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1. In this paper there are given existence criterions for 

almost periodic solutions of the scalar differential equation 

x' = f(t,x), (1) 

where f:RxI —> R is an almost periodic function in the variable 

t uniformly for x€l, I =<<<,/!>, - oo<d< (i< ©o (see e.g. [5] ), 
by the method of subsolutions and supersolutions of (1). There 

are given applications of this criterions to concrete differen­

tial equations. 

2. We shall prove the following lemma, which will be used 

later. 

Lemma 1. Let u, v be almost periodic C -functions satis­

fying 

oC = v(t) = u(t) = fl for tcR , (2) 

- 93 



and either 

u'(t) = f(t,u(t)), v'(t) = f(t,v(t)) for t£R , (3) 

u (t) = f(t,u(t)), v (t) = f(t,v(t)) foг tєR . (4) 

If every Cauchy problem for equation (1) has (locally) the unique 

solution and u(t ) = v(t ) for some t , t 6 R, then 

u(t) = v(t) for t€ R. (5) 

Proof. Let y be the solution of (1), y(t ) = u(t ) (=v(tQ)) 

for some t € R. Using (3) ((4)) and a differential inequality 

theorem (see e.g. [l]) we obtain u(t) = y(t) = v(t) (v(t) = 

= y(t) = u(t)) for t€(-oo,t > and v(t) = y(t) = u(t) (u(t) = 

= y(t) = v(t)) for t e < t ,oo). Then u(t) = v(t) for tfi <t ,oo) 

(u (t) = v (t) for t 6. ( - oo , t > ) by (2) and since u-v is an almost 

periodic function, the equality (5) holds. 

