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During the investigation of dynamic systems excited by the
momentary impulsive function with great amplitude it is pos-
sible, with certain accuracy, to transpose this work to work
of investigation of this system excited by the Oirac function,
which is more simple from the point of view of a programmer.
The Dirac function is not directly generable and another equi-
valent descripticn of the investigated system is sought, where
the Dirac function does not occur.

The dynamic systems are as a rule described (characterized)
by their transfer function H(s), which one is defined as a
ratio of the Laplace images of output magnitude y(t) and input
magnitude z(t) with zero initial conditions, i.e.

m
Y(s) _ bys + bm_ls * ...+ bys b0

= - (1)
Z(s) a_s" "l as + a
o)

H(s)




where m,n are non-negative integers. Let us suppose m ¢,

4, 1, uk,hk constant. The expression (1) is the image form
of the differential equation

(n) (n-1) (m)
y rany Poeeeovoagy bmz +
(m-1) .
+ bm_lz oLk huz (2)
Certain difficulties arise if z = é(t) is the Oirac function
defined as the rectangular impulse starting in the point t - O

with width € and height % where & — 0.

It holds
o0 t
jé(t)dt - jJ(t)dt Aoty (3)
e o
where ) =0 for t< 0 (4)
Aty =1 for t 20

If we bring the function u(t) + S(t) to the input of integrator
according to the fig.l., then we get on its output

t t
v(t) - f (u(t) + §(t)dt - j s(trot - At (5)
0

o

(under the assumption that the integrator changes its sign).

t
§) @)= -fw(ﬁ)dt - @)
w @) °o
T@)
+
a® 7@ W@ dt- TE)

Fig. 1
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Integration of the function 5\L7 s o thus equivalent to placing
the inittial condition mﬁ(t) L. Tor example, 1f we have to

solve the equation
y'"o nly' Ay 5({\ (6)

with initial conditions y(0), y <0), then the unreaslizable

program diagram is in the fig.2. (The Dirac function J(t\

3 0) -q@

Fig. 2
7
g/(o)+1 -4 ()
4’ 4/1
2
fig. 2a \\'}?2”

occurs.) In the fig.2a there is realizable program diagram
diagram on the basis of the relation (5), wh.re the Dirac
function does not occur. The program diagram in the fig.Z2a

is described by the equation
yi +apyy vagy) -0 (D

with initial conditions y (0) = y(0); y;(0) = y'(0) + 1. The
Laplace image of the equation (6) has the form



s2¥(s) - sy(0) -y (0) + a;s¥(s) - a,y(0) +

+ aDY(S) =1, (8)
the Laplace image of the equation (7) has the form

52Yl(5) - sy(0) -y (0) - 1+ a sY,(s)

- aly(O) + aoYI(S) =0 ,

s2¥ () - sy(0) - y (0) + asY (s)

'
—

- aly(O) + aoYl(S)

By comparison the equation (8) with the equation (9) we get
Yl(s) = Y(s), 1i.e. y, = Y-

The equations of the type (2) are programed in the most
often way by the method of successive integration or by the
method of reducement of order of derivation with introduction
of a new variable.

I. THE METHOD OF SUCCESSIVE INTEGRATION

Let us suppose maximum value -m in the equation (2), i.e.
m = n. We arrange the equation (2) to the form

y(r!) - bnz(n> P G FS DA ly(n-l)

n-1 n-

+ blz' - aly' + bz - agy (10)

If we now integrate the whole equation term after term, we get

y(n-l) B bnz(n—l) ‘b Z(n—2) Ca y(n—2)

n-1 n-1
+ blz - aly + yl . (11)
where
¢ t hd
y, = } (boz - aDy)dt = j (boz - aoy)dt + yl(O) . (11la)
0

.
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We integrate the equation (11) again and if we again put

t
Yo * J (blz - ayy + yl)dt - f (blz Sayy ¢ yl)ut +
)

vy, (0 (11b)
we get
(n-2) _ (n-2) (n-3) (n-3)
4 P by DL -1 '
*byz - ayy vy, (12)

In the same way we will proceed further until we remove all

derivations of y, i.e. till we get the expression

no (13)

where

t
Yn © f b1z =3y * y,_)dt +y (0) . (13a)
0

In the same way we also proceed in the case m <« n, we put the

appurtenant coefficients bm equal to zero, k = 1,2,...,n-m.

