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NOTE ON EXISTENCE
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VLADIMIR VLCEEK
(Received March 20, 1989)

The differential equation under consideration is
x 7T+ e(t,x,x ,xMalt,x ") + £(t,x,x ,x")b(t,x") +
+ g(t,x,x ,xMe(t,x) + h(t,x,x ,x") =0, (1)

where e,f,g,h,a,b,c are continuous real functions of real va-
riables moreover w-periodic relative to variable t. Hereafter
of the functions e,f,g,a,b,c we assume that they satisfy the
bounding conditions in this manner: for all t,x,x ,x" €(-oa,+ eo)
holds

[£(t,x,x ,x")| = F, where F>0 , (2)
and

lgCt,x,x ,x")| £ 6, where G>0 , (3)

for all t,x e(-oe,+ee) and for all x ,x" € (-eo,+00):
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le(t,x,x ,x")| ¢ E2|x“] + Ellx'| + B,

where E, o, £, 20, E>0 , (4)

for all t,x ~ €(-o0,+00):

laCt,x " )| A, where A>0 , (5)
for all t,x" € (-oo,+00):

lbCt,x")| € B,Ix"| + B, where B, Zo,8>0, (6)
and for all t,x €(-oo,+oe):

le(t,x )| ¢ Cllx'l + C, where C; 290,c>0, @D)
holds so that it may be written

leCt,x,x ,x"aCt,x "] S Mylx"| + My x| M, (8)

where M, = E;A 20, M) = EAZ 0, M=EAD>D,

Gt x ,x™Mb (e, xw) | £ Ny Ix"| + N, (9

where N, = FB, 20,N=FB>0,

Pllx" + P, (10)

()

lgCt,x,x ", x")c(t,x )|

where P, = GC; 20,P=0GC>0

The function h will acquire several forms, namely h(x) - g,
hl(x') + h(x) - q, h2(x") + h(x) - g and h2(x") + hl(xi) +
+ h(x) - q, where on q = gq(t,x,x ,x") we assume that hereafter
for all t,x € (-es,+o0) and for all x ,x" € (-es,+o0) satisfy the

inequality
lgCt,x,x",x")| ¢ Qlx"l +a x| +a, - (11)
where 0, 2 0, 0, 20,020

The assumptions on h(x), hl(x') and hz(x") or on their some
generalized forms will be formulated in the following theorems.
However in this paper we don t present all possible modificati-
ons of theorems relative to acceptable properties of the last
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functions. Similar theorems and the same sort of theorems on
(1) with additional term linear to x as a special case of h(x)
are formulated in [1] or [2]. In return, closing our investi-
gations, we extend the theorem on existence of a periodic so-
lution to (1) with a general form of h.

The sufficient condition of the existence of w-periodic
solution x(t) to (1) is - according to Leray-Schauder alterna-
tive of the fixed point Theorem - that all solutions x(t) of

the one-parametric system

x o« m{e(t,x,x',x")a(t,x(") + fCt,x,x ,x")b(t,x") +
+ g(t,x,x ,x"ecl(t,x ) + h(t,x,x ,x") -

2

2
- z{: ij(Z—j)} + ZE: ij(Z-j) =0 , (12)

570 370

where me {0,1> is a parameter, are together with x’(t) and
x"(t) bounded by the same constant independent of m and the

equation

ij(z'j) -0 (13)

2
A
J=0
with k.€R (j = 0,1,2) has not any nontrivial w-periodic so-
lution [this condition is satisfied e.g. taking for simplicity
kg = ky =0, ky # 0].

To prove the theorems we note that the integration on the

interval {t,t + w)>, t&€(-oe,+ee), is restricted hereafter on

the interval { 0,w> only, the results will be the same;

whereby
x(J)(O) = x<J)(w) for j = 0,1,2. (14)
The composed functions, obtained after the substitution

X(j)(t) instead of x(j) ,» J = 0,1,2,3, into (12), we symbolize
e.g. e[t,x(t),...] or e(t,...) sake to brevity.

- 167 -



Besides the Schwarz inequality we employ also the Wirtin-
ger inequalities

t+w 2 t+w ) 2

j p(J) (v)dv ¢ wg j p(3+1) (vidv, j = 1,2,

t t

_ W
Wy = (15)

applicable for arbitrary continuous w-periodic function p(t)
with the square integrable derivatives p(J)z(t), j=1,2, on
the interval <t,t + wp>, t€(-os,+e0), on 0,w> only.

Theorem 1. Let (2) - (7) and (11) hold in the differential
equation

x 7T e(t,x,x yxMalt,x T ¢ £Ct,x,x T, x")b(t,x") +

+ g(t,x,x ,xMe(t,x’) + h(x) = qCt,x,x ,x") . (1.1)
Let there exist constants k€R - (0) and H 2 0, H > 0 such that
the inequality
A

[h(x) - kx| p Hlx| + H (H)

is satisfied for all x € (-oo,+e0). If
) .