Theorem 1. Let f:RxI —* R be an almost periodic function 

in the variable t uniformly for xel. Assume that there exist 

almost periodic C -functions u, v satisfying (2) and (3). If 

1) x 
~~~(t,x) exists on H:= {(t,x); t€R, v(t) = x = u(t)jCRXl and 

0<m = — (t,x) = M foг (t,x)ЄH, (6) 

where m, M are positive constants, then equation (1) has an 

almost periodic solution in H. 

Proof. If u(t ) = v(t ) for some t , t <£ R, then u = v (:=y) 

by Lemma 1 and y is an almost periodic solution in H of (1). 

Assume v(t)< u(t) for t€ R. Let t,€ R be a number and let 

y, be the solution (on R) of the Cauchy problem 

y' - ay = f(t,u(t)) - au(t), 

y(tx) = u(tL), 
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with a positive constant a, sup 
(t,x)€H 

Tf 
(t,x)< a. Using (3) we get 

(yx(t) - u(t))' = a( V l(t) - u(t)) for t « R 

and thus y;[(t) = u(t) for te(-co,t 1> , y,(t) = u(t) for 

te<t 1, o c>). To prove v(t)<y-_(t) on R suppose y-.(t ) = v(t ) 

for some t € R , t < t, , and y 1(t)>v(t) for t € ( t L , 00 ) . T h e п 0 0 1 1 0 

У l ( t o ) * v ( t Q ) . ( 7 ) 

On t h e o t h e r hand 

V V ~ V ' ( V = f ( t o , u ( t o ) ) - f ( t o , v ( t o ) ) + a ( v ( t o ) - u ( t Q ) ) = 

= ^ V P ^ ^ V ^ V ^ > 
where ^<£(v(t ) , u(t )) is an appropriate number, consequently, 

y j (t )-v (t ) < 0 contradicting (7). 

Let (t I, t € R, be an increasing sequence, lim t = ©o and 

y be the solution of the Cauchy problem 

y' - ay = f(t,u(t)) - au(t), 

y(tn) = u(t n). 

Then, of course, v(t)<y (t) = y -(t) for t € R , n e N , and 

yn(t) = u(t) for t€(-oo,t n> , yR(t) = u(t) for te<t n,«*>), 

n € N . Thus there exists lim yn(t) = y(t) for t&R and 
П-»oc 

v(t) = y(t) = u(t) foг teR. (0) 

Since u, v are bounded, the sequence |y (t)j is locally uniformly 

bounded on R and from the equalities y ' (t) = f(t,u(t)) + 

+ a(y (t)-u(t)), tfiR, n € N , it follows that{y n(t)j is locally 

uniformly bounded on R, too. By the Ascoli's theorem lim y_(t) = 
n-»o*> 

= y(t) locally uniformly on R and taking the limit for n —>oo in 

the equalities 

yn(t) = yn(0) + [a(yn(s)-u(s)) + f(s,u(s))]ds, 

0 t e R , n Є N, 
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we see y is a solution in H of the equation 

y' - ay = f(t,u(t)) - au(t). 

The solution y is bounded by (8) and since f(t,u(t))-au(t) is 

an almost periodic function (see Theorem 2.7, [5]), y is also 

almost periodic (see [2], p.124-126). 

Putting z,:=y, then 

z1'(t)-f(t,z1(t)) = az1(t) + f(t,u(t))-au(t)-f(t,z1(t)) = 

= (^T ( t> f i(+-))-a)(u(t)~Zl(t)) , 

where f < (t) lies in the interval with the end points z,(t), 

u(t), thus 

zx'(t) = f(tfz1(t)) for t €R. 

If we take the almost periodic C -function z, in place of u, 

assumptions (2), (3) are satisfied and as above we may prove the 

existence of an almost periodic function z? such that v(t) = 

= z2(t) = z^t) = u(t), z2(t) = f(t,z2(t)) for t€R and z2 is 

a solution of the equation 

y' - ay = f(t,Zl(t)) - az^t) . 

By this method we obtain a sequence [zR(t)| of almost periodic 

^-functions zR such that v(t) = zR+1(t) = zp(t) = u(t) for tdR 

and z , is a solution of the equation 
n + 1 

ay f(t,zn(t)) - azn(t) 

for all n€N. The sequences {zn(t)J, (zn(t)J are uniformly 