+k
We can transpose the equation (2) to the system of the differ-

ential equations (see the equations (lla), (1llb), (13), (13a)).

y, = bgz - ayy (14)
Yo = byz - Ay +yy
Y3 = Byz - 3y Y,
y_ = b* - a +y

n n-1 n-1 n-1

y = bnz * Yo

with the initial conditions given by the relations (11), (12)
and (13) for t = 0, i.e.
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yl(U) . y(n—l)(o) B bnz(n‘l)(U) ~ bn_lz(n—Q)(U) .

. a (n—2)(0)

_ ( (15
n-1 blz(O) + alka) (15)

y, (0 =y "Dy — o L0y c o270

- an_ly(”_B)(U) - ... - bzz(U) + azy(O)

', (n-3) (n-3) (n-j-1) N
y (0 <y (0) - b, 7 (0) - b, 2 (0)

(n-3-1) ~ .
T a Y ) - ... ij(O) ajy(O)

yn(U) = y(0) - bnz(O)
Certain difficulties arise if z = 4(t) is the Dirac function.
lLet us suppose that the investigative physical system is in the
certain state in the point t = 0, i.e. that y (0), y"(0),...,
y{""1)(0) exist. Till arrival of the Dirac function in the time
t =0 it holds 2t — o) - 0, k = 0,1,...,n-1. We will
determine the initial values y.(0) from the relations (195),
where we put z<k)(0) = 0. )

1. At first let us consider the case m < n. The program
digram for the solution of the equation

y T+ azy" + aly' voagy = bzz" + blz' + bz (16)
with initial conditions y(0), y (0), y"(0) and with realizable
function z = & (t) is in the fig.3. The program diagram is
realized on the basis of the relations (l4), where

t

v, - j (byz - agy)dt + y,(0) (a7
)
t

Yo * y (blz - ayy ¢ yl)dt + y2(0)
0
t. -

yy = f (b2z -a,y ¢+ yz)dt + y}(U)
0

y =y
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We determine the initial values on the basis of relations
(15), where we will put /(k\(l]\ 0. tor the case z(t) (5(U
we can replot the program diagram in the fig.3%, on the basis
of the relation (5) and the fig.l to the form in accordance

with the fig.4.

Fig. 3

gdo)w‘o -q2(c) - B4 136) + Ay

4

Yo “‘4§ 4?

Fig. &

We can convince of the reality that the program diagram

in the fig.3 solves the equation (16) in the subsequent way:
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[n accordance with (14) it holds

Y 7 b7 o3y

Yo T Pyz - Ayt

, (18)
Y3 7 bas m Ay vy

y = V3 s

vy = bzz - a,y ¢+ Yo = bzz - ayy o+ blz TAY Yy

"eo_ "o " M - - - "o "
y3' = bzz ay" o+ blz aly oty b22 ay" +

+ blz Ay o+ boz - agy

In regard to the last equation in the system (18) we get

y T+ azy" + aly' vagy = bzz" + blz' + boz y
i.e. we get the equation (16) with the initial conditions

y(0) = y5(0), y'(0) = yg(0) = b,yz(0) - a,y(0) + y,(0) ,
y"(0) = y§(0) = b,z (0) - a,y (0) + y (0) = b,z (0) -
- ayy (0) + b,2(0) - a;y(0) + y,(0)
The relations definited the initial conditions y(0),
y (0) and y"(0) accord with the relations (15). We will de-

termine yl(O)‘ y2(0) and y}(O), z(k)(O) = 0 from the last re-
lations, i.e.

y(0) = y"(0) + a,y "(0) + a;y(0) (18a)
y,(0C = y (0) + a,y(0)
y3(0) =y,

After arrival of the Dirac function to input of integra-
tors in accordance with the fig.3 the initial conditions

yl(U), y2(0) and y3(0) are changed by the jump to the values
y, (0) + by ¥o(0) + by, y3(0) + b, in accordance with the fig.
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4. Ihese values accord with the relations (17), too, where
z = §(t). 1t holds

t
Vj = j ka_lz - aj_ly + yJ_l)dt + yJ(O)
0
t
= - N [s
j‘( ay yj—l)dt + hJ_1 yJ(O) , (19)
0
3 - 1,2,...,n. (We are interest%d in the values of the solution
for t 2 0, that is why we put f Sitydt - Aty = 1)
0

