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Abstract

A calibration problem can be described by a regression model with
constraints on parameters. These constraints are nonlinear and thus the
linearization procedures has been used. The problem is to find the con-
ditions under which the linearization does not affect the unbiasedness of
the estimation significantly.

Key words: Regression model with constraints, linearization, bias,
measures of nonlinearity.

1991 Mathematics Subject Classification: 62J05, 62F99

Introduction

One of the calibration problems is to determine the values of the parameters 3,
and f; from the measured values yuy,...,u, and vy, ..., v,, when simultaneously
the relation v; = 1 + Bapi, i = 1,...,n, is assumed.
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Grant Agency of Czech Republic
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74 Lubomir KUBACEK, Ludmila KUBACKOVA

Under stochastically independent measurements of the values p and v, the
model of measurement is

(-G @ (28

Here E(%) is the mean value of the observation vector (%), Var () is the
covariance matrix of this vector, 07 and o2 are dispersions in the measurement
of the values p and v, respectively, I is the n x n identity matrix. The unknown
parameters occur in the constraints

18+ pp—v =0, 2)

only (here 1 = (1,...,1) € R"). The constraints (2) are nonlinear; their
linearization in approximate values pg, o, 1,0 and B2 can be written in the
form

1B1,0 + BoB2,0 — Vo + (B2,0L, —1) (gg) + (1, 10) (ggl) =0 )

The neglected quadratic term is dudfB2; here dp = p — py, v = v — vy,
081 = B1 — Pro and §B2 = By — B2p.

The problem is to determine boundaries of the region where the changes of
683> and du cannot cause a significant bias in estimators of the parameters (3,
and B3». It will be shown that the relation between o; and o, is decisive.

1 Notation and auxiliary statements
The notation

Hy = (B0l -0, Ho=(Luo) 5w(000%) = b6,
will be used in the following.

Lemma 1.1 In the model (1) with the linearized constraints (3) the best linear
unbiased estimators (BLUE) of the parameters dpu,6v,3, and 6/3, are given by
the relations
01B20
‘712&3,0 + 03
2

03
A 7 og welY = PaoX — ),

531 _ Bi0 n, 1'pu ! ( 1')
<6l§2) - (/32,0) " (#61, ubu?)) uy ) Y = B0 (X — o))

Here
n ].Ill,o -1 ll
M =1I-(1, !
1,p0 ( uO)(MIOI) ”6”0) <“6>

6[1, = x —_ “0 + Ml,uo[Y - 182,0(X - “"0)]7

5I>=Y—Vo—
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The variances and cross-covariance matrices of the estimators are
292
aip
~ 2 1720
Var(opp) = o{ | I - —5——M
1 222 2 Lo | >
01ﬂ2,0 + 03
2 2
0103820

cov(6fr,60) = ———"—5M, ,,,
(0p ) U%,Bg,o +U% L,po

. (4B . o1 !
o0 (81)) - et (5, 22)
o3

60) =03 [I1- 552—M
Var(é0) 02( o2B2y + 0] 1,uo>,

~ 631 2 n, 11’-"’0 !
cov (61/, ((55‘2)) = —05(1, 1) uhl, e ,

551 292 2 n, 1'p, )_1
Var(&ﬁz) = B0 o) g1, oy )

Proof see in [1]. O

23, 2 . .
Remark 1.2 The coefficients ;g%‘sz"g and ——=22—, which occur in the
1P2,0T92 01B3,0t03

estimators 62 and 62 show that the task of the estimation of the parameters
B1 and B2 can be formulated as follows. To determine 8; and 3, in such a way
that the sum of squared distances of the points (X;,Y;), i = 1,...,n, from the
resulting position of the line y = 1 + Bax be minimized; the distances are given

in the Mahalanobis norm ” ) = ,/% + ¥ It means that the function

(Y; = B1 — B2X;)?
BT o]

®(B1,82) = Z

i=1
must be minimized.
Lemma 1.3 Let& = X;— X, ni=Y;-Y,i=1,...,n, where X = L " X,
V=157 Vi Let

n b

(Y = B1 — B2X;)?
P b)) = -
(51;/82) 1:21 0fﬂ§+03

and B, and Bg minimize the function ®(-,--). Then Bl =Y - Bgf and

n

§ : 242
S w—n - \ g fi — 0 )+
20_1 Z;l—-l fﬂh i:1( 2 1771

n 2 n 2
+ [Z(a%&? —a%nf)] +4o}03 (Zémi)
J

i=1 i=1

By = =




76 Lubomir KUBACEK, Ludmila KUBACKOVA

Proof It holds

8% (B1,B2) " 2(Yi - B~ B Xi) _
B l ; Bz + 02

=>,Bl’—“~}— HX’