bounded on R and therefore 

lim zn(t) = z(t) 
n-»©9 

locally uniformly on R. Taking the limit for n 

equalities 

(10) 

in the 

t 

Jn+l(t) = zn+l(0) + Í [ f ( s
»

z
n

( s ) ) + a ( z
n+l

( s )
-

z
n

( s ) )
З

d s
» 

t€ R, nc N, 
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we see that z is a solution in H of (1). 

If zR (tQ) = zR +1(tn) for some t eR and some n Q€N, then 

zR = z for all n =" nQ by Lemma 1 and z is an almost periodic 

solution in H of (1). 

In the opposite case --n+1(t)< z (t) for t€R and all n€N. 

Putting wn.:=zn-zn+1, then we have 

wn(t) - awn(t) = f(t,zn_1(t))-f(t,zn(t))-a(zn_1(t)-

" zn ( t ) ) • (fx1(t'4?n(t))"a)wn-l(t) • 

where ^ n(t)€ (zn+1(t),zR(t)) is an appropriate number. From 

wn(t) - awn(t) = (^i(t, 1fn(t))-a)wn.1(t) 

we obtain 

t 

wn(t) = e
at[wn(0) - (e"

as(a- |l(s, ̂ n(s))wn-1(s)ds] , 

and since w is bounded on R and lim eat = <*° , 
t + -

wR(0) = [e-
as(a-^|(s,lfn(s))wn.1(s)ds 

"'o 
and thus 

oo 

wn(t) = e
at fe'as(a- ^i(s, )n(s))wn_1(s)ds, t_R. 

t 

Since a- -y^(t, 7n ( t ) ) = a"m' w e h a v e 

•o 

wn(t) = (a-m)e
atsup wn ,(t) \ e"asds =(1- f)sup w__ ,(t), 

n t«R n"i J a t€R n"1 

t 

consequently, 
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and 

sup wn(t) = (1- Ş)sup wn ,(t) 
tєR

 П a t€R n _ i 

sup wn(t) = (1- ^ ) n ł sup wx(t) foг all nЄN. 
tєR tє R 

Then /_ w (t) is convergent uniformly on R, thus (10) holds 

n = l
 n 

uniformly on R and z is an almost periodic solution in H of (1). 

This completes the proof. 

Example 1. Consider the Riccati equation 

2 
a(t)x

z 
b(t)x + c(t), (11) 

where a, b, c are almost periodic functions, b(t) = m>0, a(t) = 

= 0, c(t) = 0 for t€R, m is a positive constant. Putting v(t): = 

:= 0, u(t):= A, H,:= R X <0,A> , where A = sup (- ^ ~ ) (? 0), 
1 t€R m 

then we have u'(t)-f (t ,u(t)) = -A2a(t) - Ab(t) - c(t) --? - mA -

- c(t) = 0, v'(t)-f(t,v(t)) = - c(t) = 0 for t£R and -^f(t,x) = 

= 2a(t)x + b(t) = m for(t,x)€H,. Thus the assumptions of Theorem 

1 are satisfied and there exists an almost periodic solution in 

Hx of (11). 

Example 2. Consider the Riccati equation 

2 
= x + q(t) , (12) 

where q is an almost peirodic function, q(t) = -m < 0 for t€R, 

m is a positive constant . Let A:= sup \f -q(t) , B:= inf tf -q(t). 

teR tcR 

The functions u(t)_:=A, v(t):=B for t€R satisfy assumptions of 

Theorem 1 and 2B = ̂ ( t , x ) = 2x = 2A for (t ,x) € Hl: =R x <B,A> . 
Thus there exists an almost periodic solution in H, of (12). 

Remark 1. If the equation y" = q(t)y with an almost perio­

dic coefficient q is generally (specially) disconjugate on R, 

then equation (12) has exactly two (one) almost periodic solu­

tions (see [3] , [4] ). 

98 



Example 3. Consider the equation 

x' = ̂ Ax + Ax 2 n + 1 + g(t,x) , (13) 

where g: H:=R x < o( , A > —-> R is an almost periodic function in 

the variable t uniformly for x e < c( , y? > (-©->< PC *d /3 < o*») and 

n is a positive integer. Let A = sup |g(t,x)j, m = -7^-(t,x) -

(t,x)eH °x 

= M for (t,x)e H with constants m, M and let u > 0, 

^ > 0 be such positive constants that >>-m, 

J J. J. 
/ / _A_>2n+ l / A J n + l \ r /j a\ D„ + ̂ o n ..t + ^ r A N2R + 1 s. - ( - y ) j C—A~) / C <oCJ5>. P u t t i n g u ( t ) : = (—r—) , 