(M2 + N2 + QZ)WD + (Ml +P1 + Ql)w0 < 1 (R)

and

< Ikl (R

then (1.1) has a w-periodic solution.
Proof : Substituting x37(t) instead of x(37, 3 - 1,2,
3, into the system
x 7T+ m{e(t,x,x',x")a(t,x"’) + £(t,x,x ,x")b(t,x") +
+ g(t,x,x ,x")elt,x) + h(x) - kx - q(t,x,x',x")} +

+ kx =0, (121)

where me€ {0,1) is a parameter and k€R, k # 0, a suitable
fixed constant, multiplying the arised identity by x (t) and
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integrating, we go to

w w
J x"2(t)dt = nl{j e(t,...)alt,x ""()]x (t)dt +
o]

[o]

[
~
ot

bt x" ()] x(t)dt +
g(t,..0clt,x (1)]x (t)dt -

q(t,...)x'(t)dt} , since

+
0%——x 0%~z 0%“—azx

w W
-5 x"2(t)dt and )' hx()]x " (t)dt =
[s]

o

w
5 x (X (1)dt
o

w
j «(£)x (£)dt = 0
o

with respect to (14). Regarding (8) - (11) and using (15) we
get successively

w
|J e(t,..0alt,x " (1))x (t)dt]| €
o

w w
< My, + leg)jx"z(t)dt + M W \lgx“z(t)dt ,
(s} 0

w
[jf(t,...)b[t,x"(t)]x'(t)dtl
o .

na

W
N2w0 f w"z(t)dt +
)
W
+ NYW W i x"z(t)dt s
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w w
|j aCt,..0ct,x ())x (t)dt] ¢ leg J x"2(t)dt +
0 0
w
+ PYwW W J x"z(t)dt s
[s}
w w
lj alt,...)x (Ddt] € (Qu + Qlwg) x"2(t)dt +
]

+ \ x"2(t)dt

w
J x"2e)dt € LM, + Ny v 0 )u +
(s]

so that

w
O Ql)ngj 2(tydt +
o]

W
MNP VW g J x"2(t)dt

Denoting K := {1 - [(M2 + Ny + QZ)wo (M + Py Ql)wg]}
then with respect to (R) we have

nA

"
J x"z(t)dt D% , where D2 = %(M+N+P+Q)VW Wg >0 (16)
)

and using (15), moreover

nA

W

-2 2
5 x “(t)dt Dl , where D, := wOD2 >0 . 17
0

Owing to Rolle Theorem applied on a w-periodic function
x(t), t € {0,w> , then there exists a point t, € (0,w) such that
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x'(tl) = 0. According to the relation

t
J x"(s)ds = x (t) - x'(tl) ,

Y

where tl’ t € (0,w), holds the inequality

t w
[x"(t)] = lf x"(s)ds| ¢ |j x"(t)dt| * yW D, := D" >0 (18)
t1 o]
for any w-periodic solution x(t) to (121).

Multiplying (121) by x(t)sgn(k) and integrating the arised
identity, we have

W w
|k|J x2(t)dt = m sgn(k){ - J e(t,..)alt,x T (D]Ix(t)dt -
o o

£Ct, ... bt x"(£)])x(t)dt -

1
o%=—z 0%&——= 0=

g(t,..0clt,x (£)]x(t)dt -

W
hIx(£)] - kx(D)f x(t)dt + jq(t,...)x(t)dt} .
o

Now regarding (8) - (11) and (H), using (16), (17) and
Schwarz inequality, we get successively

w
|5 e(t,...0alt,x " "(£)]x(t)dt| ¢
0

w
2
LMD, + MDy + M{W) j x“(t)dt ,
s}
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x2(t)dt

w
(P,0) + PYW) \h x2(t)at ,
o]

w
1J{ h[x(9)] - kx(D)} x(t)at] ¢ A
[o]

w
|j £0t, ..t x"(D)]x(t)dt]| ¢ (NyD, + NYW)
o

o%—m=

A

W
IJ a(t,..deft,x ()] x(t)dt|
[s}

x2(t)dt +

— 5

[s]

w
. HfW QJ x2(t)dt ,
[s]
w
(Q,0, + Q;0; + QW) sz(t)dt :
o

[(M2 + N2 + Q2)02 +

w
Ij q(t,...)x(t)dt|
o}

so that

w
(k| - Q)J x2(t)dt

o]

ua

+ (Ml + P1 + l'.]l)D1 +

s e NP i) | x2at

0=

and denoting K = lk| - ﬁ, then with regard to (R) yields

w
2 < 2 o L
Jx (t)dt ® Dj, where D := KO[(M2 + Ny + Q)0 +
A .

