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l, Preliminardies

Let R” denote the n-dimensional vector space with a norm
ltell + R, = [0,9¢) and R = (- ==, =0 ), Define the operator

u(t) for teR,
G (u;t) = {
[o] for t<O,

Let the function f: R x R"—» R" satisfy the Carathéodory
local conditions, let the matrix A: R, — R" be local integrable

and let h: R_~>R be a continuous function, where h(t) £ t for
te R+.

We will consider the following initial problem

(1.1) y" = Alt)y + f(t,0 (ys h(t)))
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(1.2) y(0) = vy, . Y, - @ constant vector.
Let X(t) be a fundamental matrix for
(1.3) x° = A(t)x

such that X(0) = I, I is an identity matrix. Let X'l(t) denote
the inverse matrix to X(t) and X[h(t)] denote the value of X(t)
at the point h(t) for t€R,. If h(t)<0, then X[h(t)] = I.

Define a function A by
£ (t) = Ix[n(e)] for teR, .

The solution of (l.l1l), (l.2) is understood to be maximally
extended to the right.

Symbol L(R.) will denote the space of Lebesgue integrable
functions on R_ and L(R,.K) will denote the space of Lebesgue
integrable functions on R _ with the property that the integral
of these functions is bunded with some constant K > O,

In this paper we will investigate sufficient conditions
for that:

a) all solutions of (l.1l), (1.2) exist on R under small ini-

tial conditions lly !l and are of the asymptotic representa-
tion ’

(1.4)  y(t) = X(t)[c + o(1)] as t—» o2 ,
where c is a constant vector,

b) the family of solutions of the form (1.4) of (l.1) is
stable (in some sense) with regard to small changes of
both initial conditions and right-hand side of (1l.1),
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c) any solution of (l.1), (l.2) has the form (1.4) under
arbitrary initial conditions Hyou .

Analogous problems were solved in /2, 3, 4/ for functional
differential equations and in /1/ and /6/ for systems of ordi-
nary differential equations,

2, Main results

Lemmg. Let on the set R x R

(2.1) XLy fe, & () 0 & w (e, Qn).

hold, where w : Rf

cond argument and

>R, is a nondecreasing function in the se-

(2.2) w (t.,8) € L(R)) for s€R_.

Further, let y(t) be a solution of (1l.,1), (l.2) defined
on R, satisfying the inequality

(2.3) A(t) = Ix o)yl < k for tER,.

where k > O is a constant.

Then the solution y(t) has the asymptotic form (1.4).
P r oo f, By substitution (see e.g. /4/)
(2.4) y(t) = X(t)z(t)
every initial problem (1l.l), (l.2) transforms into

(2.5) 2°(t) = X"L(e)f(t, G [xz; h(t)])
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(2.6) z(0) = Yo

From (2,5), (2.6) it follows with regard to (2.1) and
{2.3) that

(2.7)  liz" ()0 = Ix"L(e)f(e, ¢ [xzs p(ODI £

£ o (t, LN 6 [z h(0)]) £

In

w(t, (A3 h(t))) & @ (t.k) .,

hence we get that [z (t)l] ¢ L(R,).

According to integrability of z (t) on R, we obtain

(2.8) z(t) = Yo * j z°(s)ds .

[>]

If we choose

oo
C =y, + J Z'(t)dt ’
[<]

then we have from (2.8) and (2.4) that y(t) is of form (1.4).
Thus the lemma is proved.

Theorem 2,1, Let (2.1, hold on R x R", where w Rf«»R+
is a nondecreasing function in the second argument and inte-
grable on R_ in the first argument., Further let there exist
such a number k > O that

(2.9) w(t.k) € LR, k=llygll) o
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Then every solution y(t) of (l.1), (l.2) exists on R,
and is of the asymptotic form (1l.4),

Proof., Let y(t) be an arbitrary solution of (1.1),
(1.2), We show that this solution exists on R_ and estimate
{2.3) holds for it, Suppose that (2,3) does not hold. Then the=-
re exists such t0'> 0 that
(2.10) Alt) £ k for 0£t Lt
and

(2.11) Alty) =k .

with regard to (2.1) and (2.10) for t &[0, t ) (2.7) holds.
Therefore we have from (2.8) and (2.9)

t, t
Ateg = Ix (e dye)l = llyg + g 2”(e)dsll £ lly i + ruz'(s)lldsé
o ]

o0

£ {lyol + Jw (to)de Ellyoll + k =yl = k.
[+

This is a contradiction to (2.11). Therefore the solution y(t)
is defined on R, and estimate (2,3) holds for it. The fact that
y(t) is of the asymptotic form (1.,4) follows from the above
lemma.

It is easy to see that the problem (1.1), (1.2) can be-
sides solutions of the form (1.4) have even solutions which
are of another asymptotic form. Therefore it is worth asking
a question on stability of family of solutions of form (1l.4)
with regard to small changes of initial conditions and of the
right-hand side of the equation. The answer is involved in the
following theorem,
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Consider together with (1.1), (l.2) even initial problem
(2.12) u® = A(t)u + F(t,0 [us h(t)])

(2.13) U(o) = uO N

~
where A: R, > R" is the metrix defined above and f3 R+xR"-+ R"
fulfils locally Carathéodory condition.

I heorem 2,2 Let (2,1) hold on the set R+xR" and

(2.14) Ixt (o) [Fe @) - #0011 £ gt

where o 3 Rf'—bR+ is a nondecreasing function in the second

argument fulfilling (2.2), g: R, —> R, is an integrable function.
Further let (1.1), (1.2) have the unique solution y(t) defined
on R, possessing the asymptotic form (1.4).