The program diagram in the fig.4, which one is equivalent
to the program diagram in the fig.3, is described by the system
of cquations

. Ll
y, - aty
by caly e ly
2 : ! (20)
L
Y37 2V Y2
1 !
y =y
with the initial conditions lyl(D) = yl(O) + b0 (21)

by, (0) = y,(0) + by

by;(0) = y5(0) b,

The unrealizable Dirac function does not occur in the
system (20) ror in the initial conditions.
In accordance with (20) it holds
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y N Y3
1 - ~ . 1 R 1
y 2 Y Yo
(21a)
Lo B 1 . 1 _ 1 B 1 . 1
1 - -~ a4 Tow _ a . 1 - - oa (L 1 _a 1
y 2 Y 1Y Y1 2 y 1Y oY >

i.e., we can

equation

) 1 . 1 - 1 p
y A,y vaty wagy s 0 (21b)

We will determine the initial conditions on the basis of the

relations (18a). (20), (2la) and (21), i.e.

Lyo) - ly}(0> = y5(0) + by = y(0) + b

2

Ly o) = - a,lyo) + Yy (0) = - ay(0) - asb,

Y 2 Y Y2 2Y 222
+ yZ(O) by - azy(O) - ash, v y (0) +
+ aQy(U) + b1 =y (o) - 32b2 + bl

Yyn) - - a,ly o) - aty + by o) -

= -,y (0) - ayb

209 + bl) - al(y(U) + DZ) +

+y(0) + by = - aZ(y'(0> - ayb, v b)) -

- al(y(0> + b2) + y"(0) + azyl(O) + aly(O) B
2 "
asb, - ayb) - oAb, +y (0)

We can convince of equivalence of the program diagrams in

the fig.3 and 4, for example by the assistance of the Laplace
images of the solution y in accordance with the program

diagram in the fig.3 and the solution 1
program diagram in the fig.4. The Laplace image of the system

(18), which one describes the program diagram in the fig.3,
has the form (z = S(t), y = y})

y in accordance with
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o s - {0) -
JYIK‘,, Yy 0) h( 1Y

) A
Y. (8) - y.(0) - - (5 (5 2’
_,\2&5, y,Z\(] hl 11\5\‘\ \1“ (22)
5Y3k5> - vjxﬂ) b, - JZYS\S‘ ' Y2(5>

Gimilarly the Laplace itmage of the system (20), which one

describes the program disoram in the fig.4, has the form

1 Lo I I

s YI(S) - yl\U) - ag \5\,)
1 1 ol : 1

s Yz(s) - YZ(U) -y Ys(s) l Y1<S) (23)
1 1 S N 1

s Y5(s) - yE(U) s -ay Yyls) s YZ(S)

After substitution for the initial values in accordance with

(21) we get
Ly (s) -y () —b_ = - a lv.(s)
S e Y1 o o T3
Ly (s) = y,(0) = b, = - a tv.(s) + Ly (s) (24)
) Y2 1 1 '3t 1
Ly (5) = ya(0) - b, = - a by (s) « Yy (s)
S 345 Y3 2 2 '3 2

Because the systems (22) and (23) are identical except the
notation of variables Y, 1t holds lY(s) = Y(s) and that is why
y = ly, too, and the program diagram in the fig.4 is equivalent
with the program diagram in the fig.3. We get the Laplace image
Yj(s) of function Y3 be proceeded substitution from the system

(272):

