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Abstract
New boundary value problems for the functional differential equa-
tion z" = f(t,z,2', z¢,7;) are considered. By the Leray-Schauder de-

gree method, existence results are proved under assumption that f is the
Carathéodory operator.
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1 Introduction

Let C, (r > 0) be the Banach space of C%-functions on [~r,0] with the norm
llz]l« = max{|z(t)| : t € [-r,0]}. For any continuous function z : [-r,1] - R
and each t € [0,1] =: J denote by z; the element of C; defined by

zi(s) = x(t+s) for s € [-r,0].

Let X be the Banach space of C%functions on J with the norm ||zl =
max{|z(t)| : t € J} and Lg(J) (k € N) be the Banach space of measurable
functions z : J — R such that

lelle = | [ e ‘“r < co.
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150 Svatoslav STANEK

For each interval I C J denote by Dy the set of surjective functionalsy : X -+ R
which are

() continuous, v(0) = 0, and
(4%) increasing (i.e. z,y € X, z(t) < y(t) for t € I = y(z) < v(v))

and set D} = {y: 7 € Dy, liMp00 Y(€2n) = 00 for each € € {—1, 1} and any
{zn} C X, limn_00 2 (t) = oo locally uniformly on I} (see [11] and [12] where
also some examples of functionals belonging to D; are given).

From the following Example 1 follows that Dy — Df, ;) # 0.
Example 1 Consider the functional v : X — R. defined by
1
¥(z) = z(1) + arctan z 5)
Obviously, 7(0) = 0, v(R) = R and v is continuous increasing; hence ¥ € D;.

Set z,(t) = ncos(}f) for t € J and n € N. Then limn— o0 2n(t) = 00 locally
uniformly on [0, 1) and

. . 1
e = g, i o 1)

= lim arct n( il en
= lim arcta 6ncos(z)) .

for £ € {1, 1}. Thus v & Dy ).

I

We say that f : J x R? x C, x C, — R satisfies assumption (H) if
(H): (a) f(-,z,y,0,v) is measurable on J for each (z,y, 0,¥) € R*x Cr x Cy,
(b) f(,-,-,-,-) is continuous on R? % C, x C, forae. t € J, and
(c) there exist k,,p,q,7 € L1(J) such that
1£(t, 2,y 0, 9)| < k(t)lz] + 1)yl + p(t)]lells + a@II]l« +r(E) (1)
for a.e. t € J and each (z,y,0,¢) € R x C; x C,.v

Let f satisfy assumption (H). In the paper we consider the functional dif-
ferential equation ‘ -
" = f(t,z, 2, z¢, z}) 2)

together with the functional boundary conditions
(zo,zh) € {(p+ec1,x+c2): c1,c2€R}, a(zls) =4, BE'|ls)=B  (3)
or

(z0,20) € {(p+e1,x+c2) : c1,c2 ERY, alzls) =4, pi(z(l)—z|s)=B. (4)
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Here o, x € Cy, o, €Dy, 51 € 'D[O 1y A, B € R and z|; is the restriction of
to J.

By a solution of BVP (2),(i) (¢ = 3,4) we mean a continuous function
z : [-r,1] = R having the absolutely continuous first derivative on J (i.e.
z|y € AC(J)), (zo, 25) = (¢ — ¢(0) +z(0), x — x(0) +z'(0)) and satisfying the
last two boundary conditions of (7) (see [11]).

