Acta Universitatis Palackianae Olomucensis. Facultas Rerum
Naturalium. Mathematica

Svatoslav Stanék

Existence theorems for almost periodic solutions of first-order differential equations

Acta Universitatis Palackianae Olomucensis. Facultas Rerum Naturalium. Mathematica, Vol. 29 (1990), No.
1, 93--105

Persistent URL: http://dml.cz/dmlcz/120247

Terms of use:

© Palacky University Olomouc, Faculty of Science, 1990

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/120247
http://project.dml.cz

ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS
FACULTAS RERUM NATURALIUM
1990 MATHEMATICA XXIX VOL. 97

Katedra matematické analyzy a numerické matematiky
piirodovédecké fakulty Univerzity Palackého v Olomouci

Vedouci katedry: Doc.RNDr.JindEich Palat, CSc.

EXISTENCE THEOREMS
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1. In this paper there are given existence criterions for
almost periodic solutions of the scalar differential equation

x = £(t,x), (1)

where f:RxI — R is an almost periodic function in the variable
t uniformly for xeI, I =<d&, ), -0<d &< oo (see e.g.[5]),
by the method of subsolutions and supersolutions of (1). There
are given applications of this criterions to concrete diffe}en-
tial equations.

2. We shall prove the following lemma, which will be used
later.

Lemma 1. Let u, v be almost periodic Cl-functions satis-

fying

<

v(t) £ u(t) ¢

un

o

"
>

for teR , (2)
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and either

[t
i

u(t) % ofE(t,ult)), v (t) 2 £(t,v(t)) for teR , (3)

or

<

u () 2 ECt,ult)), vi(t) £ o£(t,v(t)) for teR . (4)

w

If every Cauchy problem for equation (1) has (locally) the unique
solution and u(to) = v(to) for some to’ toe R, then

ult) = v(t) for t€R. (5)

Proof. Let y be the solution of (1), y(to) = u(to) (=v(t0))
for some toﬁ R. Using (3) ((4)) and a differential inequality

theorem (see e.g. [1]) we obtain u(t) % y(t) % v(t) (v(t) 2

y(t) 2 u(t)) for te (—00,t0> and v(t) 2 y(t) Z u(t) (u(t) 2
y(1) % v(t)) for t& <t ,00). Then u(t) = v(t) for te Lt ,00)
(u(t) = v(t) for te (—Oo,tc)> ) by (2) and since u-v is an almost

periodic function, the equality (5) holds.

vy

Theorem 1. Let f:RxI — R be an almost periodic function
in the variable t uniformly for xe& I. Assume that there exist
almost periodic Cl—functions u, v satisfying (2) and (3). If
é%é(t,x) exists on H:= {(t,x); teR, v(t) ¥ x ¢ u(t)}c RxI and

A

O<m ﬂ(t,x> M for (t,x)€H, (6)
X

where m, M are positive constants, then equation (1) has an

almost periodic solution in H.

Proof. If u(to) = v(to) for some ty, to€ R, then u = v (:=y)
by Lemma 1 and y is an almost periodic solution in H of (1).

Assume v(t)< u(t) for te R. Let tle R be a number and let

V1 be the solution (on R) of the Cauchy problem

y - ay = £(t,u(t)) - au(t),

y(tl) = u(tl),
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with a positive constant a,(fup) ' %—i(t,x)( a. Using (3) we get
yX )€

>

(y (1) - u(t))’ 2 aly, (1) - u(t)) for teR

and thus yl(t) £ u(t) for te (—oo,tl> s yl(t> 2 u(t) for
te <tl,&g). To prove v(t)< yl(t) on R suppose yl(to) = v(to)
for some tUE R, t0< tl’ and yl(t)> v(t) for te (to,oo). Then

- > -

yl(to) EY (to) . 7

On the other hand

<

"

yi(to)~v’(to) f(to,u(to))—f(to,v(t0)>+a(v(t0)—u(to)) =

Lo Df

= (75;(t0,f)—a)(u(t0)~v(to)) s
where f e(v(to), u(to)) is an appropriate number, consequently,
yi(to)—v'(t0)< 0 contradicting (7).

Let {tnf, tné R, be an increasing sequence, lim tn = o0 and

nyoe

y be the solution of the Cauchy problem

n
y - ay = f(t,u(t)) - au(t),

y(tn) = u(tn).