A Y; — 3. X, — (Y - X ;)2
:>¢(B)_Z[ 522A9( 251 B2 X)) Z(’I Bati) '
i—1 oiB5 + 03 i1 ﬂ2 +03
To finish the proof it is sufficient to solve the equation d¢(/32) / de =0. m]

Remark 1.4 If the procedure for the estimators Bl and Bg from Lemma i.1
(with some iterations) is used, we obtain the values from Lemma 1.3. Even
Lemma 1.3 is suitable from the numerical viewpoint, it is not suitable for an
investigation of statistical properties because of the nonlinearity. Therefore in
the following we will start from Lemma 1.1. In addiiion it is to be said that
Lemma 1.3 cannot be used in the case of a nonlinear calibration curve, however
Lemma 1.1 is a good basis for any form of a calibration curve. It is sufficient to
change properly the linearized constraints.

2 Nonlinearity of the model and linearization
regions

Lemma 2.1 The bias of the estimator (gl> from Lemma 1.1 is
2

B\ _ (B _ (b)) _ n, 1p, —]< )
([32) <52>_(b2)—<H617#6#0) o Sudps.

Proof is obvious. O

In the following the symbol K4 means the matrix with the properties
A, K4 =0, Ky is of the type n x [n — r(A)] and r(Ka) (the rank of the
matrix K4) = n — r(A). Obvicusly Ker(A) = {u: Au = 0} = M(K,) (here
M(-) denotes the column space of the proper matrix).

Lemma 2.2 Let H = (H;,H>); then

I7 la —Ho

Kl ﬂ?,OIy Mo 1
KH = e S et tnceenas
K, 0', —fB20, 1
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Proof Obviously HKy = 0. With respect to our assumption r(H;, Hs) = n,
r(H2) = 2. Since Kp is the matrix of type (2n + 2) x (n + 2) and its rank is
r(Ky) = n + 2, the assertion is proved. a

Lemma 2.3 Model (1) with the constraints (2) is, with the exception of the
terms of the higer order than two, equivalent to the model

X 1
E(Y) =K1K—T§W(KHK.), (4)
where

B2l
T -1
(U>=(HhHﬂ—= ........................ (A +B30)I+ Py )™ty
! -1 !
(ot ) (o)
mol, poto Ko
Tromur) = — (P20 114 g2 )1+ P, 1111 01
- 2“)( H"‘")*_ -1 [( +182,0) + 1vﬂ0] (3 7““0)”( ] ’ﬂ'Z,O)K"
Proof The constraint
4 1) 1
() 1 (G0 ) + getou08:,08) =0

enables us to determine the parameters du, v, 63, and 63> in the form

op
o =(Kﬁn+lﬂ@
0 K, 2 ’
0B

where T is a vector of the quadratic forms of the vector k. Since

(HI’HZ)T +w=0,

= (%)

and simultaneously the vectors du,dv, 631,082 in w can be substituted by the
vector Kgyk. In our case

we obtain

1
5‘*’(‘5#»5'/7 8B1,0B2) = 6pdp,

and thus
op = (Iv 1, _II'O)K" 0By = (0’1 1, ﬁ2,0)""‘-
The form of the matrices T and U can be verified directly from the relation

(HhHﬂ(E)zL O
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Remark 2.4 Nonlinear models of the form (4) are investigated in [2]. Further
investigation is restricted to the determination of the linearization region with
respect to the bias of the estimators 8y and fs.

Remark 2.5 Let n x n matrix A be symmetric and positive definite and B be
an arbitrary n x k matrix. Obviously™

{x:x¥'Ax <’} N M(B) = {By : y'B'ABy < ¢*}.

If it is necessary to determine the boundaries of the set on the right hand side
and simultaneously the boundaries of the set {x : x’Ax < ¢?} can be determined
in an easier way, then the easier way will be chosen. If some condition is
satisfied on the set {x : x’Ax < ¢?}, then it is obviously satisfied on the set
{By : y'B’ABy < ¢?} as well. This simple fact will be utilized in the following.