+ (M1 +F’1 +Q1)Dl +

+ M+ N+P+H+QVw >0 . (19)

Consequently such point t € <0,w ) exists that the ine-
gquality |x(t0)l vw ¢ D, holds for any w-periodic solution x(t)
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to (121). Then in keeping with the relation

t
j x'(s)ds = x(£) - x(t)), t,t €<0u>,
t

0
we have
t w
_ ‘ < DD ‘ <
[x(t)| = |x(t0) + 5 x (s)ds| = ?: + |J x (t)dt| =
t W 8]
0
$ %, YWD, :=D>0 . (20)
f; 1

Multiplying (12,) by x "'(t) and integrating the arised
identity, we get

w w

J x2(t)dt = m{ - J eCt,...0alt,x " (H)]x " (t)dt -
0 o]

£(t,...b[t,x"(t)]x " (t)dt -

aCt,..0c[t,x (t)]x"""(t)dt -

o“—z o=

{n[x(©)] - kx(}x" (1)t +

0= O“— =

q(t,...)x"'(t)dt}

Regarding (8) - (11) and (H) and using the Schwarz inequa-
lity with (16), (17), (19) yields

w
j x""Z(tyat ¢ 02,
o
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where Dy := [EM2 * Ny + 00, + (Mp + Ppow @)D+ (M4 N+ P o
+H e VW + HD ] >0 . (21)

Owing to Rolle s Theorem applied now on the function x"(t),
te {0,w), satisfying (14) then there exists a point tze (0,w)
such that x"(tz) = 0. According to the relation

t
J x"TT(s)ds = x"(t) - x"(t,) ,
)

where t, t2 € (0,w), the inequality

t w
] = 1] X Gdas] S x et ¢
t2 o]
€W Dy :=0">0 (22)

holds for any w-periodic solution x(t) to (121).

From (18), (20) and (22) implies that any w-periodic so-
lution x(t) to (121) satisfy the inequality

Iy ¢T3, 3-=0,1,2, (23)

where the positive constant D = max(D,D',D") is independent of
the parameter m € <0,1> . This fact together with k€ R, k # 0,
proves the theorem.

Note : If we consider h(t,x) instead of h(x) in the equa-
tion (1.1) then the corresponding theorem on existence of a
w-periodic solution x(t) to referred equation takes A =0 1in
the assumption (H), i.e. (H) will be replaced by the inequality

Ih(t,x) - kx| £ H, H>O,

holding for all t,x € (-eo,+e0), while the assumption (R) re-
mains.

Theorem 2. Let (2) - (7) and (11) hold in the differential
equation
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x T+ e(t,x,x,xMalt,x 7)) + £(t,x,x ,x")b(t,x") +
+ glt,x,x ,x"c(t,x) « hl(x') + h(x) = q(t,x,x ,x").
(1.2)

Let there exist constants ke R - (0) and ﬁ 2 0, H> 0 such
that for all x € (-oo,+e0) is satisfied the inequality

Ih(x) - kx| € A|x| « H (H)

and let for all y € (-ee,+eo) holds

0 if hy(y)y 20
< X _/ 1 *
hl(Y)y = Hl :‘\ (Hl)
H >0 if 0<h (y)y € H)
It
2
My + Ny + Qwy + (M) + P+ 0wl <1 (R)
and
A<kl (R)

then (1.2) has a w-periodic solution.

Applying the same process of the proof as by Theorem 1 we
use the inequality

w
J hy [x " (D]x (Ddt € WY w
8]

holding with regard to (H;) and in keeping (8) - (11) we go to

w
J "Z(dt £ [y, + Ny v 0w +
s}

w
+ (M1 + Py Ql>wg]J. X"z(t)dt +
[s}

w
+ (M + N+ P+ QVw Wy Jx"z(t)dt + H)l(w
[s]
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Denoting K := {l - [(M2 + Ny + Q)dw
then with respect to (R) we have

2
ot (M + Pypov Q1)"0]‘ )

W %
Hiw
w2 M+N+P+Q 2 <1
( gx (t)dt - ——5p— W)t oE
0

from whose

w
S x"Z(t)at ¢ 02,
[s]

where D, := %% [(M+N+P+Q)w0 + VZKH: + (M+N+P+Q)2wg] >0,
(24)
w
-2 < p2 .=
j x “(t)dt 2 D1 , where D1 1= woD2 >0 (25)
0
and consequently [cf.(18)] |x"(t)]| £ vw 0, := D°>0 . (26)

Further, regarding (8) - (11) and (H), using (23), (24)
and denoting

ﬁl = max|h1(x')l tor x| 0, (ﬁl)

we go to

w W
|k|J 2(t)dt £ R J x2(t)dt + [(My + N, + 0,00, +
o] [s]

+

(M1 +Pp+ QD)+ (M+ N+ P+ ﬁl + H +

W
+ Q)W) J x2(t)dt
0
A
and denoting K  := (lk| - H) then with respect to (Ro) we have
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2 c= L
07, where D := K. [MZ + Ny v Q00, +

[1laY

x2(t)dt

ot—x

+

(Ml+P1+Q1)Dl+(M+N+P+I—'i—1+H+

+

Qyw] >0 (27)

D
and consequently [cf.(20)] |x(t)] E(—g + Y w Dl) := D> 0. (28)
Vw
Finally, according with (8) - (11), (H) and taking into
account (24), (25), (27) and (ﬁl) we get

w
j x"’z(t)dt < D% , where
(s}
Vel
Dy i= [(My + Ny + 000, + (Mp + Py o+ Q)0+ HD
+(M+N+P+ﬁ1+H+Q)N]>o (29)
and consequently [cf.(22)] |x"(t)| % Vw Dy := D" >0 . (30)

From (26), (28) and (30) implies that the inequality (23)
is satisfied which together with k # 0 means that the sufficient
condition of existence of a w-periodic solution x(t) to (1.2)
is fulfilled.