. y}(O) b, a2Y3(s) YZ(S) i y3(0) b,
¥5(s) = s s 7 ) TS ) 5 s T
(
82Y3(5> . y2\0) . El i alYB(S) X Yl(s) i
N s 2 2 2 2 -
s s s s
y(0) b, 32Y3(5) y,(0) by a)Y5(s)
= b o—_— - Ty —— + —= -
- 2 2 2
s s s s s s
. y,(0) . EQ i GOY}(S)
s° s s’



a a a y-(0) b y,(0) b
Y}(S>(I+-—2-+—é+—(}))- 3 +——2+ 22 +—%*
s s s s s s s
y,(0) b,
+ 3 +~3—
s s
y}(U) . EZ . yz(O) . Ei . yl(O) . EQ
s s s2 52 5° 52
Y}(s) = 5 p 5 -
1 +——+v——l-+—Q
2 3
s s s
2 2
s y}(O) + 5Tb, + SyZ(U) +sby o« yl<0) + by
- (25)
s> + sla, + sa, + a
2 1 o]

We get the same relation for le(s).

2. The case m = n. The unrealizable (z = d (t)) program

diagram for solving of the system (14) is in the fig.5. Let us

IS

-(-1)34(‘,) - —4)”3_;(0)

A.

Fig. 5

suppose that the Dirac impulse in the time t = 0 multiplied

by the coefficient bn will pass from output of adder through
the coefficients a. to inputs of belonged integrators, where
according to the (5) the next initial condition - (-1)n°jajbn
will affect. The program diagram in the fig.5 may than be re-
plotted to the form according to the fig.6. The program diagram
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in the fig.5 is described by the system of differential equati-
ons (14). If we put z = St) supposing t Z 0, where 4ﬂ(t) =1,
then the program diagram is described by the system of equations:

.
«

(_1)”yl - j (-l)naoydt + (—l)n<b0 + Y1(0)> (26)
0
t
Dl - j [0 ayy « DM Tat
. ?_1)” Lo, vy, (o))
1" Y2
t
ﬂ—j _ ﬂ~j + - H~j+1 +
(-1) Vi 7 f (-» 3y (-1) Yj]dt
0
+ -1 n-j .+ R
’ (-1) (bJ yJ+l(O)
t
T Yn 7T § (o yy yn—I]dt S BRI PR
0
y = oy, t bng(t)

After inserting the value for y according to the last equation

of the system (26) we get
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n n n n
DMy - [ ey et - DM e DMy ey (0))
o]}
(27)
t
oMy, - J[(—l)n_lalyn + (-, 1dt -
0
n-1 n-1
(-1) anbn + (-1) (bl + yZ(O))
) t
13- oo n-j n-j+1
DTy j[(-w ayy, ¢+ (-1 J* yj]dt ,
0
() . (13N N
(D" Jab e DIy 0))
t
" Yn 7T J[_ h-1Yn * yn—l]dt TS L
s}

= (b, vy (0))

The program diagram in the fig.6 is described by the system
. . . 1 1
of equations (after inserting "y = "y

0 t >0 - after disappea-
rance of the Dirac function)

t
Dy - -f<-1>”a0‘yndt + (D" + y (0) - a b ) (28)
o

t
-1 1 -1 1
-»" Yo = - J[(-l)n a y, ¢ -nH" lyl]dt +
0
¢ DM vy, () - ab )
. t
n-j 1 _ n-j_ 1 n-j+1 1
(-1) Yyer 7 C f[(—l) ayiyg t (-1) yj]dt +
)

n-J .
+ (-1) (bj + yj+l(0) - ajbn)
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t

1

-y e f |‘-'kaﬂ—llyn * yn-l]dt - By v (0 -
)

Considering that the systems (27) and (28) are the same for
t >0 except for designation of variables, i.e. ly =y, the
program diagrams in the fig.5 and 6 are equivalent, too. The
system (28) can be that rewritten to the form (29) (see (14)),
where we put the right parts of the expressions (28) for the
initial conditions of functions 1y.. We determine the values
y.(0) from the relations (15),'where we put z k)(D) =0,
k =0,1,2,...,n-1.

1 - 1
y1 = - 8,7y, (29)
1, . 1 1
Y27 -1 Ya T N
1 N
Yiel DT % Y Y
1, -, 1,1
Yn n-1 Yn Yn-1

with initial conditions

lyl(O) =y, (0) + b - ajb.
ly2(0> = y,(0) + by - ab,
lyj+l(0) % Vi,1(0) + by - aby
lyn<0) i yn(U) ML T P L

The initial conditions yk(O) change by jump of values
bk—l - ak—lbn' k = 1,...,n after coming the Dirac function *o
inputs of integrators.