This definition of a solution of BVP (2), (i) (¢ = 3,4) is motivated by the
papers of Hasc¢ak ([5]-[7]) where some formulations of BVPs for the n-th order
linear differential equations with delays were given. We observe that for any
solution z of BVP (2), (i) (¢ = 3,4) the functions z,,z> defined by

B o) +c1 fort e [~r0]
m(t) = { z(t) for t € (0,1],

X(t) + ¢y fort € [—r,0]
.’L‘z(t) =
z'(t) for t € (0,1]
with ¢; = —(0) + z(0), cz = —x(0) + ’(0) are continuous on [—r, 1].
Remark 1 If f(¢,z, ¥) = fi(t,z,y) is independent of g, ¢ and if we set

a(z) = z(0), B(z) (1) Bi(z) = x( ) for z € X with an 7 € (0,1), then
(2)-(4) (with A = B = 0) imply

" = fi(t, z,y), %)
2(0)=0, z'(1)=0 (6)

and .
z(0) =0, =z(1)-=z(n) =0. (M

This paper was motivated by the recently papers of Marano [8] and Gupta
[3] where sufficient conditions for the existence of BVP (7, (i) (¢ = 6, 7) where
given. In [8] the results are proved by an existence theorem for operator inclu-
sions by O. N. Ricceri and B. Ricceri [10]. In [3] it is given a simple proof of
Theorem 1 of [8] using a Leray-Schauder continuation theorem by Mawhin [9]
and the author also obtained a better analogue of Theorem 3 of [8]. The results
of [3] and [8] improve those of [2].

In this paper we generalize results of [3] and [8] especially in the following
directions:

() there are considered functional differential equations, and

(77) boundary conditions have a nonlinear functional form.

The existence theorems are proved by the Leray—Schauder degree method and
by the Borsuk theorem (see e.g. [1], [9]).
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2 Lemmas, notation

Lemma 1 Let I C J be an interval, u € X, o € Dy and ¢ € [0,1]. Let the
equality
a(z 4 u) + (¢ — Da(—z + u) = ca(u)

be satisfied for an z € X. Then there exists a £ € I such that

2(6) =0.
Proof Set v(z) = a(z+u)+ (¢~ 1)a(—z+u) — ca(u) for z € X. Then v € D;
and vy(z) = 0. If z(t) # 0 on I we obtain () # 0, a contradiction. ]

Lemma 2 Let o, 8 € Dy and A, B € R. Then the system
ala+bt) =4, Bb)=B (8)
has a unique solution (ao,bo) € R?.
Proof Define the continuous functions p : R* > R, ¢: R — R by
pla,b) = ala+b1), 9(b) = B).

Since ¢ is increasing on R and limp+e0 9(b) = oo, there exists a unique
bp € R such that ¢(b) = B. The function p(-,bg) is increasing on R and
limg— 4 00 P(@, bg) = %00, and consequently p(ag, bg) = A for a unique ag € R.
We see that (ag, bo) € R? is the unique solution of (8). ]

Lemma 3 Leta € Dy, p1 € Dfo,1) and A, B € R. Then the system
ala+bt)=A, p(b(1—-t))=2B (9)
has a unique solution (ag,bo) € R?.

Proof Since the proof is very similar to that of Lemma 2, it is omitted. m}

Let u,ve X, a,B €Dy, b1 € ’DI*O 1) X € C, and let h satisfy assumption

(H) (with f = h). To prove the main existence results we consider the auxiliary
BVPs (10), (i) (z = 11, 12) where

! = h(t,z,2', 24, 2}1), (10)

(zo,z0) € {(p+c1,x+c2) 1c1,c2 €RY,

a(z|ls+u) =a(y), Aa'|ls+v)=p(), (1)
(zo,25) € {(¢+ec1,x+c2):c1,c2 € R},

a(zly+u) =au), Bi(z(l)—zls+v)=pFi(v). (12)

Let Y be the Banach space of AC!-functions on J endowed with the norm
|lz]|la = max{||z||co, ||2'l|co, ||2”||1}. For each ¢ € [0, 1] define the operators

H,V.:YxR?5Y xR?
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by
H(z,A,B) = (A + Bt +c/0/0 h('r,a:(r),z’(r),m,,z',)dfds,
A+ a(z+u)+ (c— Da(—z + u) — ca(u),
B+ B(z' +v) + (c - 1)B(~z' +v) — cﬂ('v)) ,