Theorem 2.1.Let (2) - (7) and (11) hold in the differenti-
al equation (1.2). Let there exist constant< keR - (0) and
20, H>0 such that for all x € (-ee,+00) is satisfied the
inequality

Ih(x) - kx| & BIx] + o (H)
and let for all ye€ (-oo,+o0) holds
< A
lhl(y)| = HllY| +H (H
N2
where H1 0, H1 > 0. If

o 2
(M2 + N2 + QZ)WO + (M1 + Pl + Ql + Hl)w0 <1 (R
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and

i<kl (R

then (1.2) has a w-periodic solution.

Proof is analogous to that‘of Theorem 1. Now we have

w
x"2(t)dt € D2, where D, := oL (M + N+ P +Q +
2 2 TRy
0
+ H1>Nw0>o

. ~ 2
with Kpo:= {1 - [(M, + Ny + Qw, + (M) + P+ Qy + Hl)wo]};> 0
taking account (Rl), so that

nA

W
5 xlz(t)dt Df , where Dl Py DZ'> 0 and consequently
0

[x ()] ‘:mnz := D> 0. (31)

A

Further we go to xz(t)dt

o=

2 oo L
D, » where D := KO[(M2 Ny o+

+ QZ)DZ + (M1 + Pl + Ql + f—i\l)Dl + (M + N+ P +H+Q + Hl)VM] >0

with K := (k| - ﬂ) > 0 regarding to (RO) and consequently [cf.
D
(200] Ix(tH] £ 2+ D)) :=0>0 . (32)
fw
W
Finally we get j x"’z(t)dt H D%, where Dy := [(Mz Ny o+
0

+ Qp)0, + (My + Ppow Oy ﬂl)D1 + ﬁDD + (M o+ N+ P+ H+H
+ Q) VW] > 0 and consequently [ cf. (22))]

Ix"(t)] ¢ Vw Dy := 0" >0 . (33)

From (31), (32) and (33) follows that the inequality (23)
is satisfied; this fact together with the assumption k # O
proves the theorem.
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Theorem 2.2. Let (2) - (7) and (11) hold in the diffe-
rential equation (1.2). Let there exist constants k€ R - (0)
and H > 0 such that the inequality

[h(x) - kx| & H (H)

is satisfied for all x € (-oo,+e0). Let hl(y)éCl(-oo,+w) and
let

0 if hi(y) £ 0
. < x._/ 1 .
hl(y) = H] .—\\\\\ (H)
Hy >0 if 0< hi(y) € H)

hold for all y € (-oa,+00). If

*y 2
Mg+ Ng o+ Qdwg v (M Pyov Qg+ Hpwg <1 (Ry)
then (1.2) has a w-periodic solution.
W
Starting the proof with an estimate of integral jx 2(t)dt
0
at first, we use besides (8) - (11) and (HO) the inequality (H'):
integrating by parts we have

w w
- J hy [x (0)]x " ()dt J nl’[x’u)]x"z(t)dt <
[a] [s]
w w
< H’l( J x"2(t)dt ¢ Hf wgfx”’z(t)dt.
Then e o
w
ce 02 < 12 _ 1
j X (t)dt = D3, where D3 s (M+N+P+H+Q)yw > O
2
0

. 2
with Ky s= {1 = [(My + Ny + @ )w, + (M) + Py o+ HY + @pwsl} > 0

under (Rz). Following procedure to acquire an estimate of in-
W
tegral j

2 x2(t)dt and all bounding constants [see (18), (20),

(22)] needed to prove the validity of (23) is similar to proving
process by the foregoing theorems.
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Analogicaly to Theorem 2.2 may be proved the following
theorem on existence of a periodic solution to (1.2) with more

generalized functions h1 and h.
Theorem 2.3. Let (2) - (7) and (11) hold in the diffe-
rential equation
x 7T+ e(t,x,x ,x"Ya(t,x ") + £(t,x,x ,x")b(t,x") +
+ g(t,x,x ,x"Mec(t,x’) + hl(t,x') + h(t,x) =
= q(t,x,x ,x") (1.2.1)

Let there exist constants k€R - (0) and H > 0 such that

for all t € (-oe,+oe) and for all x&€ (-oo,+e) is satisfied the

inequality
Ih(t,x) - kx| ¢ H
and for all t&€ (-oo,+ee) and for all y & (-eo,+00) holds
< A
[hyCtyy) | = Hylyl + Hy
A
where H 20, H, > 0. If
P+ Hi - w2
(My + Ny + Qw + (M + P+ Hyp o+ Qpwy <11
then (1.2.1) has a w-periodic solution.