Then there exists such a c; > O that 1if
pa
(2.15) lyg - uy Il & 5 and geL(R+,t§) '

then every solution u(t) of (2.12), (2.13) exists on R, satis-
fying

(2.16) u(t) = Xx(t) ['E + o(1)] as t-» oo ,

Proof, It follows from (1.4) that there exists such
a sufficiently large number k > O that (2.3) holds, As (2.2)
is true, we can choose such a sufficiently large to that

.4
kl =K + l‘ w (t,3k)dt £ 3k .

o
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With regard to the uniqueness of the solution of (1l.l), (1l.2)
there exists J > O such that if (2.15) holds then the existence
interval of the solution u(t) of (2.12), (2.13) contains the
interval [O,to] and
(2.17) Ix"l (t)u(t)l Lk holds for o0&t £t .
Without loss of generality we can put
(2.18) ky + & £ 3.

Let u(t) be an arbitrary solution of (2.12), (2.13). We

show that this solution exists on R _ and satisfies the inequa-
lity

(2.19) R0 = 1xLe)u(e)l < 3k for t € R, .

Suppose that (2,19) does not hold. Then there exists such
> t, that

(2.20) () < 3k, ety
and
(2.21) Rity) = 3k .

Let u(t) = X(t)v(t). Then we have from (2.1), (2.15) and
(2.20) that ’ >,

tve o€l [Feee) - e )]0+ X ecepll £ o(e) +

+ o (t,3k)
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From the last inequality according to (2.15), (2.17) and
‘(2.18) we obtain

tl ! o0
Ae& Ay + S I ve(ellde £ Ateg) + S [o(t) + w (e, 3K)] dr &
‘ t

tO o

<0
-~
k+5+5 w (t,3k)dt < k) + 0 & 3k .
t

o

This is a contradiction to (2.21). Thus it is proved that the
solution u(t) exists on R, and the estimate (2,19) holds for it.

The fact that u(t) has the asymptotic form (2.16) follows
from the lemma and the theorem is proved.

T heoyrem 2,3, Let on R+xRn inequality (2,1) hold, whe=-
re w : Rf >R, is an integrable function in the first argument
on R_, continuous and nondecreasing in the second argument. Mo-
reover, let all solutions of

(2.22) ri(t) = w (t,r(t))
be bounded on R, . Then for an arbitrary constant vector Yy,
every solution of (l.1), (l.2) exists on R, and has the asymp-

totic form (1.4).

Proo f. Let r*(t) be upper solution of (2,22) under ths
initial condition

r(0) = r = Uyoll.

Then
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(2,23) k = 8up r® (t) L oo .
téR+

Let y(t) be an arbitrary solution of (1.1), (1.2) defined
on [O,t j and let

)r(t) = max Hx'l(s)y(s)ﬂ for t€ [O.t*) .
Dss<t
Then with regard to (2.,1) and (2.4)
t
) ! * »
A () £ o +Sw(s,}\(s))ds for te[o,t )
‘ o

holds .

From the last inequality it follows (see e.g. [5; lemma 4.4)
that

(2.24) X(t) € r¥(r) for Iteio.t*) .

From (2,23) and (2.24) we get t" = + o= and

(2.25) (1) £ k for t € R, ,

which proves that y(t) exists on R,. The fact that y(t) is of

the asymptotic form (l.4) follows from the lemma. Our theorem
is thus proved.

W
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a)

b)

c)

SHRNUTZE

ASYMPTOTICKE VZORCE PRE RIESENIA FUNKCIONALNYCH
DIFERENCIALNYCH ROVNIC

JAN FUTAK

V préci sid uvedené postalujuce podmienky pre to, aby:

kazdé riedenie ulohy (l.l), (1.2) pri malych zaliatolnych
podmienkachllyou existovalo na R, a malo asymptoticky tvar

(1.4) y(t) = x(t)[c + o(1)] ak t > oo,
kde ¢ je konStantny vektor,

mnoZina rieSeni tvaru (l.4) rovnice (l.l) bola v istom
zmysle stabilnéd vzhPadom na malé zmeny zaliato&nych hodnbt
i pravej strany rovnice,

kazdé rieSenie zaliato&nej ulohy (1.1), (l.2) pri Yubo=-
volhych zadiato&nych podmienkachllyoﬂ malo tvar (1.4).
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PE3OME

ACVMITOTVYECKME ®OPMYJH ISl PEUEHN/ ®YHKLMOHANBHO
IVSPEPEHIMAIBHEX VP ABHEHM

fiH ®YTAK

B crarbe npuBelleHH INOCTATOYHHE YCJAOBUS IS TOTO, UTOOH:

a) npousposbHOe pemenue samauu (1.1), (1,2) npu marux
HayanbHHX JNaHHHX // Yo // cyuecTBOBaNo Ha R, u momycxaro npen-
cTaBaeHUE
(1, 4) y() = X(8) [c + o(1)] t >0,
The ¢ - KOHCT@HTHHI BeKTOp,

6) cemelicTBo pemenuit Buna (1, 4) ypasHenua (1, 1) Gmro
B HEKOTODOM CMHCJXE YCTONUMBO OTHOCUTEABHO MAEIHX BO3MymeHMui
HAUATBHHX NAHHHX M OpPABO#t UACTHM yPABHeHNs,

B) xaxnoe pemeHue sanauu (1, 1), (1, 2) npu ap6ux //yo//
umero sun (1, 4).
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