Then, of course, v(t)< yn(t) < Y, (t) for teR, neN, and
yo(t) £ u(t) for te(-eo,t >, y () 2 u(t) for telt ,e0),

n€N. Thus there exists lim yn('t) = y(t) for te R and
Nyeo

A

v(t) £ y(t) £ u(t) for teR. (8)

Since u, v are bounded, the scquence {yn(t)} is locally uniformly
bounded on R and from the equalities yé(t) = f(t,u(t)) +
+ a(yn(t)-u(t)), teR, neN, it follows that {yé(t)f is locally

uniformly bounded on R, too. By the Ascoli’s theorem lim yn(t) =
N->oo

= y(t) locally uniformly on R and taking the limit for n —oco in

the equalities

t
y (1) =y, () j laly, (s)-u(s)) + 1(s,u(s))]ds,
0 teR, neEN,
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we see y is a solution in H of the equation
y - ay = f(t,u(t)) - au(t).
The solution y is bounded by (8) and since f(t,u(t))-au(t) is

an almost periodic function (see Theorem 2.7, [5]), y is also
almost periodic (see [2], p.124-126).

Putting zy:=y, then
27 (£)-£(t,2)(£)) = az) ()+£(t,ult))-au(£)-£(t,2, (1)) =

oEc, £ a2, (1))

where 1(t) lies in the interval with the end points zl(t),
u(t), thus
2 (t) £ £(t,z,(t)) for teR.

If we take the almost periodic Cl-function z, in place of u,
assumptions (2), (3) are satisfied and as above we may prove the
existence of an almost periodic function z, such that v(t) H]

$ z,(1) < z, (1) < u(t), zé(t) E £(t,z,(t)) for teR and z, is

a solution of the equation

y' - ay = £(t,z, (1)) - az; (1)

By this method we obtain a sequence {zn(t)} of almost periodic
cl-functions z such that v(t) £z (t) % z (t) € u(t) for teR

and Zo is a solution of the equation

y - ay = £(t,z (1)) - az (1)

for all n€N. The sequences {Zn(t)}, {zé(t)} are uniformly
bounded on R and therefore

lim z (t) = z(%) : (10)
nyc
locally uniformly on R. Taking the limit for n — oe in the
equalities
Zn+l

t
) = z,,,(0) f [t(s,2,(s))vaz,,, (s)-2,(s))]ds,
0

teR, neN,
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we see that z is a solution in H of (1).

If zno(to) = Zn0+l(to) for some t,€R and some n €N, then

z, =z for all n 2 ny by Lemma 1 and z is an almost periodic
sclution in H of (1).
In the opposite case Zn+l(t)< zn(t) for t€R and all neN.

Putting WOiTZo=Zo 0 then we have

"

Wa(t) - aw (1) = £(t,z, ) (£))-£(t,z, (+))-alz, ) (+)-

() = (RLee, q (er-aw (1),

where 7n(t)€ (Zn+l(t)’zn(t)) is an appropriate number. From
Mot = () = (R, )-au (1)

we obtain

t
up (8 = et lu (o) -Je'“(a- 2L, ‘7n(5))wn_l(s)dS] :
0

and since w_ is bounded on R and lim e?t - oo R

tre
W, (0) =fe'“<a- T80 1o ()w,_ (s)as
0

and thus

o0
w (t) = edt jre‘as(a- é%%(s, 7n(s))wn_l(s)ds, t€R.
t

Ha

Since a- é%{(t, 1n(t)) a-m, we have

0

w (t) & (a-me?tsup w_ . (t) [ e ¥Sus =(1- Dysup w__(t)

n t6R n-1 3’ eR n-1 f
t

consequently,
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sup w_(t) % (1- m)sup W (t)
teR " ater Nt
and
sup wn(t) S (1- g)n—l sup wl(t) for all ne N.
teRr teR

oo

Then z wn(t) is convergent uniformly on R, thus (10) holds
n=1

uniformly on R and z is an almost periodic solution in W of (1).
This completes the proof.

Example 1. Consider the Riccati equation

x = a(t)x2 + b(t)x + c(t), (11)

>

ny

where a, b, c¢c are almost periodic functions, b(t) m>0, a(t)
2 0, c(t) £ 0 for t€R, m is a positive constant. Putting v(t):

:= 0, u(t):= A, H.:= RXx<0,A>, where A = sup (- Eé—tl) (Z 0),

1 teR
then we have u (£)-f(t,u(t)) = -AZa(t) - Ab(t) - c(t) & - mA -
- c(t) €0, v(t)-f(t,v(t)) = - c(t) 2 0 for teR and é%é(t,x) =

= 2a(t)x + b(t) £ m for (t,x)€ Hy- Thus the assumptions of Theorem

are satisfied and there exists an almost periodic solution in
of (11).

I

1

Example 2. Consider the Riccati equation

x" = x2 4 q(t) (12)
where q is an almost peirodic function, q(t) & -m<0 for t€R,

m is a positive constant. Let A:= supVY -q(t), B:= inf{ -q(t).
teR teR

The functions u(t):=A, v(t):=B for t€R satisfy assumptions of
Theorem 1 and 28 ¢ -3LCt,0 = 2x £ 24 for (t,x)€H :=Rx <B,A) .

Thus there exists an almost periodic solution in Hl of (12).