Theorem 3. Let (2) - (7) and (11) hold in the differential
equation
x T+ e(t,x,x ,xMalt,x ") + £(t,x,x ,x")b(t,x") +
+ gt xGxxMe(t,x )+ hy (") + h(x) =
= q(t,x,x ,x") (1.3)
Let there exist constants K€ R - (0) and H > 0 such that the
inequality

[h(x) - kx| $H (Hy)

is satisfied for all x€(-oo,+e). If
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2
My + N,y + 02)wD + (Ml Py Qw1 (R)
then (1.3) has a w-periodic solution.

Proof : Substituting x(J)(t) instead of x(J), j=0,1,
2, 3, into

x T+ m{e(t,x,x',x")a(t,x"') + B0t x,x ,x")b(t,x") +
+ g(t,x,x',x")c(t,x') + hz(x”) + h(x) - kx -
- glt,x,x ,x" } + kx =0, (122)
where me ¢ 0,1)» is a parameter and ke R - (0) is a suitable

fixed constant, multiplying the arised identity by x "(t) and
integrating, we get

w w

J x2(t)dt = m{-fe(n..oa[nx"ltnx’”(ndt-
[s] o

£(t, .., x"()]x" " (t)dt -
g(t,..0clt,x ()]x"""(t)dt -
{hlx()] - kx(DOFx"""(t)dt +

q(t,...)x"'(t)dt} , since

1
00—z 0%z 0“7z 0%—s=

w

W

J h, [x( 1" ()t = f x()x"""(t)dt = 0 with respect to (14)
0 0 .

and using (8) - (11) and (HD) we go to

W
J x"'z(t)dt
0

w
2 2 2 IRV
(M2w0+le0+N2w0+le0+02w° +Qlw0{[x (t)dt +
0

+ (M+N+P+H+Q)Vw
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. 2
Denoting K := {l - [(M2+N2+02)w0 + (Ml+Pl+Ql)wD]} and
taking in account (R), we arrive to

x"2(t)dt £ 02, where Dy iz E(M + N+ P+ H + D)W >0,

‘\f
[s]
so that
w
w2 < 2 .=
J x"“(t)dt = 02 , where 02 1= 003 >0, (34)
0
w
x2(t)dt € 02 , where D, := w D,> 0 (35)
10 1 77 %P2
0

and consequently [cf.(22), (18)]

nn

Ix"(t)| = yw Dy := 0" >0, (36)

' 02 :

1"

D" >0 . (37)

na

Ix ()|

Multiplying (122) by x(t)sgn(k) and integrating, we get

n
3

" "
|k| J x2(t)dt sgn(k) {- J e(t,...)alt,x "()]x(t)dt -
) o

£(t,..0b[t,x" (D) ]x(t)dt -

g(t,...clt,x (t)]x(t)dt -

0%—= O =

hy, x" (D ]x(t)dt -

{h[x(t)] -

1
Q%=
ot——=

w
- kx(t)}x(t)dt +J q(t,...)x(t)dt}

o]

and using (8) - (11) and (HO) with regard to (34), (35) we have
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w

2 < =
[ k| jx (t)dt (M202+M101+MJW+N202+NJW+PlDl+P(W+H2¢W+
a

W
H{W+QZDZ+Q101+QJQ) J xz(t)dt s
0

+

where HZ = maxlhz(x")lfor Ix"(t)] € D" , so that

W

2 < 12 1
J x“(t)dt 2 Do’ where D := TeT [(M2+N2+02)Uz+(Ml+Pl+Q1)Dl+
o
+(M+N+P+W2+H+Q)(W] > 0 and consequently [cf.(20)]

Ix(t)] £ C 2« WD) :=0>0 . (38)

Al

From (36), (37) and (38) implies that the inequality (23)
holds for any w-periodic solution x(t) to (122) on the interval
(-e0,+00) independently of the parameter m; this fact together
with the assumption ke R, k # 0, proves the theorem.

Proceeding as by the foregoing theorem we may prove

Theorem 3.1. Let (2) - (7) and (11) hold in the difeerent-

ial equation

Twe(t,x,x ,xMalt,x 7)) + £(t,x,x ,x")b(t,x") +
+ g(t,x,x ,x"e(t,x") + hz(t,x") « h(t,x) =
= q(t,x,x ,x" (1.3.1)

Let there exist constants k€ R - (0) and H > 0 such that
the inequality

In(t,x) - kx| € H

is satisfied for all t €(-ee,+e0) and for all x € (-oe,+e0). Let

Ihy(t,2)1 £ Hylzl + hy

where H, Z o, M, > 0, holds for all te€(-oeo,+ee) and for all
z€ (-o0,+e0). If
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2
(M2 + Ny + H2 + Qz)w0 + (M1 + Pl + Ql)w0<: 1

then (1.3.1) has a w-periodic solution.

It is possible perform the analogical theorems on existence
of a periodic solution x(t) to (1.3.1) with the specifications
h = hy(x") + h(t,x) -~ g or h =hy(t,x") + h(x) - q in (1),
respectively.