v ( t ) _ : = - ( - | - ) 2 n + 1 f o r t f i R , t h e n u ' ( t ) - [ ^ u ( t ) + ^ ( u ( t ) ) 2 n + 1 + 

+ g(t,u(t))]= - ^(-A-)2n^l + A + g( t f (^. )^vn: ) j < Qj v ' ( t ) _ 

- J^kv(t) + Hv ( t ) ) 2 n + 1 + g(t,v(t))]= - [ " ^ ( - y - ) ^ 7 1 " A + 

+ g ( t , - ( - ^ ) 2 n + T ) l = 0 f o r t C R and f o r - j j U x + A x 2 n + 1 + 

+ g ( t , x ) ] = A + A ( 2 n + l ) x 2 n + - | - | ( t , x ) we have 

2n 

Jx + A ( 2 n + l ) ( - ^ - ) 2 n + 1 + M «=JU+ A ( 2 n + l ) x 2 n + ^ ( t , x ) " = 

= ^ + m, ( t , x ) < £ H. 

By Theorem 1 there exists an almost periodic solution in H of 

(13). 

Theorem 2. Let f_:R xl —> R be almost periodic function in 

the variable t uniformly for xel. Assume that there exist 

almost periodic C -functions u, v satisfying (2) and (4). If 

--Jp̂ (t,x) exists on H, where H is defined in Theorem 1, and for 

positive constants m, M the inequalities 

-M = -^(t,x) = -m, (t,x)€H, (14) 

hold, then equation (1) has an almost periodic solution in H. 
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Proof. The proof is similar to that of Theorem 1 and the­

refore we are not going to all details. 

Assume, without loss of generality, that v(t)<u(t) in R. 

Let t,£R be a number and y1 be the solution (on R) of the 

Cauchy problem 

y' + ay = f(t,u(t)) + au(t) , 

y(t1) = u(tx) , 

O f 
where a is a positive constant, -a<inf ------ (t,x). Then v 

, (t,x)€H ^ X 

(y1(t)-u(t)) = -a(y1(t)-u(t)), consequently,y1(t) = u(t) for 
t€(-oo,t1> , yx(t) * u(t) for t€<t 1,oo). If yx(to) = v(tQ) 

for some tQ, t Q>t 1 and y-.(t)>v(t) for te(-oo,tQ), then 

yi(tQ) * v'(tQ) . (15) 

On the other hand yx(tQ)-v '(tQ) = f(to,u(tQ))-f(tQ,v(tQ)) + 

+ a(u(to)-v(tQ)) = (-̂ ~(tQ, p+a)(u(to)-v(tQ))> 0, contradicting 

(15), consequently, v(t)< y1(t) on R. 

Let ft ? , t €R, be a decreasing sequence, lim t = - ©o 

and y be the solution of the Cauchy problem 

y' + ay = f(t,u(t)) + au(t), 

y(tn) = u(tn) . 

Then v(t)< yR+1(t) = yR(t) for t€R. yR(t) = u(t) for t€(-oo,tR>, 

y (t) = u(t) for t€ <t ,oo) and all n€|\|. The function z, de­
fined by z-,(t),:= lim y (t) for t€R, is an almost periodic solution 

of the equation *°° 

y' +# ay = f(t,u(t)) + au(t) 

satisfying v(t) = z^t) = u(t), and z^(t) - f(t,z1(t)) = 0 for 

t€R. If we take the function z, in place of u, then assumptions 

(2) and (4) hold and there exists an almost periodic solution z« 

of the equation 

y' + ay = f(t,z1(t)) + az-^t) 
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such that v(t) = z?(t) = Z]L(t) = u(t), z^(t) - f(t,z?(t)) = 0 

for t€ R. By this method we obtain a sequence {z (t)} of almost 

periodic functions zR, v(t) = zR+1(t) = zR(t) = u(t) for tfiR, 

z -, is a solution of the equation 

y' + ay = f(t,zn(t)) + azR(t) 

and 

lim zR(t) = z(t) 
П+oe> 

(16) 

locally uniformly on R. The function z is a solution of (1). 

Putting
 w

n

: = z
n~

z
n+l' then 

w
n
(t) + aw

R
(t) = f(t,z

R
_

1
(t)) - f(t,z

n
(t)) + aw

n
_i(t) = 

= C^4^>^n(
t
))

 +
 a)w

n
.

1
(t) , 

'Dx
4 ł" n-ľ 

where ^n("t) lies in the interval with the end points z R - 1(t), 

zR(t), thus 

wn(t) = e"
at[wn(0) + fe

a s(-^(s,^ n(s)) + a)wn_1(s)dsj . 

0 

Since w„ is bounded on R and lim e~"at =<^, w (0) = 
n j. n 

t+ -<P 
- < * t 