Lemma 2.6 Let a € R™ and the quadratic form be given by the relation

1 )
a'xy = (x',y) (l(:x” 20a> (;) =c’, x€R" yeR.
2 b

Then the matriz

>
Il
VN
-
p O
N[
Cy
N——

has nonzero eigenvalues equal to
va'a/2,—Va'a/2
and the corresponding eigenvectors are

(446). b g (5%).

1
h=7 1 VAN

V2
Proof
!

0, %a 170 — nyn—1 [ _ 2 aa
det[(,_l,a’,O>_/\(0',1)J_(~1)/\ (/\4‘7 .

By the solution of the equation
!
(=1)mAn-1 (—A2 + ?) =0
and by the verification of the equalities

Af; = \fi, i=1,2

the assertion is proved.
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Theorem 2.7 If

) 261‘/02&%‘ + 02
Sp'dp + 663 < 261\/1'M,,, 1 (: : (j 2 ,
\/ Var(B1)

then IE(BI) — G| <ey.

Proof With respect to Lemma 2.1 we have

) 1, ()
b, = 2 Ho Sudp:
: {(u&l, wono )\ ) °* P

= ([n ~ Vo(momo) o] ™ =[n = 1o (opo) ™ o] ™1 o (op0) ™)
!
x (; ) 5pdBs = (1'M,, 1)~ 1M, 6465
(0]
Regarding Lemma 2.6

(1'M,,,1)"'1'M,, 0puéBs =

— ' . 0, %MMOI(IIM#OI)—I 6”
= (o', 682) <%(1/M”01)—11IMI_‘07 0 5

and the nonzero eigenvalues of this quadratic form are

A = { 3V (1M 1) 71 1M M, 1(1' M, 1)
a =
-5V (1M, 1)~ 11'M, M, 1(1'M,, 1) !

3vV(A'M,, 1),
WU

m

The set of those vectors (; 2) for which |b;| < €1, is hyperbolic cylinder

6w s ) ()] <0 ®)

where A\, = 1/(2\/1'M_,,1) and f; and f, are eigenvectors corresponding with
A1 and A2 = — Ay, respectively.
Thus if

(6, 882) (ffi) < 2e1y/1'M,, 1,
then (5) is valid and |b;| < ;. a
Remark 2.8 Since 1'M,,,1 = nsin®¢, where ¢ is an angle between the vectors

1 and p,, it is desirable to have the vector p, as orthogonal to the vector 1 as
possible, i.e. 1'u, should be as near to zero as possible.
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Theorem 2.9 If

. 2e9,/03B3 o + 03
Sp'Sp + 6835 < 2ea/peMupg (= = ,
y/ Var(52)

where M, = 1, , — %1'1, then

|ba| = |E(B2) = B2 < e2.
Proof Analogously as in Theorem 2.7
n, 1'pg\ " ( 1/ ) _

by = j 0 SpudBs = (upM Yl M, 6ud 5.

2 {(ual’ l"(l’)“0> }2. “6 ©o B2 (“0 nl"O) HolVipop B2
Now Lemma 2.6 is used and the proof is finished in the same way as in Theorem
2.7. )
Remark 2.10 Since

n
oMty = Z(ﬂo,i ~o)?,

i=1
where i, = % Z?:l 0,3, it is desirable to spread the values po,1,- . ., fo,n On the
as large interval as possible.

Example 2.11 Let the values p; € {1,2,3,4,5,6,7} be measured with the ac-
curacy characterized by the standard deviation o; = 0.1 and the corresponding
values v with the same accuracy, i.e. 0o = 017 = 0.1. The approximate value of
B2 is B2,0 = 1.

The linearization region for #; (Theorem 2.7) is

{2 o 52 < 23000
2

and for B2 (Theorem 2.9)

{( ou ) o'+ 583 < 10583, }
032

Ife; = 1/ Var(4) and e, = 2V, Var(Bs), then 2.366¢; = 10.582¢5 = 0.071;

\/ Var(81) = 0.120, 1/ Var(B2) = 0.026. The uncertainty in éu is thus decisive.
The a priori confidence region for p is

{p:(p-X)(p—-X)<oix3(0,1-a)};

if o, = 0.1 and 1—a = 0.95, then 07 x2(0;0.95) = 0.1407. Thus the linearization
is not admissible, since 0.1407 > 0.071.
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If 5y = 0.01, then 02x2(0;0.95) = 0.00147 and the requirements on the

linearization are satisfied very well; 2.3661/ Var(3:)/4 = 10.583y/ Var(f32)/4 =
0.0071 > 0.00147. For o; = 03 = 0.048 the equality

02x2(0;0.95) = 2.3661/ Var($:)/4 = 10.5831/ Var(B,) /4
holds. (Cf. further Theorem 2.15 and Example 2.16).