Theorem 3.2. Let (2) - (7) and (11) hold in the diffe-
rential equation (1.3). Let h(x)€ Cl(—00,+°o) whereby for all
x € (-oo,+00) holds

[h(x)] £ H with H >0 )

and let there exist constants ke R - (0), H 2 0 and HO > 0 such
that is satisfied the inequality

In(x) - kx| & H|x| + Hy - (H)
If
My + Ny + QW+ (M + P+ Qw2 + H'w’ < 1 (Ry)
2 2 2770 1 1 1’7o o 3
and )
H< k] (R)

then (1.3) has a w-periodic solution.

The proof proceeds as that of Theorem 3. Now, integrating
by parts and taking in account (14), (15) and (H'), we use the

inequality
w w .
1[ hIx(£)]x" " "(t)dt] = |- I b Ix(O)]x " (O)x"(t)dt] ¢
o o

W
< H'wz J x"'z(t)dt ,
i)
so that with respect to (8) - (11) we have
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w

J’ x”'z(t)dt < U% , where Dy = K—I(M+N+P+HO+D)\NJ >0
3
0]

- . 2 3
w1th\K3 = {1 - [CMyeN,+0uy v (Mp+P +Q Dul + H woj} > 0 under

(R3> and also

nA

w2 2 ,
x"“(t)dt 5 » where 02 : wOD3 >0

nA

x’z(t)dt Df » where D, = w D, >0 ;

O0S—= O¢t——s=

consequently [cf.(22), (18)]

|x"(t)] £ 0" with D" := VW Dy >0 (39)

nA

Ix (t)] £ 0" with D" := VWD, >0 . (40)

Further we go to

2 2 1
5 x4(t)dt ¢ D, , where D := R;:—[(M2+N2+02N% +(M1+P1+D1)Dl+
0
+(M+N+P+HO+Q)JW] >0 with K := (lk| - H) > 0 under (RD) so that
lcf.(20)]

0
[x(t)] £ D with D := ( 7_0-+ Yw o) >0 . (41)
w

From (39), (40) and (41) implies the validity of (23)
which together with k€ R, k # 0, guarantees the fulfilment of
the sufficient condition of existence of a w-periodic solution
x(t) to (1.3).

Theorem 4. Let (2) - (7) and (11) hotd in the differential
equation
x () o+ e(t,x,x',x")a(t,x"') + £t x,x ,x")b(t,x") +
+ glt,x, x ,xMelt,x’) + hz(x") + hl(x') + h(x) =

= g(t,x,x ,x") . ' (1.4)
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Let there exist constants k€ R - (0) and H0 > 0 such that
the inequality

InGx) - kx| £ H, (H)
is satisfied for all x € (-oo,+00).

Further let there hold one of two following assumptions:
1) the inequality

lhy ()1 S Hlyl + H with H 20, H >0 )

is satisfied for all y€ (-e0,+00) whereby

2
My + Ny + Qpdwg + (M) + Pyov Hy o+ 0wy < L
2) hy(y)€C!(-oo,+e0) and

hy(y) € Y ;=<:::
Hy > 0 if 0<h1’(y)§H

0 if hi(y) £
(Hi)

1

holds for all y € (-ee,+0e) whereby

* 2
1 + Ql)wo< 1

(M2 + N2 + 02)w0 + (M1 + P1 + H
Then (1.4) has a w-periodic solution.

The proving process of theorem with the assumption 1) is
analogical to that of Theorem 3. Starting, we use besides (8) -
(11) the inequality

] {n[x(] - kx(Dfx"""(t)dt] € H Vi

Ot—m=

with regard to (Ho) and

w w
]J' h [ (O]x ()t ¢ legj x " (tHdt
s} (s}

w

with regard to (Hl)‘
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The proof of theorem ubder assumption 2) we proceed as by
Theorem 3 too, but now besides (8) - (11) and (HO) we use after

integration by parts the inequality

w w
- E hl[x'(t)]x'”(t)dt =J hi[x'(t)]x"z(t)dt H
0 0
w w
< HY j x"2(t)dt ¢ H’l‘ng' x2(t)dt.
o s}

Theorem 4.1. Let (2) - (7) and (11) hold in the diffe-
rential equation (1.4). Let there exist constants k&R - (0)
and H > 0 such that the inequality

Ih(x) - kx| $H

is satisfied for all x € (-oo0,+o0e) and let the inequality
2 < h

Ihy () = 3k%y | = Hilyl + H)

where f) 2 0, H > 0, nold for all ye(-e,+se). If

A 2y .2
(M2 + N2 + QZ)WD + (M1 + Pl + Hl + Ql+3k )w0'< 1

then (1.4) has a w-periodic solution.

The proving process of this theorem is the same as of
Theorem 3. Now the differential equation (1.4) is included
into the system

x o+ m{ e(t,x,x ,x")alt,x ) + £(t,x,x ,x")b(t,x") +

+ g(t,x,x ,x")ec(t,x ) + hy(x") - 3kx" + hl(x') -

2

- 3kx + h(x) - k3x - q(t,x,x’,x")} + 3kx" +

3

zx' + k’x =0

+ 3k

where - k is a triple root of the characteristic equation
to (13).