Remark 1. If the equation y" = q(t)y with an almost perio-
dic coefficient g is generally (specially) disconjugate on R,
then equation (12) has exactly two (one) almost periodic solu-
tions (see [3], [4]).
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Example 3. Consider the equation

x = (kx + ;\xzn+l + g(t,x)

s (13)
where g: H:=R x Lo /‘ > — R is an almost periodic function in

the variable t uniformly for x € <«,A> (- o< d £ ﬂ < o0) and
n is a positive integer. Let A = sup

(t,x)eH
<

lg(t,)|, m 2 —Q(t x) £
2 M for (f,x)€H with constants m, M and let

A0,
A > 0 be such positive constants that/h)—m,

1 1
< (A )2n+1, A )2n+1>c 4d By, Putting u(t):= ( A_yZn+1
1

v(t)i=- (La)Zn+l

for teR, then u (1) - [ault)s ACu(e)2™!

1 1

+ g(t,u(en]= - %—'}—)2"*1 f A g(t,(%)z"*l)] $o, v -
1

- [P A gt ven] - \:—/«(-';—)2””

+ glt, - (- )7"* )] t 0 for teR and for —%V.x + Ax2n+l

+

- A+

+

+ g(t,x)] = (,14 + 5\(2n+1)x2n + Q—?(-(t,x) we have
2n
(lq, + 7\(2n+1)(%)2n+1 + M >=‘M+ A(2n+1)x2n + %%(t,xy 2

é/“ m, (t,x)€H.

By Theorem 1 there exists an almost periodic solution in H of

(13).

Theorem 2.

Let f:Rx1 — R be almost periodic function in
the variable t uniformly for x € I. Assume that there exist

almost periodic Cl—functions u, v satisfying (2) and (4). If
—?—f;(t x) exists on H, where H is defined in Theorem 1, and for
positive constants m, M the inequalities

M€ Q—E(—(t,x) S om, (t,x)eH, (14)

hold, then equation (1) has an almost periodic solution in H
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Proof. The proof is similar to that of Theorem 1 and the-
refore we are not going to all details.

Assume, without loss of generality, that v(t)< u(t) in R.
Let tle R be a number and Y1 be the solution (on R) of the
Cauchy problem

f(t,u(t)) + au(t) ,
u(tl) ,

y  + ay
y(t))

where a is a positive constant, -a< inf B4 (t,x). Then "

. < (t,x)eH ox s
(yl(t)-u(t)) 2 —a(yl(t)-u(t)), consequently,yl(t) = u(t) for

t&(-eo,t)2, vy, (1) T u(t) for t € t,e0). If y (t) = v(t,)
for some t , t > t, and yl(t)> v(t) for te (-co,to), then

yi(ty) € vitty) . (15)

On the other hand y;(t )-v'(t)) 2 £Ct ,u(t ))-£(t ,v(t)) +

+ a(u(to)—v(to)) = (é%%(to, f)+a)(u(t0)—v(to))> 0, contradicting
(15), consequently, v(t) < yl(t) on R.

Let {tn§ . tn€ R, be a decreasing sequence, lim tn = - 0O
and Yn be the solution of the Cauchy problem nye

y  + ay = £(t,u(t)) + au(t),
y(t ) = ult)

Then v(t)< yn+l(t) £ y,(t) for teRr. yn(t) Z u(t) for te(—oc,tn),
yn(t) $ u(t) for te (tn,ao) and all neN. The function z; de-
fined by zl(t);= lim yn(t) for te€ R, is an almost periodic solution

of the equation e

.

y +ay = f(t,u(t)) + au(t)

satisfying v(t) % zl(t) £ u(t), and zi(t) - f(t,zl(t)) t 0 for
t€R. If we take the function z, in place of u, then assumptions
(2) and (4) hold and there exists an almost periodic solution z,

of the equation

y + ay = f(t,zl(t)) + azl(t)
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such that v(t) ¢ z (t) 2z (t) $u(t), z (1:) - £(t,27 (t)) 2
for t€ R. By this method we obtaln a sequence {z (t)} of almost

iodi s H H t&R,
periodic functions z , v(t) ¢ 2,1 zn(t) u(t) for

zZo is a solution of the equation
y + ay = f(t,zn(t)) + azn(t)

and
lim z (1) = z(1) (16)
Ny oo

locally uniformly on R. The function z is a solution of (1).