Remark 2.12 The bias in estimators of parameters is expressed usually in the
e-multiple of the standard deviation. Since

" 02B2  + o2 o2B2 + o2
/Var(ﬁl) _ B30+ 03 _ B30 2
M, 1

n—1po(shpe) "yl

the linearization region (in our case it is a bail) must have the radius

R =[2e\/0}B3 4 + 03
in order to be valid
Sp'Sp +6P3 < 26/03By+05 = |bi| < ey Var(B).

Analogously for the parameter 3,

o' op + 083 < 2e/03B3o+03 = |ba| < e/ Var(Ba).

The linearization region for both parameters is the same; it is a certain
advantage.

In general the linearization region must cover the confidence region for the
parameters éu and 3 significantly. In the case that the inequalities |b;| <

ey/ Var(ﬁi), i = 1,2, are required, it must hold

s\ . om—oi o \17" / dpu—di .
{(5[32) ' (5ﬂ2—532) [Var<5ﬁz)] <(5ﬂ2-5[§2> S x,2.+1(0,1—a)}
C {((?;;‘2) L op' S + 65 < 26,/0%[3.'3"0—#03}

for a sufficiently small a.

Lemma 2.13 It holds

2
[ ( (m )} T [ B ZEM,, ZeMap,
Var ~ = 1 2 2
0p2 —é'“ﬂ'é)Mna ;%”é)MnIJ'O
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Proof With respect to Lemma 1.1

4,32
01820

Var ( 6(1. ) — ( Ufl - WMLM(H “U%:B2,0Mn”0(“:)Mnﬂ'0)_l ) )
082 — (oM pg) oM, B2 008, (U%ﬂg,o + 03) (oMnpo) !
Now the Rohde formula in the form ~
A, B\ (A -BC B!, —(A-BC™'B')"!BC!
B,C)  \-C'B'(A-BC B!, (C-B'AIB)!
will be used; here
A -BC !B =
Ufﬁg,o 01153,0

2
= 0] - ———2— —
1 222 2 1,10
oiB30 + 03

- A0 9 IM -1 ’M .
0fﬂ§’0+a§M"u0(uo nko)” oM,

In the next step the equality
M o + Mg (1M ptg) ' gMny = M,

must be proved.
With respect to definition

o) (%)
M, , =I-1, : 0
Loao o) (uﬁl, Bkt 1o
— T (1, ) (% + 71 1o (oMnpte) " po1%, ~%1’Mo(u6Mnuo)") ( v ) :
P —(uoMapg) "t upll, (BoMpprg) ™! o
Further

Ml,uo + Mn”o(l‘sMnuo)_lu:)Mn =
1

1 1 1 _
= T— —11" = — 11 (oMnpo) ' o 11" + ~ 1141 (1 Mntto) ™ o
_ 1 _ -
+ Ho(1oMnto) ™ 1y ~11" = ao(1gMnbto) ™" 1y + Mubto (o Mnpto) ™ oM
= My — Mapto(oMnpg) ™ #oMn + My ptg (1M ptg) ™' oMy = M.
Thus we obtain
9183, ola? oiB3e 1,

A -BC™'B' =¢%1 - M, = I+ ~11
Y oiB3o 03 T 0iBio+o03 0Bl +oin

and

(A-BC™'B)"! =

2,2 2 4,2 2 52 2
01B20+03 01830 11/ 0iB2,0t03

232 2
_ 0'1[32,04'0'2 0ol  0iB3,to; n oZo?
oio? 14 1 o120 o3B30+  02B20 1
Vn \[oIB otod 019 \[olBioto] VR
242 2 242 2
01B30+03  0iB3011" 1 B30
= 53 1- 55— = —5l+— M.
a2 o202 n o 2
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The further steps of the proof are simple and therefore they are omitted. O

Lemma 2.14 The eigenvalues of the matriz
N - B3
Var Of 1 = TI + OM"’ %2”9 ntho (6)
4 - /72 0 M M
2 3 Itg ns ;gl»to nlg

are

1 1 52 0

poR i i

o3 o3 02
and

1

BZ
e (3] +

B B
+ \/[Elfuéan'o - (a_llf + 0220)] + 4—%{2ﬂlol\dnl‘0}
A2 = <

B
ubMapo + (2 + %)) -

B2 B
st (3 + 5]+ B i

Let % < &QA:Q—EQ Then the smallest eigenvalue is greater than 5.
1 2 =71

Proof Let
bo = Mupg/v/ BoMnpig,

and By be a matrix of the type n x (n — 2) such that M(bg,Bg) = M(M,,),
byBo = 0, B{By = I,_5,-2. Then obviously M,, = bobj + B¢B;, and the
matrix (bg, Bg, 1/4/n) is orthogonal.

