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1972 ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS
FACULTAS RERUM NATURALIUM - TOM 37

A NOTE ON THE DEFINITENESS OF THE DIFFERENTIAL
EQUATIONS y” - q(t)y

JAROSLAV KRBILA
( Received July 15th, 1971

To Professor Miroslav Laitoch on the occasion of his 50" birthday

In this work we are going first to deduce the necessary and sufficient condition
for the definiteness of the 2nd order linear differential equation of Jacobi’s
type:

(@ y" = qy
by means of the first phases. Suppose that the carrier of this differential equation
4(1) € Cy(j)-

The differential equation (g) is said to be definite on the intervali = [a, b] < j,
a < bya,bc Ey = E U(~0c)U (o), if any non-trivial solution of (¢) has not
a zero point and a zero point of its derivative simultaneously in the interval i.

We remark that the notation 7 - [a, b] signifies an arbitrary interval. If we
want to stress the kind of the interval, we shall write for example (a, b) for the
open interval from the left and closed from the right.

In book [1], page 31 —101, is constructed the theory of phases of the differen-
tial equation (q) by O. BORUVKA. We mention that the first phase of (q)
is a function «(t), which has the following property: «(t) € Cy(j), «'(t) # 0 for
cach t ¢ j that fulfils the nonlinear differential equation
M ot -« ) (e,
where {o, t} - (2"[22) - (2"[22')%

By means of a phase «(7) we can express the universal solution of (q) with the
carrier ¢(z) given by relation (1) as follows:

2) y(t) - () " (¢ sino(t) b ¢y cos x(T)) ,
where ¢, ¢, € E;.

By oscillation of the phase x(t) in the interval / we understand the expression

o(x/1) ¢ d!, where
c o lim o(t), d - lim «(t).
Ut b

The differential equation (g) is said to be pure disconjugate in the interval 7 if
and only if o(a/7) - 11 (see [2]).

There is evident the following assertion:

The necessary condition for the definiteness of (¢) in the interval 7 is the pure
disconjugacy of (q) in the interval.i.

Therefore we shall further suppose that the differential equation (g) is pure
disconjugate in the interval 7.
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Theorem 1. The differential equalinn () that is pure disconjugate in the
interval 1, is definite in the interval 1 if, and only if, for each t,, ty« 1, t, # t, the
following inequality holds:

(3) cotg(x (t,)  a(ty) 4 (1/22)¢
where %(1) 1s the first phase of the differential equation (g).

Proof. 1. If the differential equation (¢) is definite in the interval i, then
there cannot exist a non-trivial solution y(t) of the differential equation (q)
with the property:

4) y(t) 0, y'(t) 0,
where 1,, t, i, 1, + £, If we put a solution of (g) expressed in the form (2)
into the condition (4), we obtain a system of linear algebraic equations with
regard to ¢;, ¢,. This system has just a trivial solution and therefore the determi-
nant of this system must be different from zero. We casily sce that it is equivalent
with the inequality:

cos(x(t) ALY - (122)0 . sin(x(t) (L),
which is equivalent with the inequality (3) with regard to the assumption:
0 o(xftyt]) - /1.

2. If the pure disconjugate differential equation (q) in the interval i is not
definite in the interval 7, then the determinant of the system mentioned in the
1¥! part of this proof must be equa! to zcro, which is equivalent with the condition:

cotg (1) #(L) (12, .
Thus the theorem is proved.

In the next part of this paper we introduce by means of the first phases the
necessary and sufficient conditions and the sufficient conditions for the differen-
tial equation (¢) not to have conjugate points of the 3 and the 4" kind in the
interval 1 < j.

For the sake of completeness we mention (see [1}] -~ I -~ §3 - page 15) the
definitions of conjugate points of the 3™ and 4" kind.