Ve(z, A, B) = (A + Bt + c/t/.s k(r,z(7),'(7), z,, z.) dT ds,
0Jo
A+ a(z+u)+ (c - Da(—z + u) — ca(u),
B+ fi(2(1) -z +0) + (e~ DAr(—2(1) + 2 +0) — cB(v)),
where

£e(s) = { p(t+s) —¢(0) + z(0) fort+s € [—r,0] (%)

[
z(t+s) for t +s € (0,1],
t+s) — x(0) + z'(0) fort —r,0
2(s) = x(t +5) = x(0) +2'(0) fort+se[-r,0] (13)
z'(t + s) fort + s € (0,1].
Consider the operator equations

Hc(z,A,B) =(z,A,B), ce€l0,1] (14.)

and

Ve(z,A,B) = (z,A,B), c€[0,1]. (15;)

Remark 2 We see that z is a solution of BVP (10), (11) (resp. (10), (12)) if
(z]s, 2(0),2'(0)) is a solution of (14,) (resp. (151)). And conversely, let (z, A, B)
be a solution of (14;) (resp. (151)) and z : [-r,1] — R be given by Z(t) =
o(t) — ¢(0) + (0) for t € [~r,0] and z|; = z. Then (Z. 4, B) is a solution of
BVP (10), (11) (resp. (10),(12)). So to prove existence results for BVP (10),
(11) and BVP (10), (12) it is enough to show ones for functional equations (14;)
and (15;), respectively.

Lemma 4 Let h satisfy assumption (H) (with f = h). Let
A=kl + Nl + el + gl < 1 (16)

and set i
A= 7= [20lplslells + lallslidle) + il | + 1,

Q={(z,4,B): (¢,4,B) € Y x R, |lalls < A, |A| < A, |B| < A}
If (z, A, B) is a solution of (14.) or (15.) for a ¢ € [0,1], then (z, A, B) € Q.
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Proof Let (z, A, B) be a solution of (140) for a ¢ € [0,1]. Then the following
equalities

x(t):A+Bt+C/;/() h('r,w(T),x'(r),xT,:c'f)des, te[o,1], (17)

a(z +u)+ (c— Da(-z + u) = ca(u), (18)
B(a' +v) + (c — 1)B(—2' + v) = cB(v) (19)

hold, where z; and z; are defined by (13') and (13”), respectively. By (18), (19)

and Lemma 1, there exist some &,7 € J such that z(¢) = 0, = /(n) = 0; hence
(ct. (17))

z(1)

Il

C/:/n, h(r,2(r), & (r), 27, 2) dr ds,
Z'(t) = c/nt h(s,z(s), z'(s), z,, z") ds

for t € J. Thus (cf. (1) with f = h)

A

1201 < e(Iklllizlloo + W12l oo + lelly max{llze]. : ¢ € )
+llalls max{lizll : t € 7} +|Irll:)

(1Fll + Pl oo + (112 + gl loo

+2(lIpllllelle +lalllbxlle) +lirll, ted

since [|zell. < llzlloo + 2ll¢lls, [l2tlls < ll2’lleo + 2lIx|ls for ¢ € J. Consequently,
lzlloo < (IRl + llpll)lIzlloo + (IE]2 + lal's)]]2|oo

IA

+ 2(llpllllells + NalllixIle) + lirfly. (20)
We next have |:c(t)| = } ds‘ < ||&'||o for ¢ € J and therefore
llzllos < llz’lloo - @

which implies (cf. (20))

lIzlleo < All2"lloo + 2(]Ipll1llllx + Hlgllalixl) + [ir||2

and ||z'|lc < A. Then |jz|lc < A and since A = z(0), B = 2/(0) we obtain
|A] < A, |B| < A. Finally,

llz"lle = e fg k(s 2(s),2'(s), s, 2) | ds

Alz"lleo + 2(lpllllells + lallzlixll) + |fr[1;
A+ (A=1)(1=2) < A.