1 . .
The vector ( /(;/ﬁ) is an eigenvector of the matrix (6) with the eigenvalue
equal to 2.
1 B
The columns of the matrix ( 0?) are also eigenvectors of the matrix (6)

with the common eigenvalue equal to —5 + o, °.
The matrix

B3 N

H1+ 20M,, 22 M B+ (B +
- 1 7y
B”ﬂoMm ;g‘l‘oMnllo o',

2
%2) BBy, 0)
0

(2 + %) bobp, 20 \/ipMEagby
3
A;; >z V koM, poby, ;g-uanp,O
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can be expressed as
M + Ao fef),

where \; and X, are the last two not yet determined eigenvalues.
Obviously the vectors f;, i = 1,2 must be of the form \/ﬁﬁ( ‘;o) and the

equality

2
(3 v o) o g N ) (1) ()
y vy /)

EHMaboby, Mg

must be satisfied.

The last equality contains two unknowns, i.e. A and y. The quadratic equa-
tion for A has two solutions, given in the assertion of the lemma. Here the
solution is omitted, since it is elementary.

As far as the ); is concerned it is valid

[1 1 B
A = il 720
1 {[“f“" ot <”1 o )}
1 1 B\ A
2,0 2,0
+ {;?ﬂ(l)Mnﬂo - (E + ‘g)] + 4—M0Mnﬂo
2
1 B 1 2
> 5o Mnptg + + 22 ) + 4| |5 #6Makg s+
2 i g3 g 2
— 1 ’M
- 0'% HolVing-
As far as the ), is concerned, we have for the expression under the square
root

1 1 B
[TuéMnuo - ( 2 + 20)} + 4_ﬂ_2—0 OMn Ho =
03 o3 o5

2

. 2
1 B0 1, Bio\ 1 1 B
= (E”{)Mnﬂ'o —2 | 2 gﬂoMnllo T2 )2 toa +4-;fzrqun#o

1

2 Y

-, %0 1 1 P20\ 1
Y = =2 S Mgy - 222 )
(05"0 "“O+ ol a%uo nko o2 | o}
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thus
. [ 5
1)]1 1 B3 1 B30 1
A — —uoM, — + =5 - — phM, — = —.
2 > 2 {la%NO Mot <0_f13 + 0_5 \J Ugqu Mo + 0’% 2013

Theorem 2.15 Let ;12' < E;’I\—[:[-_s'ﬁﬂ If

o1 << \/5253,0 + s\/ezﬁgﬁ + 40202, (031 — )2/ (\/ixi+1(0; 1- a)) (7)
and « s sufficiently small, then

bi] < e/ Var(B) & |ba| < e\ Var(fa).

Proof With respect to Remark 2.12 the radius R of the linearization region
is R = 2¢,/0}f33 ; + 03. The largest semiaxis of the confidence ellipsoid for the

vector (;5) is smaller than v201,/x2,,(0;1 — a).
2

If
ﬁo,/xiH(O,l——a) << (\[2ey/0iB5, + 03, (8)
then with respect to Remark 2.12 |b;| < ey/ Var(8:) and |by| < gy/ Var(Bs).

However (7) and (8) are equivalent, what can be proved easily. a

Example 2.16 (continuation of Example 2.11) The values of A\; and A, for
data from Example 2.11 are A\; = 2903.567 and A\ = 96.433 > i?' = 50.

The following two tables enables us to imagine the proper relations between
o1 and o2 in order to make the linearization possible.

Table 2.1
x2(0;0.95) = 15.5, € = 0.25, Boo =1

oy {0.01/0.02{0.03]0.04{0.05]| 0.1 | 0.2 1
o1 <[0.018{0.022(0.025{0.028]0.031|0.042{0.058/0.128

Table 2.2
X3(0;0.95) = 15.5, € = 0.25, By = 2

o2 {0.0110.02{0.03({0.04{0.05] 0.1 | 0.2 1
01 <{0.031]0.034]0.035{0.037/0.038{0.047{0.062{0.129
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