= " J e a S ( - r H ( s ^ n ( s ) ) + a ) wn-l ( s ) d s and wn ( t ) = *~** f • M ( i x ( 

0 -J(D 
1fn(s))+a)wn_l(s)ds. Therefore 

s, 

wn(t) = (1 - fi)aup w n ,(t) n a
 t б R

 n-l 

and 

sup w
R
(t) = (1 - ^ )

n X
 sup w

x
(t) foг nвN 

tćR tбR 

Since / w (t) is convergent uniformly on R, (16) holds uniform-
n = l

 n 

ly on R and z is an almost periodic solution in H of (1). 
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Example 4 . Consider the equation 

= / + 

я j(t,x) , (17) 

where g(t,x) is an almost periodic function in the variable t 

uniformly for x e <0,1> . Let g(t,l) = A, g(t,0) = -A for t€R, 
s Tj^Ct.x) = M< 0 for (t,x)e H2:=R x <0,1> with constants 

A>0, m, M. Let ^A, A ,JfiR, 9 £ 1,^ -? A and fl < -A -^. Put tine 

v:=0, u:=l, then u' - ^ - % ^ - g(t,u) = -<A - % - A =" 0, v' -

~^~ Av^ - g(t,v) = - ^ + A * 0 and vA + m = --2- (̂  + £ ^ + 

+ 9(t,x)) = ̂tf xv_1 + -2_a(t,x) = M<0 for (t,x)cH2. By Theorem 

2 there exists an almost periodic solution in H2 of (17). 

Example 5. Consider Riccati equation (12) by the same 

assumptions on q as in Example 2. The function u(t):=A,, v(t):= 

:=B, for t £ R with A, = -inf /-q(t) , V>1 = -sup/-q(t) satisfy the 

assumptions of Theorem 2 and 2B, = --r£-(t,x) = 2x = 2A, for 
L V X. 1 

(t,x)€H„:=R X <B,,A,^ . Thus there exists an almost periodic 

solution in EL of (12). 
Remark 2. From Examples 2 and 5 it follows that Riccati 

equation (12) with an almost periodic function q and infq(t)<0 
11- R 

has two almost periodic solution (see Remark 1). 
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SOUHRN 

VĚTY O EXISTENCI SKOROPERIODICKÝCH ŘEŠENÍ 

DIFERENCIÁLNÍCH ROVNIC l.ŘÁDU 

SVATOSLAV STANĚK 

V práci je dokázán následující výsledek: Necht u, v jsou 

skoroperiodické C1-funkce, d = v(t) = u(t) = (i pro t<-R, kde 

.̂,/3 6 R. Necht f/.R x < tX , l3 > —> R je skoroperiodická funkce v 
proměnné t stejnoměrně pro x €<,<?(, A )> a 

V>(u'(t) - f(t,u(t))) = 0, V(v'(t) - f(t,v(t))) = 0, téR, 

kde Veí-1, l\. Jestliže ~ŤT3"("t,x) existuje na množině H: = 

:= {(t,x)_; tčR, v(t) = x = u(t)j a 

m -V-~(t,x) = M pro (t,x)£H , 

kde m, M jsou kladné konstanty, pak rovnice 

x' = f(t,x) 

má skoroperiodické řešení v H. Aplikace výsledku je ukázána na 

pěti konkrétních diferenciálních r o v n i c í c h . 
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PE3DME 

ТРЕХТОЧЕЧНАЯ КРАЕВАЯ ЗАДАЧА ДЛЯ СОДЕРЖАЩЕГО ПАРАМЕТРА 
ФУНКЦИОНАЛЬНОГО ДИФФЕРЕНЦИАЛЬНОГО УРАВНЕНИЯ 

2-ОГО ПОРЯДКА С ЗАПАЗДЫВАНИЕМ 

С. СТАНЕК 

Пусть п- положительнея постояннея и X - {у; у«С°(<-п,0>)? 

простренство Бенехе с нормой || у|| = мех ^ у(-Ь) | . В роботе 

исследуется функциональное дифференциальное уревнение с 

зепевдывением 

У" - Ц(1)у = ГС^У^,/.), (1) 

где Р : 3:= "<*-_,*3> —• (0,о*),1:3* X х<а,Ь> —у К -

непрерывные функции. Пусть т-2 в (*, ,1;,). Приведены условия 

для функций д,? которые достеточны для того, чтобы для кеж-

дой нечельной функции ^ е хпсх существовело к е <а ь> *•-
• и О ' ' 

кое, что уревнение (1) с ^ = ^9 имело решение у удовлет­

воряющие креевым условиям 
у(1:

1
) = у(*

2
) = у(*

3
> • 0. (2) 

Исследуется также проблема однозначности решения крае­

вой ведечи (1), (2). 
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