INIA

Hence (z, A, B) € Q.
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Let (z, A, B) be a solution of (15.) for a ¢ € [0, 1]. Then the equalities (17),
(18) and

Bu(@(1) — 2 +1) + (e — D)Bs(~2(1) +  +v) = cB(v) (22)

are satisfied. By (18),(22) and Lemma 1, there exist a £ € J and an ¢ € [0,1)
such that z(£) = 0, (1) — z(¢) = 0. Thus z’'(n) = 0 for an 7 € (¢, 1) and, in
the same manner as in the first part of our proof, we obtain (z, A, B) € Q. O

Lemma 5 Let h satisfy assumption (H) (with f = h). Assume k € Ly(J),
le Li(J), pe L;(J) and q € L, (J) where i, j, m € {1, 2} and

.2
AT = —|[kll2 + [+ [l + Hlallm <1
Let (z, A, B) be a solution of (14.) or (15;) for a c € [0,1]. Then
“z”00 < A17 “x'HOO < Alv ”z””l < Al’ |AI < A17 IBI < Alv (23)
where
1
Ar = — [201pllllgle + llallmlixlle) + il ] +1.

Proof By the proof of Lemma 4, A = z(0), B = z’(0) and there exist some
&,m € J such that z(§) =0, z/'(n) = 0. Hence

llzlleo < ll2’lloo < llz"ll1, Nlzll2 < ll"lloo

and

2
< - 7
lellz < =2/l

by the Wintinger inequality (see e.g. [4], Theorem 256). Using (1) (with f = h)
we get

1
el = ¢ [ Ihit,z(0) 2(0), 21,2
0

< kllallzla + 101"l eo + el lelloo + 2l )
+ llalln(l2"lloo + 2lixle) + il
< (2itella + 1l + lplls + lallo ) len
+ 2(lplslell + llalllixle) + el |
< X0l + 20lplligle +lallallells) + lirls,

and consequently |[z”]|; < A; which implies that (23) holds. o
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3 Existence theorems

Proposition 1 Let h satisfy assumption (H) (with f = h) and Q C Y X
R? be open bounded and symmetric with respect to 0 € Q. Then operator
equation (14;) and (151) has a solution in Q provided Hc(z, A, B) # (z, A, B)
and V¢ (z, A, B) # (z, A, B) on 9 for any ¢ € [0, 1], respectively.

Proof Assume (z,A,B) # 8Q for any solution (z, A, B) of the family od
equations (14.) (resp. (15.)) with ¢ € [0,1]. Set W(c,z, A, B) = H.(z, A, B)
(resp. W(c,z, A, B) = Ve(z, A, B)) for (¢,z,A,B) € [0,1] x Y x R%. Then W
is a compact operator on the closure § of Q by the Arzela—Ascoli theorem, the
Bolzano-Weierstrass theorem and the Lebesgue theorem, and W (c,z, A, B) #
(z, A, B) for any (z, A, B) € 00 and each c € [0, 1] by our assumption. Thus

D(I - W(ly R )yQ)O) = D(I - W(O) 1 ')1 Q:O)
where “D” denotes the Leray-Schauder degree (see e.g. [1]). To prove the ex-
istence of a solution for equation W(1,z, A, B) = (z, A, B) (that is (14;) resp.
(151)) we have to show that

D(I —W(0,,-,-),Q,0)#0.