Puttinvg \nl_'::zn—zn+1 , then

wr"(t) + awn(t) = f(t,2 _l(t)) - 1tz (t)) + awn_l(t) =
= (')f(t ‘7 (t))+a)w (t) s

where 4% _(t) lies in the interval with the end points zn_l(t),

z (1), thus

1
wn(t) - e_at[wn(O) +f as( ’Df ’7n(s))+a)wn_1(s)ds]

0
Since w_ is bounded on R and lim eat =00y (0) =
ty -0
—o0 t
= —f as< (s ’7n(s))+a)wn_l(s)ds and w_(t) = e—at/‘ as(qf(s’
0 -‘m

4ln(s))+a)wn_1(s)ds. Therefore
< m
w (1) = (1 - -a-)iLépR w1 ()

and
sup W ) £ Q- %)n-l sup w;(t) for neN.
teR teR

[

Since E wn(t) is convergent uniformly on R, (16) holds uniform-
n=1

ly on R and z is an almost periodic solution in H of (1).
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Example 4. Consider the equation
x = + ?\x)7 + g(t
M g(t,x) , an

where g(t,x) is an almost periodic function in the variable t
uniformly for x € {0,1)> . Let g(t,1) £ A, g(t,0) 2 -A for t€R,

< Ag < :
m = ’Dx(t’x> 2 M<O0 for (t,x)e Hy:=R X <0,1, with constants
AXO0, m, M. Let b, A ,VeR, V21,4 2AandA<-A-A. Putting
v:=0, u:=1, then u’ -M- A - gt,u) 2 “A-A- A%, v -
-h- A - glt,v) & -4+ A% 0and v+t D QA + o x s

g-1 o . D x

+ g(t,x)) =%y x + 75%(t,x) 2 M<O for (t,x)e Hy. By Theorem
2 there exists an almost periodic solution in H2 of (17).

Example 5. Consider Riccati equation (12) by the same

assumptions on g as in Example 2. The function u(t):=Al, v(t):=
:=B, for teR with A} = -inf{-q(t), B, = -supf-q(t) satisfy the
assumptions of Theorem 2 and 28l B %ﬁ;(t,x) = 2x ¢ ZAl for
(t,x) € H2:=R x <Bl,A1> . Thus there exists an almost periodic
solution in H, of (12).

Remark 2. From Examples 2 and 5 it follows that Riccati

equation (12) with an almost periodic function g and infg(t)< 0

has two almost periodic solution (see Remark 1). teR
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SOUHRN

VETY 0 EXISTENCI SKOROPERIODICKYCH RESENT
DIFERENCIALNICH ROVNIC 1.RADU

SVATOSLAV STANEK

V praci je dokdzdn ndsledujici vysledek: Necht u, v jsou

skoroperiodické Cl—funkce, A2 vit) & ut) §ﬂ pro teR, kde

d.,ﬂ € R. Necht f:Rx (A ,ﬂ > — R je skoroperiodicks funkce V
promé&nné t stejnomérné pro x € { £ ,ﬂ S oa

Y@ (1) - £Ct,u(1))) 20, Vv (1) - £(t,v(t))) 2 0, teR,

kde ])e{-l, l}. Jestlize Qi(t,x) existuje na mnozing H:=
1= {(t,X)j teR, v(t) * x

u(t)} a

18

m £ v%%{(t,x) £ Mopro (t,x)€H ,

kde m, M jsou kladné konstanty, pak rovnice

x = £(t,x)

méd skoroperiodické feSeni v H. Aplikace vysledku je ukdzana na
péti konkrétnich diferencidlnich rovnicich.
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PEGDME

TPEXTOYEUHASl KPAEBAfl 3ALAYA LJIf COLEPHANErO ITAPAMETPA
SYHKIWMOHAJIEHOI'O AN$$EPEHLMAJILHOI'O YPABHEHUA
2-0r0 INOPARKA C 3AIASIHEBAHVEM

C. CTAHEK

lycrs h- moxomuTexvHes mocrosmHes u X = {y; y¢c°(<_h,0))}
npocTpaEcTBO Banexe ¢ Hopuoit || y|| = 'ﬁé-h,lﬂ y(t)|.B paGore
uccreryercs ¢ynkumoHexpioe AudpfepeHnmanrHoe ypaBHeHue C
senasiHNBEHKEM

y" - alt)y = £(t,y,,A), (1)

roe q : J:= <t1,t3) — (0,00),f:Jx X x<{a,b) —»R -
HenpepHBHHe QyHkuumu. IycTs t26 (tl,tz). [IpuBeieHH yCAXOBMS
ans Gymkumk g,f kKoTopHe AOCTaTOUHH AJS TOrO, UYTOOH JJAA KX~
no# HaueapHOM’ ¢yl‘lxuuu Ye XDcx cylLecTBOB&JO ,hoe <{a,b)y TE-
Koe, uTO ypeBHeHue (1) c & = M, uUMero pemeHne y yAoBJAET-
BOpAKIME KPOEBHM YCJLOBUSAM

y(tp) = y(ty) = y(t3) = 0. (2)

Wccnenyercas Takxe npobieMe OLHOBHAUHOCTM pemeHUS Kpee-
ot seneyu (1), (2).
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