There is the unrealizable program diagram for solving of

the equation in the fig.7.
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y o+ a,y" + aly' tagy = bgz o« byz" o+ blz' + bz (30)

Fig %
The equation (31) is arranged for the form
y = bzz + bzz - Ayt o+ bzz - ay boz - agy
y = bBZ" + bzz - ayy o+ blz Ay Yy s
where -
t
y, = f(boz - aoy)dt = f(boz - aoy)dt + yl(O) s
0
y' = bzz' + b22 - azy * Y,
where
r t
Yo © J <b12 -oayy t Yl)dt = .,-r(blz - ayy yl)dt + y2(0)
o
y = b32 Y3
where
t
Yy ’f(bzz - 35y + y,)dt = f(bzz - A,y + yz)dt + y5(0)
0
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So the equation is (see the system (14)) transfered to the
system of differential equations

i - 31
y; = bz - ayy (31)

Y2 127 %Y T

Y3 = byZ - 2y Yy

y = b32 *Ys

Before coming of the Dirac function z = §(t) it holds:
y3(0) = y(0), y;(U) =y (0) = - azy(U) + YZ(O)’ yg(U) = y"(0) =
= - azy'(o) + yé<0> = - azy'(D) - aly(O) + yl(O). From here than
y1(0) = y"(0) + 3,y "(0) + ay(0), y,(0) = y () + a,y(0),
yj(U) = y(0) (see the system (15) and (18a)).

The program diagram in the fig.7 can be than replotted

(for t>0) to the form according to the fig.8 (see the fig.6).

—g((o)-,h.aq /"
g,(o)o/‘fp-a‘,}, * 33(0)+A'1-a.£}¢3

4 1 4 A4
14 2 - 3

Qo a4 Qg

Fig. ©

The program diagram in the fig.8 is than described by the system

of equations (see (20))

b= -aly (32)
IS S |

Yo i TRyt N

1o 1,1

y} - az y + y2

1 1

y = Y3
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with initial conditions 'y (0) = y (0) + b, - a by
1 _
y2(0) = yz(U) + bl - a.‘b3
1 _
y3(0) = y3(0) + b2 - azb3

We can transpose the system (32) to the differential equation
in the 3rd order simillar like the equation (20)

Loy valy valy = o (33)
with the initial conditions (see (32))

1
y(0) = y3(0) + by - aghy = y(0) + b, - a,bs

1y'(U) azly(O) + ly2(0) = - 321y3(0) + ly2(0) =

= - az(y3(0) + by - azb3) + y2(0) + by - apbg =
= - az(y(O) + b2 - azb3) + y (0) + azy(O) + bl-

=y (0) + 32 + b

b 2

ay by - ayb, - a;bs

Lm0y = - ayly (@ + tys(0) = - a,ty50) - a tyco) -

3 1

+ 1y (@) = - ayCea,ty0) + Yy, (00) - a tyo) +
_ .2
+ yl(U) + b0 - aob3 = az(y(O) + b2 - azb}) -
- az(yz(O) + b1 - ale) - al(y(O) + b2 - azb}) +

+ y"(0) + a,y (0) + ajy(0) + b, - a by =

2 2 3 .
= azy(O) + 32b2 - a2b3 - a2(y (0) + azy(O) +

+ by - ayby) - aly(O) - apby, + aja,by + y"(0) +
. " 2
+ ayy (0) + aly(O) + bo - aob3 = y"(0) + azbz -

3
azb3 - 32bl + alazb3 - alb2 + 3132b3 + b0 - aob3

Note: If the relations be fulfilled
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b2 - a2b3 =0

azb - a,b, - a,b, + b, =0
273 272 173 1

azb - a3b - a,b, + 2a,a,b, - a,b, + b_ - a b, =0
272 273 271 19273 172 0 o 3

than 1y(0) = y(0), 1y (0) = y (0), }y"(0) = y"(0). This

case becomes e.g. for ag = a, = bo = b1 = b, = by = 1.