Since
Ho(—z,—A,—B) =
= (—A — Bt,~A+a(—z+u) — a(z +u),—B + B(-z' +v) - B(z' + v))
= —Hy(z, A, B)
and
Vo(—z,—A,—B) =
= (—A—Bt, —A+a(—z+u)—a(a:+u),—B+ﬁ1(—x(1)+x+v)—ﬂ1(z(1)—x+v))
= —Vo(z, A, B)

for (z,A, B) € Y x R?, W(0,-,-,) is an odd operator and then
D(I-w(o0,-,-,-),2,00#0
by the Borsuk Theorem (see [1], Theorem 8.3). a

Theorem 1 Let h satisfy assumption (H) (with f = h). Then BVP (10), (i)
(z = 11, 12) has at least one solution for each u,v € X, a,f €Dy, p1 € Dfo 1
and ¢, x € C, provided ’

[Nl + 11l + el + gl < 1. (24)
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Proof Let u,v € X, a,0 € Dy, B1 € Dfo,l) and ¢,x € C, and let (24) be
satisfied. By Remark 2, it is sufficient to show that operator equations (14;)
and (151) have solutions. By Lemma 4, there exists an open bounded subset Q
of Y x R? which is symmetric with respect to 0 € € such that (z, A; B) ¢ 0X for
any solution (z, A, B) of the family of equations (14.) and (15.) with ¢ € [0, 1].
The conclusion of Theorem 1 follows immediately from Proposition 1. ]

Using Proposition 1 and Lemma 5 we can prove the following theorem.

Theorem 2 Let h satisfy assumption (H) (with f = h). Assume k € Ly(J),
le Li(J), pe Lj(J) and g € L, (J) where i,j,m € {1,2}. Then BVP (10), (i)
(¢ = 11, 12) has at least one solution for each u,v € X, a,B € Dy, B € Dfo,l)
and ¢, x € C, provided

2 0kl -+ 10 + il =+ llglhn < 1 (25)

The main existence results for BVP (2), (i) (¢ = 3, 4) are given in the follow-
ing two theorems.

Theorem 3 Let f satisfy assumption (H). Assume that (24) is satisfied. Then
BVP (2), (i) (¢ = 3,4) has at least one solution for each o, € Dy, 1 € Dfo,l)’
o, x € Cr and A,B € R.

Proof Fixa,f €Dy, p € Dﬁm): »,x € Cr and A, B € R. By Lemma 2 (resp.
Lemma 3) there exist (unique) ag, bg € R such that a(ag + bot) = A, B(bo) = B
(resp. a(ao + bot) = A, B(bo(1 — t)) = B). Set

h(t:m;y,é’ﬂ/)):f(t;l'+ao+b0t,y+bo,g+wz,¢’+bo)
for (t,z,y,0,%) € J x R? x C, x C, where
ao fort +s € [-r,0]
wi(s) =
ag +bo(t+s) fort+se(0,1].

We see that z is a solution of BVP (10), (11) with u = ag + bt and v = b if
and only if £ + ap + bot is a solution of BVP (2), (3), and z is a solution of BVP
(10), (12) with u = ag + bot and v = bo(1 — ¢) if and only if z + ag + bt is a
solution of BVP (2), (4). Since (cf. (1))

|h(t, z,y, 0, )| = k(t)|z+ao+bot|+1(t)[y+bo|+p(t)| e+well«+q ()| +boll« +7(2)
< k@)l + 1)yl + p@)llells + g%l +r1(2)
for (¢t,z,y,0,9) € J x R? x C, x C,, where
r1(t) = (k(t) + p(t))(laol + [bol) + (1(t) + q(t))lbo| + r(2),

there exists a solution of BVP (10), (i) (¢ = 11, 12) by Theorem 1. This com-
pletes the proof. o
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Theorem 4 Let f satisfy assumption (H). Assume k € Ly(J), I € L;i(J),
p € L;(J) and ¢ € Lyy(J) where i,j,m € {1,2} and (25) is satisfied. Then
BVP (2), (1) (z = 3,4) has at least one solution for each o, € Dy, 1 € Dfo,l)’
p,x €C, and A,B € R.

Proof We proceed exactly as in the proof of Theorem 3 but instead of Theo-
rem 1 we now use Theorem 2. u]

Remark 3 Note that analogously existence results as above can be shown for
the functional differential equation of the form

(1) = f(t, (), %' (1), 2(a(?)), 2" (b(2)), 7, z7)

witha:J — J, b:J — J continuous.
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