Following theorems affirm on existence of a periodic so-
lution to (1) with a somewhat generalized form of h. Their
proving process is analogous to that of Theorem 3.
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Theorem 4.2. Let (2) - (7) and (11) hold in the diffe-
rential equation
x T e et x,x ,xMalt,x )+ £(t,x,x T, x")b(t,x") +
+ 90, x,x 7, xMe(t,x ) + hy(£,x") + hy(t,x7) +
+ h(t,x) = q(t,x,x ,x") . (1.4.1)
Let there exist constants k€ R - (0) and H > 0 such that

for all t€ (-oo,+00) and for all x € (-oco,+00) is satisfied
the inequality

[h(t,x) - kx| € H

Let for all t € (-oo,+o0) and for all y & (-oo,+o0) hold

Iny e,y € H Lyl « Hy with H 20, H >0
and let for all t€(-o0,+o0) and for all ze& (-o,+o0) hold

2

¢ N ; no2
Ihz(t,z)l 2 H2|z| + Hy with H, 20, H2> 0

If
A . A 2
(M2 + Ny + Hy + Qz)w0 + (M1 + Ppo+ Hp o+ Ql)wo <1

then (1.4.1) has a w-periodic solution.

Note that similar theorems on existence of a w-periodic
solution x(t) to (1) in cases of h = hy(x") + hl(x') +
+ h(t,x) - gor h = hz(x") + hl(t,x') + h(x) - gor h =
= h2(t,x") + hl(x') + h(x) - q may be performed moreover with
modified assumptions relating to hl(x') or h(x), respectively.

Theorem 4.3. Let (2) - (7) and (11) hold in the diffe-
rential equation

x 77w e(t,x,x ,x")alt,x "7) + £(t,x,x ,x")b(t,x") +
+g(t,x,x ,x"c(t,x’) + hz(x',x") + hl(x,x") +
+ h(x,x) = gq(t,x,x ,x") . (1.4.2)

A
Let there exist constants k&R - (0) and H 2 0, H > 0
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such that for all x € (-oo,+o00) and for all y€ (-o0,+00) is
satisfied the inequality

A
InCx,y) = kx| % Hly| + Hy

Let for all X € (-o0,+o0) and for all z € (-oo,+o0) hold

lz] + H with H, 20, H> O

Ihl(x,z)l < ﬂ 1

1

and for all y €(-oo,+o0) and for all z€ (-oco,+oo) hold

< A
lhz(YgZ)l = H2|Z| + H2]Y| * Hl

can B2 2
with H, 20, H, = 0, H1> 0. If

(M, + N, + ﬂ + ﬂ + Q)w_ + (M, + P, + ﬂ + H, + Q )w2 <1
2 2 1 2 2’70 1 1 2 1""0o
then (1.4.2) has a w-periodic solution.

The following theorem on existence of a periodic solution
to (1) represents a generalization of both foregoing theorems
in view of the form of h in (1).

Theorem 4.4. Let (2) - (7) and (11) hold in the diffe-
rential equation
x T v e(t,x,x ,xMalt,x 7T+ £(t,x,x ,x")b(t,x") +
+ g(t,x,x ,x"c(t,x’) + hz(t,x',x") + hl(t,x,x') +
+ h(t,x,x") = q(t,x,x ,x" . (1.4.3)
A
Let there exist constants k€R - (0) and H 0, Hyo> O
such that for all t,x€ (-oco,+00) and for all z€ (-o00,+00) is

satisfied the inequality

A
Ih(t,x,z) - kx| € RAlz] + Hy

Let for all t,x€ (-o0,+o0) and for all y & (-o0,+90) hold

n

A
Ihy (t,x,y)] ¢ 'H‘lsy] +H with H 2o, HD>0

1
and let for all t € (-oe,+oe) and for all y,z € (-ee,+ee) hold

A A
IhyCtyy,z)| € Hylzl + Hylyl + )
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4

. A ]
with Hy = 0, H, % 0, H1:> 0. If

(M, + N, + i, Q0w+ (M, + P, + ﬁ Pt S Q )w2 <1
2 2 3 2°70 1 1 1 2 1’7o

then (1.4.3) has a w-periodic solution.

Note that the assumptions on hl and h in Theorem 4.3
and 4.4 may be twofold modified. Moreover, special cases of
the last theorem go out if h = hz(t,x',x") + h(x) - q or
h = hz(x") + hl(t,x,x') - q or h = hl(x') + h(t,x,x") - g
in (1).

In return a generalization of all foregoing theorems give
the next theorem on existence of a periodic solution to (1) with
a general form of h in (1):

Theorem 4.5. Let (2) - (7) hold in the differential equa-

tion (1). Let there exist constants k€R - (0) and H2 zp, H1 2
4 0, H> 0 such that for all t,x € (-e0,+00) and for all y,ze
€(-00,+0o0) is satisfied the inequality
InCt,x,y,z) - kx| ¢ Hylzl + Hylyl + H . ")
If R
2
(M2 + N2 + Hz)wO + (M1 + Pl + Hl)w0< 1 (R)

then (1) has a w-periodic solution.