2 3

II. THE METHOD OF REDUCEMENT OF ORDER OF DERIVATION WITH
INTRODUCTION OF A NEW VARIABLE

We transpose the equation (2) to the system of equations

W™ L WD Ly s (38

(m) (m-1) -
bmu + bm—lu oL, F bou =y

The program diagram for solving of the system (34) for the

case m = 1, n = 2 with the realizable function z is in the fig.

9. We determine the initial values u(0), u (0) from the initial
A (o) - A (0)
o2 |
Q4
Fig. 9

conditions y(0) and y (0), we put the values of input function

z and their derivation equal to zero. The realizable program

diagram for t >0 is in the fig.l10. The first equation of the
system (34) is solved in the substitutional form

uj + agup +oaguy = 0



with the initial conditions wu,(0) = u(0), ui = (0) = u'(0) + 1,

yy *® blu1 + bou1

We determine the initial values from the relations (34),

y = blu" +bou = bl(z - aju - aou) + bgu ,

blu'(o) + b u(0) = y(0)

(b, - alb1>u'(0) - bja u(0) + b,2(0) = y (0)

If we put z(0) = 0, then

b,u’(0) + bou(0) = y(0) (35)

1
(bD - 1bl)u (0) - blaou(ﬂ) =y (0)
The unrealizable program diagram is in the fig.ll for the
case m = n = 2, the realizable program diagram valid for t > 0O
is in the fig.12, when Yy = Y- For t = 0 the Dirac impuls

appears in the response y. In this case the system (34) has the
form

u" o+ alu' +au =12 (36)
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o bou =y . 37

We determine the initial values u(0), u (0) by the
following way: after inserting the values of equation (36)
for u" in (37) we obtain

y = bz(z - au - aou) + blu + bou s
after arrangement
y = (bl - bzal)u + (b0 - aobz)u + b,z . (38)

Derivatin; the last relation we get
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y = (bl - alb2)u + (bD - aobz)u + byz ,

after inserting the value of (32) for u" it is
y = (bl - albz)(z - aju - aou) + (b0 - aghylu + b,z s
after arrangement
y = (32b - a,b, - ab, + b )u +
172 171 0 2 s}

+ (aoalh2 - aobl)u + byz o+ (b1 - 1b2)z (39)

If we put 2837(0) = 0, then it holds for t = 0

(bl - albz)u'(ﬂ) + (bo - aobz)u(ﬂ) = y(0) (40)
(a%b2 - ab; - agb, + bo)u'(O) +

+ (aoalb2 - aobl)u(O) =y (0)

We determine the values u(0), u (0) from the system of
equations (40). Here it is neccessary to point out to appli-
cability of this method according to solvability of the system
(40). Three cases can arrise according to the rank h of matrix,
h" rank cof aufmented matrix and n the sum of equations:

The system has only one solution for h = h™ = n,

the system has countable infinity of solutions in the
case h = h'< n,

the system has no solution in the case h # h’ and the
method of reducement of order of derivation with
introduction of a new variable cannot be used.
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SOUHRN

DYNAMICKE SYSTEMY S NENULOVYMI POCATECNIMI PODMINKAMI

BUZENE DIRACOVOU FUNKCI

KAREL BENES

V préci je popséna metoda matematického popisu systémud
buzenych Diracovou funkci. Na zdkladé analogovych programovych
schémat je odvozena soustava diferencidlnich rovnic, ve kte-
rych se Diracova funkce nevyskytuje a mdze tedy byt provedeno
strojové reSeni téchte rovnic.
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PESOME

LVHAMWMUECKAE CUCTEMH C HEHYJIEBHMM YCJIOBMAMA BXOLA
BHRHBAHHE $YHKUMEN LMPAKA

K. BEHEN

B pafoTe onuceHH} MeTOHN MaTEMETUYECKOrO OMMCAHMUSA
cucTeM BH3HBE8HHX (yHkuumel# Lupexa. He ocHoBaHMM @HaJOrC-
BHX NDOTPEMMHHX KapT BHBoJeHa cucreme AufdepeHumass-HHX
ypaBHeHui#t, B KOTOpHX He BcTpeusercs QyHkuusa Lupske u
[I0O3TOMYy MOXHO NpOBECTH MRIMHHOE peWeHue 3TUX ypaBHeHui.
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