Let 1, ¢ j and let y, (1) [y, (¢)] be an arbitrary solution of (q) such that y, (t,)

=0[y,(q) = 0]. Number 2, €j, t, # ¢, is called the conjugare point with num-
ber 1, with regard to (g) of the 3™ [4”‘] kind if vy (1,) - 0 [y, (z5) Ol

A conjugate point t, is called conjugate towards t, from the right [ from the left]
I A [P A

We shall be interested only in the first conjugate points of the 3™ [4'] kind,
i. e. that for each 7 € (1,, £,) ¥i(¢) # 0 [, (¢) # 0] holds.

From the conjugate points of view we can interpret the definiteness of the
interval i so that it is such a differential equation, which has conjugate points
neither of the 3™ nor of the 4" kind.

Analogous to Theorem 1 we can prove the following theorems:

Theorem 2. The necessary and sufficient condition for the pure disconjugate
differential equation (g) in the interval i not to have conjugate poinis of the 3™
resp. 4™ kind from the right [ from the left] in the interval i is that for each ty, ty< i,
ty by [, - ty] the following relation holds:

cotg(aty)  «(ty)) <~ (1/2%)y , resp.
(4) cotg (o(t.) 7(1 )) 4 (1/201)( “s

where (1) 1s the flrst phase of the differential equation (q).
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Theorem 3. If the differential equation (q) has its first phase «(t) with the
property: o(aji) - 12 and sgn o« -+ sgn o', resp. sgn x' - sgn o'y so (q) has
not conjugate points of the 3' [4"] kind resp. of the 4™ [3™] kind from the right
[ from the left] in the interval i.

Proof. As all these four facilities arc proved analogically, we shall prove
only one of them. Let ¢,, t, ¢ 1, t, <~ ¢, have the meaning as in Theorem 2. Let
2'(t) > O[- 0] for any rei From this and from the property of function
cotgx with regard to the inequality o(«/i) . x/2 we obtain: cotg («(t,)

x(y)) - O[> 0] and from the assumption 2" < 0[ - 0] the inequality
(1/2a")" = 0 [~ 0] and thus the relation (4) is fulfilled.

By using the preceding results we shall yet prove the sufficient condition for
the definiteness of the differential equation (q) in half-open intervals.

Theorem 4. If the pure disconjugate differential equation (q) in the interval
i [a, b] has its first phase with the property:

) 2/(b)/a*(b) + o"(2)/x*a) - 0,
5o (@) is definite in the intervals { a, b,) (a, b;.

Proof. From the necessary and sufficient condition for the point b to be
conjugate of the 3™ resp. of the 4" kind towards the point, a, i. ¢. from the
formula:

cotg («(a) - a(b)) - (1/2«) v, resp.

cotg (x(b) x(a)) - (1/22) s
we obtain the relation (5), which is the necessary and sufficient condition for
the point b to be conjugate simultaneously from the right both of the 3™ and

of the 4" kind towards the point a where from we immediately get the statement
of this theorem.
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SHRNUTT

POZNAMKA O DEFINITNOSTI DIFERENCIALNYCH
ROVNIC y'b = (t)y

JAROSLAV KRBILA

Diferenciélna rovnica (q) :y” (t)y sa nazyva definitnou na intervale i,
ak kazdé jej netrividlne ncseme nemd na intervale i sicasne nulovy bod a]
nulovy bod derivécie. V préci sa odvddza pomocou prvych faz (veta 1) nutnd
a postacumca podmrnka pre definitnost rovnice (q) na intervale i. Dale) sa
uvadza nutnd a postaCujiica podmienka pre to, aby rovnica (q) nemala na inter-
vale i zprava [zlava] konjugované body 3. resp. 4. druhu (veta 2). Na ziklade
uvedeného sa dokazuji postatujuce podmienky pre to, aby rovnica q nemala na
intervale i konjugované body 3. resp. 4. druhu zprava [zlava] (veta 3) a postacuju-
ce podmienky pre definitnost rovnice (q) na polootvorenych intervaloch (veta 4).
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Cisopis pro péstovani matematiky (to appear)
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