We proceed the proof as that of Theorem 3. Substituting
x(j)(t) instead x(j), j=0,1,2,3, into (12) with k0 = k1 =0
in (13), where k, = k&R - (0) %?,3 suitable constant, multi-
plying the arised identity by x (t) and integrating, we go to

w

w
J x"2(vydt - “‘{I e(t,...0alt,x ""(t)]x " ""(t)dt -
o]

s}

w
- j £Ct, .00t x"(0)]x " (t)dt -
o
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gCt,...cft,x ()]x " ""(t)dt -

[h(t,...) - kx(t)]x'”(t)dt}

O0¢—aE O%—ms=

from whose with respect to (8) - (10) and (H) we have

W
J'x'uz(t)dt < []% , where Dy := % M+ N+ P+ HYW>0
)
K

. 2
with 1= {1 - [(M2 Ny o+ Hz)wD + M+ Py Hl)wo]} > 0 under

(R) and also [see (15)]

w

w2 .
j x"2(t)dt ¢ Dg with D, := w D3> 0 (42)
8]
w

2 ¢ 2 . -
j x “(t)dt = D] with D, := w002> 0 (43)
[s]

whereby [cf.(18), (20)]

[x"(t)|
Ix ()]

VW Dy := D" >0 (44)
ﬁnz =D >0 . (45)

un

Multiplying (12) by x(t)sgn(k) and integrating, we go to

W W
|k\J xz(t)dt =m sgn(k){- f e(t,...0alt,x "()]x(t)dt -
) o

£(t, .. Obt,x"(t)]x(t)dt -

O0%—=% O0%—s=

w
gCt,...0ct,x (£))x(t)dt —J‘[h(t,...) -
0
- kx(t)]x(t)dt}
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so that with respect to (8) - (10) and (H) again and using (42),
(43) we have

w
f xP(trat £ 02 with Dy s ey [(My « Ny HD, -
]
+(M1+P1+H1)Dl+(M+N+P+H)rw]> 0
(46)
< DD
whereby [cf.(22)] [x(t)| € ( T +VyW D) :=D>o0 (87)
W

From (44), (45) and (47 implies that the inequality (23)
holds independetly of a parameter m; this fact together with
the assumption k # 0 proves the theorem.
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SOUHRN

POZNAMKA O EXISTENCI PERIODICKYCH RESENI NELINEARNT
DIFERENCIALNT ROVNICE TRETfHO RADU

VLADIMIR VLCEK

Je vy3etfovdna parametrickd nelinedrni diferencidlni rovni-
ce (1), kterd krom samostatné vystupujici 3.derivace obsahuje
¢len nelinedrni vzhledem k této derivaci. Pfitomnost takového
¢lenu zna¢éné ovliviAuje restrikéni koeficienty obsaZené v kon-
stantdch omezujicich FeSeni a jeho derivace. Pritom stejnomérna
ohranigenost vech Fe3eni (a jejich derivaci) jistého jednopa-
rametrického systému diferencidlnich rovnic postaduje - s ohle-
dem na pouZitou metodu dikazu - k existenci periodickych reseni
uvaZzované rovnice. Ukazuje se, Ze nalezené ohranicujici konstan-
ty u rovnice (1) se svym tvarem bli?i odpovidajicim konstantdm
u rovnice vy35iho fddu analogického typu bez &lenu nelinedrniho
vzhledem k nejvy3si derivaci.
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PE3OME

SAMETHA K CVYIECTBOBAHMD NEPVOLMUYECKMX PEWEHUJ HEMHEMHOI'O
LN®PEPEHIMANIBHOIO YPABHEHMA 3-I'0 NMOPHIKA

B. BJYEK

WsyuseTcd napameTpuueckoe HexauHeliHoe audPfepenumannHoe
ypaBHeHue (1), y KOTOpOTO BMECTE ¢ CaMOCTCATEAbLHO BHCTyma&D-
me# 3-elt mpousBoIHON! [OABAAETCH TOXe UYJEH BIrJasaoM K Hell
deauHelnnit. IpucyrcTBUe dTOro uJeH8 3HAUKTENDBHO BAUSET HE
pecTpUKTUBHHE KOoapPuUMEHTH, KOTOpHE NPUMHMMEBDT yuacTue B
NOCTOSHHNX OTPEHMUMBEKNUX pemeHue ¥ ero npoussolHHe, llpu
2TOM DEBHOMEDHES Or'PBHMUEHHOCTHL BCEX pemeHudt /u ux mpous-
BOJOHHX/ onmpelileneHHo!l onronapaMerpuueckok cucremn auddepeH-
UMeJbHHX YpPeBHEHUN « 10 NpUMEHEHHOMY MeTOAY JHOKe3aTeaAbCTBE
-~ LOCTaTOYHE K CyNMEeCTBOBASHMD nepuoiuueckoro pemeHus (1 ),
TokasHBaeTCH, UTO CTPYKTYDPA NMOCTOSHHHX LA ypeBHeHus (1)
npubamxaercs To#k XKe caMoli Las ypeBHeHMS BHCWEro NOPALKA,
¥y KOTODOT'O UJeH,BarJsloM K HeuBHcme} nmpousBOAHO! HeauHeli-
HHA,0TCyTCTBYyET.,
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