5]) eeon

z€T; zeT;

L (FE)= (E]+ 7)) won
The assumption a € G yields
Z G D=2 (F 7)) mean

and (3) follows.
Proposition 3. The set G is a subgroup of the group (Z/p"Z)*.

Proof. 1t is sufficient to prove that ab € G for a,b € G.
In view of Proposition 2 we may suppose that a,b are odd.Then

CRAR AR
- 5, (21 )5 (D)
() 5 (3 2D e

In other words, the parity of the sum

= (F-ED:

does not depend on the choice of ¢ € I, and consequently ab € G as desired.

The following theorem shows that we have only two possibilities for the group
G defined in Definition 3.

Theorem 2. For group G we have either G = Hy or G = (Z/p"Z)*.

Proof. In view of Proposition 3 it suffices to prove that Hy C G. Let z; = 1
(mod 2) be a generator of the group Hy. By the Proposition 3 it is sufficient to
prove that z; € G.

Letbe H;. f m = ﬂz—”[ll —1and for j =0,1,2,...,m we put b; to be equal the
residue of bzy? (mod p"), then T; = {bo, b1, ...,bm } is a semisystem.

b = bz{ (mod p") 0 < b; < p™ for j =0,1,2,...m

Since b; < p", we have in turn

2 (54 ) -2

J
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m
— | Z b 1
—2 [—;THJ} :;)—n-(zlbo—bl+21b1'—b2+...+zlbm—bm+l):

= »;1—1—[(21 —1)(bo + b1 + . 4 byn) + by — by y1].

It is easy to see that z]**! = —1 (mod p") and thus bm41 = p" —b. This implies
that -
> |5 -
3=0 pn

1
I—);[(zl —1)(bo+ by + - +bm) +2b—p"] =1 (mod 2).

Note that the sum is independent on the choice of i, therefore
)15 =
Z —l+|=|]=1 (mod 2),
2€Ty ( [ p" p"’

From now on we will denote { = cos 2% 4 jsin 2,
Let L=Q(¢+(¢ 1), KCL,[K:Q]=1L.
Given a € (Z/p"Z)*, let v, be a cyclotomic unit of the field L defined by

forallieI. O

o . sin 2%
T =14CHCTHCH TP T T = —2 foraodd  (4)

p“
1, 2 2 s, g SinZE
Yo=C+C "+ +CT 4+ +C2+C 2=W,foraeven (5)
on

Denote by ef,i), i € I, that conjugate of unit €, = Np/k(7a) for which

) sin 95;{1
el = H —+—, for a odd
mn =+
2€T; S p"
1 2azT
G _ sin 2227 ‘
e = ——, for a even.
2€T: sin P

The behavior of the function sin z implies that the sign of ef,i) is (—1)9(ad),
We have proved following propositions:

Proposition 4. Let a € (Z/p"Z)*. Then a € G if and only if the unit €, is totally
positive or totally negative.

Proposition 5. G = (Z/p"Z)*if and only if for all a € (Z/p"Z)* the units e are
totally positive or totally negative.
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Theorem 3. Let a € (Z/p"Z)*. Then e, = +1 if and only if a € Hy. Moreover, if
a € Hy then e, = (E)

P

Proof. Let ! be the cyclotomic unit of the field Q(¢) defined by

— (e
__C'

1
Ya=14¢+C+ (T = 5

Let v, be the cyclotomic unit of the field L defined by equalities (4),(5).
An easy calculation shows that

Naqoy/x (1) = Niyi(7a)*.
Hence Eq = ‘_+‘_1 if and only if NQ(C)/K(’Y(’;) =1.

1-¢°
Nawy/x(3= ¢ ) =1,

if and only if
Nq(¢y/x(1=C) = Nq(o/x(1=¢7).

Denote by ¢ the automorphism of the field Q(¢) for which o(¢) = ¢®

Nqoy/r(l =€) = Nqoy/x (1 =¢*),

if and only if
Nq(e)/x (1 =€) = aNq(gy/x (1 =),

NQ(()/Q(I — () = p implies NQ(()/K(l -¢) ¢Q.

Since the extension K/Q is of prime degree, the field K has only trivial subfields.
Hence Nq(¢)/k (1 — €) is primitive element of the field K.

On the other hand o Nq(¢) k(1 = ¢) = Nq(¢)/x(1 = ¢)-
This implies that the automorphism o fixes all elemeuts of the field K. Therefore

a € Ho.
It remains to prove that if a € Hp, then €, = (‘5‘) Since v, = a (mod 1 - ()

then Np/k(7.) = a*3® (mod 1-¢). However o = (%) (mod p) and the proof
is finished. 0O

Now we shall prove Theorem 1. Because G = Hy by Proposition 4 and Theorem
3 the unit ¢, is totally positive or totally negative if and only if a € Hp. In all cases
2
take T; = {z]z € H;,z < %—} Clearly a € Ho if and only if a®~! =1 (mod p?).
(i) Because 2 + p? is odd we have

= (222 ()= 5 - e

ZE€H; z€EH;

2
2< B z<%2—
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(ii) In this case we have

4z 2z
Z ({;5] + [F}) = Z 1 (mod 2).
2€H; 2€EH;

2<Be B2 o<l
An analogous procedure gives the proof in the remaining cases. Theorem 3 yields

3 5

that the corresponding sums correspond with the Legendre symbol (%), (;) , (5),
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